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Abstract

A Novel Method for the Determination of the Binary Period

Distribution in Globular Clusters
by
Maigan Devries

Globular cluster binaries are dynamically affected by interactions within their host
cluster, leaving a signature on their orbital period distribution. As most disrupting
interactions occur during the early evolution of the cluster (when the cluster is dens-
est), the present-day intrinsic binary period distribution, in particular the hard-soft
limit, can provide insight into the early cluster environment. However, constraining
the period distribution is difficult due to observational biases. To overcome this, we
developed a hierarchical method for fitting the period distribution. This method takes
multi-epoch radial velocity data for stars in the cluster, fits the radial velocity curve
for stars detected as radial velocity variable, and then uses these posterior samples to
recover the intrinsic orbital period distribution. We validate the method using mock
data and present the first results on the globular cluster NGC 3201. This will provide

information about binaries, globular clusters, and topics such as gravitational waves.

Date: August 2023



Chapter 1

Introduction

1.1 Globular Clusters

Globular clusters are ancient self-gravitating collections of stars and stellar remnants
that are not only fascinating in their own right, but can also be used to gain valu-
able insight into other astronomical phenomena. Within our own galaxy, there are
approximately 150 globular clusters (Harris, 2010), with the majority residing within
the Milky Way halo. One such example is NGC 3201, which can be seen in Figure
1.1. Globular clusters have ages of around 10 to 12 Gyrs, signifying their formation in
the early universe and during the early stages of galaxy formation (Ashman & Zepf,

1998).

A defining characteristic of globular clusters is their dense concentration of stars
as they typically host around 10° stars within a compact region. The cluster’s size is
commonly measured using the following radii: the half-light radius (radius enclosing
half the light of the cluster in projection), the half-mass radius (radius enclosing half
the mass of the cluster), and the tidal radius (the radius where the stars are no longer
bound to the cluster). These radii are typically <10 pc, around 3 pc, and around 35

pc respectively (Heggie & Hut, 2003).



Figure 1.1: Globular Cluster NGC 3201. Image taken from Furopean Southern Observatory public
images. Image was obtained using the Wide Field Imager (WFI) on the ESO/MPG 2.2m telescope
with B,V, and I filters.

As these clusters are dense, their evolution is driven by the gravitational interac-
tions between stellar objects, where stellar objects includes stars, stellar systems such
as binaries, and stellar remnants (white dwarfs, neutron stars, and black holes). The
interactions between these stellar objects cause perturbations to their orbits within
the cluster as well as to their kinetic energies. The cumulative effect of these pertur-
bations is referred to as two-body relaxation. The time it takes for this cumulative
effect to cause a change to the velocity on the order of the velocity itself for a typical
star in the cluster is the relaxation time, T}..,. This is important as it signifies the
time it takes for the typical star to forget its initial conditions. This can be found

by considering the number of crossings that are required for this to occur, neess, and

the time it takes to cross the cluster, f..oss, Where teos = J;m . As expected, Neross
iSp

depends on the number of interactions it has as it crosses the cluster and thus on the

number of stars in the cluster, V. It is found to be approximately ?1'11]]\\,7 . Putting this

together, the half-mass relaxation time can be approximated as:

0.1N Thm
In N Vdisp

— ~
Trelax - ncrosstcross ~

(1.1)

(Binney & Tremaine, 2008). For globular clusters, the median half-mass radius and

3



velocity dispersion are 3.08 pc and 5.50 km /s respectively, making the crossing time,
T.r0ss, approximately 0.6 Myr. Assuming N ~ 10°, the relaxation time is on the order
of 1 Gyr. As globular clusters are highly collisional environments and typically have
ages that exceed their two-body relaxation time, two-body relaxation is important in

their evolution (Binney & Tremaine, 2008).

During these gravitational interactions, the cluster evolves towards kinetic energy
equipartition, thus objects with larger kinetic energies will transfer energy to systems
with less kinetic energy. This leads to heavier objects slowing down and moving
towards the cluster core and lighter objects gaining speed and moving to the cluster

halo. This process is called mass segregation (Heggie & Hut, 2003).

As globular clusters are self-gravitating systems, they have a net negative energy

and a negative heat capacity. This negative energy stems from the virial theorem,

2K + U =0, (1.2)

where K is kinetic energy and U is the gravitational potential. From this we can
see that the kinetic energy is given by K = —%U . Putting this into the net energy
equation we have, Fyo = K+ U = —%U +U = %U . As gravitational potential energy
is negative, the net energy of the system must also be negative and, consequently, the
heat capacity. Therefore, they do not evolve towards thermal equilibrium as expected
and instead, as a star loses energy, it will gain speed. Through two-body relaxation,
the cluster core loses energy to the stars in the halo, causing the core temperature
to increase and for it to contract. Consequently, stars sink towards the core even
more, leading to a runaway process of core contraction. This process is referred to
as gravothermal catastrophe, better known as core collapse in globular clusters, and
results in a very dense cluster core (Heggie & Hut, 2003). However, around the Milky

Way, there are more clusters that have not yet undergone core-collapse than expected



(Goodman & Hut, 1989). This suggests the presence of mechanisms that delay core-
collapse. One such mechanism involves stellar binaries and binary black holes within
the cluster. These binary systems are able to harden (shrinkage of the binary orbit) as
a result of interactions and thus lose gravitational potential energy (see Section 1.3)
and provide kinetic energy to nearby cluster stars, delaying their fall into the cluster
core (Goodman & Hut, 1989). This process has the additional effect of expanding the
globular cluster as this energy from the binaries radiates outwards through two-body
relaxation when stars gain kinetic energy through interactions with binaries and thus

move to the outer regions of the cluster (Gieles et al., 2010).

Globular clusters are important astronomical objects not just due to their inter-
esting nature as stated above, but also for their broader importance in various fields
of astronomy. For example, due to their high stellar density, globular clusters are key
systems for studying stellar dynamics. Stellar evolution can also be studied as each
globular cluster is host to a population of stars with similar ages and compositions,
but with differing initial masses. Moreover, globular clusters play an important role
in understanding their host galaxies. For example, evidence suggests a connection
between globular clusters and the assembly process of their host galaxy, and they can
also be used to infer episodes of star formation in the galaxy (Brodie & Strader, 2006).
More recently, work has been done to use globular clusters in the Milky Way to infer
information about the Milky Way’s assembly history and formation by comparing
cosmological zoom-in models and globular cluster age-metallicity distributions (e.g.

Kruijssen et al., 2019).

Within globular clusters, one interesting component is their binary population.
As stated earlier, these binaries have dynamical importance within the cluster due to
their role in delaying core-collapse alongside black-hole binaries. However, there are
many other interesting reasons for studying binaries, some of which can be found in

the preceding section and will be explored further in this work.



1.2 Binaries

Binaries are ubiquitous in both the galactic field and in globular clusters. The proper-
ties of binaries can be described using three main parameters: orbital eccentricity (e),
orbital period (P), and the mass ratio between the two stars (q), or the probability
distributions of these three orbital parameters when considering populations of bina-
ries. We discuss these distributions in Section 1.4; here we note that our knowledge
of binary properties is limited by a detection bias due to the limited time sampling of
the observations (e.g. Giesers et al., 2019). An example of a binary orbit can be seen

in Figure 1.2.

centre of mass

Ml t3

Figure 1.2: The orbit of two stars around a common centre of mass, the barycenter, and their
corresponding orbital positions at three different times. Figure adapted from Perryman (2011).

To detect binaries in globular clusters, there are three main methods. The first
is by looking for eclipsing binaries. An eclipsing binary occurs when one star moves
behind the other one, causing a dip in the light curve as shown in Figure 1.3a (McVean
et al., 1997). However, in the case of a globular cluster, high spatial resolution and
a large number of observations are required to adequately sample the light curve.
Additionally, this method is limited to binaries with inclination angles close to 90
degrees (binary orbital plane seen edge-on), making this an ineffective method for

detecting binaries.



Another detection method uses the colour-magnitude diagrams of globular clusters
and the binary sequence. This binary sequence occurs as the light from both stars in
the binary contribute to the observed light - causing the system to appear brighter.
The end result is stars appearing above and to the right of the main sequence as can
be seen in Figure 1.3b. Using this method on 54 globular clusters, Milone et al. (2012)
found that the cluster core has a higher concentration of binaries than the surrounding
region. They found that, typically, the binary fraction doubles from two core radii to
the cluster core. However, the major shortcomings of this method are that it requires
high precision photometry, such as that done with the Hubble Space Telescope, and
it does not provide information regarding the binary orbital parameters, with the
exception of the binary mass ratios. It is also limited to binaries with a mass ratio
above 0.5 as binaries below this threshold cannot be distinguished from single main

sequence stars.

The final method of binary detection is through repeated radial velocity measure-
ments. This is done by looking at the spectra for each star and extracting the radial
velocities from the (Doppler-shifted) observed central wavelength of the spectral lines.
In terms of their spectra, binaries appear as either single-lined spectroscopic binaries,
where the spectral lines are seen for one of the stars, or double-lined spectroscopic

binaries, where the spectral lines of both stars are seen in the spectra.

In the case of a single star, the radial velocity is expected to remain unchanged,
within measurement uncertainties, when viewed at multiple epochs. However, in the
case of a star within a binary, its radial velocity will vary depending on where the star
is in its orbit and its motion along the line of sight to the observer. An example of
a radial velocity curve for a binary within a globular cluster is shown in Figure 1.3c.
From this method, the orbital parameters can be determined from the radial velocity

curve as described below.
As a star in a binary follows an elliptical orbit (such as that seen in Figure 1.4),
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Figure 1.3: Detection methods for binaries in globular clusters. The first panel (a) shows the light
curve of an eclipsing binary. Figure from McVean et al. (1997). Panel (b) shows the colour-magnitude
diagram for the globular cluster NGC2298. The red symbols give the various binary mass ratios and
the blue lines give the positions of the binaries. Figure adapted from Milone et al. (2012). Panel
(¢) is an example of a radial velocity curve for a binary within a globular cluster fitted to the data
points. The horizontal line shows the velocity of the barycenter. For this radial velocity curve, the
orbital parameters are as follows: period of 2657 days, eccentricity of 0.58, velocity semi-amplitude
of 9.3 km s~!, argument of periastron of 147°, and barycenter velocity of -147.3 km s~!. Figure from
Hut et al. (1992).

its position relative to the barycenter is given by the equation for an ellipse:

_a(l—e¢?)
Ty ecos(v) (13)

where a is the semi-major axis, e is the eccentricity, and v is the true anomaly, and

both r and v vary with time. The true anomaly describes the angle between the



pericentre and the current position of the star and can be related to the eccentricity

%) where F is the eccentric anomaly, an angle

through the equation v = cos™!(
that describes the position of the orbiting body (see Figure 1.4). The time dependence
of the eccentric anomaly, F, can be seen in the mean anomaly, M, (which describes the
mean motion of the star in its orbit) which is given by M = 25 (t—tp) = E —esin(E),
where t, is the time from pericentre passage and P is the period of the binary. In

Figure 1.4, F1 represents the barycenter of the binary system in this figure and is a

focus of the ellipse.

e

auxiliary circle elliptical orbit

Figure 1.4: The elliptical orbit for one of the stars in the binary. The elliptical orbit is the true
stellar path and the auxiliary circle is a circle with radius equal to the semi-major axis, a. The
distance to the pericentre is ¢, the angle between the pericentre and the position of the star as seen
from the barycentre (F1) is the true anomaly v, and the angle between the pericentre, the orbit’s
centre, the projection of the star position onto the auxiliary circle is the elliptical anomaly, F and
the distance from the star to the focus of the ellipse is r. This figure is adapted from Perryman
(2011).

To calculate the radial (line-of-sight) velocity as a function of time, the inclination
of the orbit also needs to be quantified. This can be seen in Figure 1.5 where ¢
represents the inclination angle, w is the argument of the pericentre (the angle between

the ascending node, the point where the orbit crosses the reference plane, and the



pericentre), and v(t) is the true anomaly. From the geometry of this problem, it can

be seen that z, the line-of-sight position of the star, is given by:

z = rsin(i) sin(w + v), (1.4)

where 7 is the distance from the star to the ellipse focus.

orbiting
body

‘/7/ pericentre

reference plane

U = descending

node\A

Y=

reference
direction

ellipse focus =
centre of mass

Q=
" longitude of

/" ascending node \

Q = ascending node

orbit plane H

to observer
apocentre

Figure 1.5: The orbital parameters describing the geometry of a binary orbit with inclination 4.
Figure from Perryman (2011).

Since we want to find the radial velocity, we can take the derivative of this equation
to get:

v =2 =sin(i)[rsin(w + v) + rvcos(w + v)]. (1.5)

Therefore, in order to find the radial velocity of the star relative to the barycenter
of the binary, » and r are needed. In Equation 1.3, both r and v depend on time.

Therefore, taking the derivative using the reciprocal rule gives:

. a(l — e?) " esin(v)v _ rve sin(v) . (1.6)
l1+ecos(v) 1+ecos(v) 14 ecos(v)

To find v(t), we need to use Kepler’'s second law. Kepler’s second law states that

the area, A, that is swept out (by the line connecting the focus of the ellipse and the

10



position of the object) during the orbital motion is equal in equal time intervals. In

order for this to hold, the speed of the orbiting body must change depending on how

. . . 9 . dA _ 1
close it is to the focus of the ellipse. Kepler’s second law gives 7 = 5

2dv

77~ Taking

r
the time interval to be one full period, the area is the entire ellipse and is given by
A = 7ab or ma®v/1 — e? in terms of just the eccentricity and the semi-major axis.
Therefore, from Kepler’s second law we have:

ra*/1—e2 1 .
—_ = D, (1.7)
Pr 2

Putting Equation 1.3 into 1.7 and solving for r© gives:

. 2ma(l+ ecos(v))
Ty = i (1.8)

Using Equation 1.6 with 1.8, we obtain the following expression for 7:

2mae sin(v
= 2raesin(v) (1.9)
Py1 —e?
Substituting the expressions for 7 and r2 into Equation 1.5 and using sine and cosine

addition trigonometric identities gives the equation for the line-of-sight velocity of a

star in a binary relative to its barycenter:
2ma sin(7)

v=———=[cos(V 4+ w) + ecos(w)] = K[cos(v + w) + e cos(w)], (1.10)

Py1—e?

where K is defined as 2;;?%(;) and is the velocity semi-amplitude.

To describe the entire radial velocity equation as a function of time for a star in a

binary, we can add in the velocity contribution from the barycenter’s motion within

11



the cluster (vy) and put the true anomaly in terms of the eccentric anomaly to get

cos(E) — e)

v(t; Pye,w, go, K,v9) = vg + K|[cos <w + COS_l(l—(E)
— cos

)) +ecos(w)]. (1.11)

In this equation, there is no obvious time dependence of the velocity, however, this
time dependence is implicit in the argument of the pericentre (w) and in the eccentric
anomaly. There is no analytic form of this equation in terms of time, however, it can

be solved numerically.

By utilizing radial velocities to detect binaries and constrain their orbital param-
eters, we can better understand the binary populations within globular clusters. As
binaries are influenced by gravitational interactions with other objects within the
cluster, the surviving binary population can provide insight into the dynamical envi-
ronment of the cluster. Therefore, it is important to understand the binary dynamics

within a globular cluster, as we discuss next.

1.3 Binary Dynamics

Binaries in globular clusters are interesting to study because their dynamics differ
from those in the galactic field. This is due to the mutual dynamical effects between
the binaries and their host globular cluster (e.g. Ivanova et al., 2005). For example,
as stated earlier, as binaries interact with other stars, they can provide energy to
these stars. This energy comes from the binaries’ gravitational potential energy and
is converted to kinetic energy, pushing stars towards the outer cluster regions, thus

delaying core-collapse (Heggie & Hut, 2003).

The majority of binaries in globular clusters are thought to have formed during
the cluster formation and these binaries are referred to as primordial binaries. It

is also possible for binaries to form dynamically as the cluster evolves, however the

12



main mechanisms of binary evolution are ionization and evaporation, not formation
(Sollima, 2008). There are two mechanisms through which binary formation is known
to occur. The first is through three-body interactions. This occurs when three single
stars interact and exchange energy resulting in two of them becoming bound. While
this is likely to form soft binaries (binaries with a larger semi-major axis) that will
quickly be destroyed, it is also possible for them to harden over time to produce hard

binaries (binaries with a shorter semi-major axis) (Spitzer, 1987).

The second formation mechanism is through tidal capture. This process involves
two stars that are gravitationally perturbed when they interact, causing the stars to
gain orbital energy. If the total gain of orbital energy is larger than the kinetic energy
of the system, given by Ex = %mTV2 where m,. is the reduced mass and V is the
velocity of the system’s center of mass, then the two stars will become bound. Tidal
capture is more likely to lead to short period binaries so is a more effective method
of increasing the binary fraction of the cluster compared to three-body encounters

(Spitzer, 1987).

While binaries can form during the clusters evolution, it is also possible for them
to escape the cluster (evaporation) or for the stars in the binary to separate (ioniza-
tion). Evaporation is not as common since heavier masses, such as binary systems,
preferentially segregate to the cluster core. On the other hand, ionization does signif-
icantly affect binaries. It is also possible for interactions with single stars to lead to

an exchange or the formation of a three-body system (Heggie et al., 1996).

To understand the dynamics of binary interactions, it is important to first under-
stand the distinction between hard and soft binaries. A hard binary refers to a binary
whose binding energy is larger than the average kinetic energy of a star in the cluster.
The opposite is true for a soft binary (Heggie, 1975). The binding energy of a binary
is given by

Gmime

Ey=—— 1.12
b %2, ) ( )

13



where my and my are the masses of the two stars, GG is the gravitational constant, and
a is the semi-major axis. The average kinetic energy of a star in the cluster is given
by 3(m)V? where (m) is the average mass of a star and V is the typical velocity of a

star in the cluster or velocity dispersion.

When a binary interacts with a single star, the possible interactions are a flyby,
an exchange, or a capture. For a flyby, the single star approaches the binary and
leaves intact, however an exchange of energy occurs during the encounter. If the
binary is hard, it is more likely to transfer energy to the third body and its orbit will
shrink while the single star’s speed will increase. If the binary is soft, it is more likely
to receive energy from the star causing the star to slow down and for the binary’s
orbit to widen. In the case of the soft binary, it is possible that this interaction can
cause the orbit of the binary to widen to the point where the stars in the binary
become unbound (e.g. Spitzer, 1987, Heggie & Hut, 2003). Since the binding energy
is inversely proportional to the semi-major axis, the net result of these flybys is that
hard binaries get harder and soft binaries get softer with time. This is referred to as

Heggie’s Law (Heggie, 1975).

The velocity required to cause ionization of the binary can be quantified by taking
the point where the kinetic energy of the interacting system is equal to the binding
energy of the binary and solving this for the critical velocity. This gives

2 2FE,

crit )
m,

(1.13)

m3(mi1+ms)

T ——— (my and my are

where m,. is the reduced mass and is given by m, =
the masses of the binary components and mg is the mass of the single star). If the
velocity of the single star is larger than the critical velocity, then the binary will

be ionized. As this velocity is proportional to the binding energy, soft binaries are

more likely to be ionized, as expected. In Figure 1.6, the semi-major axis for a soft
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Figure 1.6: The evolution of the semi-major axis of a soft binary in the galactic field. Data is from
numerical gravitational three-body scattering simulations. Binary components are both 1 Mg and
the initial semi-major axis is 0.1 pc. The start time represents the formation of the binary. Figure
from Bahcall et al. (1985).

binary in the galactic field can be seen as it interacts with passing stars based on the
numerical simulations of Bahcall et al. (1985). While this dataset is from a non-cluster
environment, a similar trend for the semi-major axis would be expected in a globular
cluster, however it would be expected to occur at a faster pace in a globular cluster
given the more frequent interactions. From this, it is clear that the semi-major axis
slowly increases as the soft binary undergoes encounters. However, it is important to
note that not all interactions result in the widening of the binary orbit as it is also

possible for individual interactions to shrink the orbit. Nonetheless, we expect the

long-term trend to be an increase in the semi-major axis of a soft binary.

In the case where an interaction between a single star and a binary causes an
exchange, this means that the single star replaced one of the stars in the binary.
This would affect the orbital parameters of the binary system; however, a binary is
present both before and after the encounter. The final binary-single star encounter
possibility is the capture. This occurs when the single star approaches the binary and
then ends up bound to the stars in the binary, forming a three-body system. This
capture process is only possible if the velocity of the single star is less than the critical

velocity. The resulting three-body system is typically unstable and one of the stars
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quickly becomes unbound. Therefore, the end result of a capture appears as either a

flyby or an exchange (Heggie & Hut, 2003).

It is also possible for two binaries to interact. If two hard binaries have an en-
counter, it is possible that one of the binaries will dissociate, making it a mechanism
for hard binary destruction. It is also possible that the encounter can result in a
three-body system. While this is a method for hard binary destruction, it is rare

compared to encounters like flybys (Spitzer, 1987).

These dynamical interactions suggest that over time, the binaries with large semi-
major axes or long periods are preferentially going to be lost as the cluster evolves,
resulting in period distributions that are progressively skewed towards short-period
binaries (Gratton et al., 2019, Spitzer, 1987). However, what classifies as a soft or
hard binary depends on the cluster properties, i.e. the average kinetic energy of a
star within the cluster. Therefore, more binaries will be ionized in denser cluster en-
vironments as the stars in these regions have higher velocities. Since globular clusters
are the densest when they initially form (before they expand due to two-body relax-
ation), the majority of binary disruptions occur early on in the evolution, allowing us

to relate the binary disruptions and period distribution to the initial cluster density.

An example of how the initial density of a globular cluster affects the surviving
binary distribution is shown in the study by Ivanova et al. (2005). In this study,
they took a flat log,, P distribution for the initial binary period distribution and
then evolved the cluster using Monte Carlo dynamical models. They tracked the
evolution of the stars in the cluster and looked at the remaining binaries after the
dynamical interactions and stellar evolution (stellar mass loss and the formation of
remnants). This was done for four different models, each of which started with the

same number of stars (2.5x10%) and with the same binary fraction (fy,=1"') but

Nb

—y where ny, is the number of binaries and ng is the

IThe binary fraction is defined as fii, =
number of single stars.

16



differed in their initial central cluster densities. From this process, they found that the
binary period distribution evolves over time and this evolution depends on the initial
central density. Their results for the present-day (after 14 Gyr) distributions for their
models is shown in Figure 1.7. This figure shows the fraction of binaries in each period
bin relative to the total number of binaries for four different initial cluster densities.
Looking at the top panel (the lowest density case), the orbital period distribution
has a gradual decline towards long-period binaries, but a substantial portion of long-
period binaries have survived. Looking at the lower panels, as the initial density
increases, the period distribution becomes skewed towards short-period binaries as
more long-period binaries are ionized. While the classification of a long/short period
binary depends on the mass ratio and the binary’s environment, from this figure we
can see from the tail of the distributions that long-period binaries are on the order of
10% days and beyond, as these are the binaries most affected by the dynamics of the

cluster.

Using this idea, the orbital period distributions for the binaries inferred from
multi-epoch radial velocity surveys can provide information about the initial density
required to give rise to the present-day binary period distributions. For example, if a
globular cluster has retained more long-period binaries, it would imply a lower initial

density compared to a globular cluster lacking long-period binaries.

1.4 Orbital Period Distribution

Currently, binary orbital parameter distributions are well constrained for field binaries
composed of solar-type stars. For example, Raghavan et al. (2010) and Duquennoy &
Mayor (1991) used radial velocity measurements over up to 14 and 13 years, respec-
tively to determine field binary period distributions. In each of these cases, they used

the observed binaries to find the period distributions and both found distributions
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Figure 1.7: Number of binaries in each period bin relative to the total number of binaries for
various initial cluster core number densities after 14 Gyr. Densities are given in terms of stars per
cubic parsec. Figure from Ivanova et al. (2005).

that follow a log-normal distribution. The Raghavan distribution has a mean logq P
of 5.03 with P in days and a standard deviation o}, p of 2.28 resulting in a median
period of 252 years. The Duquennoy & Mayor distribution is similar with a mean of

logip P = 4.8 and a standard deviation of oj,s p = 2.28 giving a median period of 180

years.

For globular clusters, there is less consensus on the best assumptions for the binary
period distribution because globular cluster binaries are influenced by the cluster
dynamics and their period distribution evolves with time, as discussed in Section 1.3.
One example of a distribution sometimes used is a uniform distribution in log P.
This distribution is believed to be a good assumption for cases where there are few
dynamical effects to influence the distribution, such as in a low density cluster or in

the early stages of cluster evolution. However, this assumption breaks down for higher
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density globular clusters (Ivanova et al., 2005).

Another commonly used initial binary period distribution within a globular cluster

is the Kroupa initial binary period distribution. This is given by:

1 P)=25 1.14
fp( Oglo ) 45 + (logl[)P o 1)2 ( )

for binaries with a primary mass less than 5 M, and
fo(logyo P) = 0.23 x (log, )~ (1.15)

for binaries with a primary mass greater than or equal to 5 M where the period, P is
in days (Marks et al., 2011). These distributions are similar to those found for O-type
stars by Sana et al. (2012) as this primordial distribution is before stellar evolution

has occurred.

While these initial distributions do not directly describe the current distributions,
they can be used as initial cluster conditions and then evolved with the cluster to the
present day (e.g. Ivanova et al., 2005). However, there is no universal form for the
binary period distribution for all globular clusters as different initial cluster conditions
and dynamical evolution histories affect the distribution as shown in Figure 1.7. Even
so, better constraining the binary period distribution for a given globular cluster is
important for understanding the abundance of retained soft binaries and therefore the

initial cluster density.

One issue with trying to better constrain the binary period distribution is the
effect of the detection bias. This affects binaries with longer periods as it is difficult
to sample enough of the orbit to detect radial velocity variations in these systems.
With many epochs of data over multiple years, this effect decreases, however it is

always present to some extent. Therefore, this needs to be accounted for when fitting
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binary population parameters.

1.5 This Thesis: Globular Cluster Binaries

The objective of this work is to develop a method that takes multi-epoch radial
velocity measurements for a globular cluster and use these to constrain their true

binary period distributions while taking into account the effect of the detection bias.

Currently, there are a few globular clusters with multiple epochs of radial velocity
measurements available for a large number of stars, in particular thanks to observa-
tions with the MUSE integral-field unit spectrograph on the Very Large Telescope
(VLT). However, there has not yet been any work done to take the binary periods
that are observed and use this information to statistically infer the true period distri-
bution. This will need to be done while accounting for limited time sampling and the
detection bias. Therefore, this thesis will involve using hierarchical Bayesian statis-
tics on the multi-epoch radial velocity measurements for individual stars in globular
clusters to constrain the distribution of orbital parameters of the cluster’s binaries, in

particular, the period distribution.

Constraining the intrinsic period distribution for binaries is important for a num-
ber of reasons. One is that globular cluster models (such as N-body models) can
include binaries and by doing so, assumptions need to be made about the binary pe-
riod distribution. By better constraining this distribution and mitigating the effects

of the detection bias, we can improve the assumptions used in globular cluster models.

Another reason for our interest in the period distribution is that understanding
the depletion of long-period binaries can give us insight into the initial density of the
host globular cluster. As was discussed in Section 1.3, the dynamical interactions

within the cluster result in a correlation between the initial density of the cluster and
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the remaining soft binaries. Therefore, by understanding the relative abundance of

long-period binaries, this can provide insight into the initial cluster environment.

Understanding the initial cluster density can also improve our understanding of
the black hole population in globular clusters. For example, N-body simulations were
done for the cluster Pal 5 that looked at the black hole population in the cluster
(Gieles et al., 2021). The initial density of the cluster was varied and one model was
computed with black holes and the other without. The goal was to determine what
initial conditions give rise to what is seen today in Pal 5, such as its large size (half
light radius of ~ 20 pc) and its tidal tails. This is done by comparing the kinematics
and spatial distribution of stars from the N-body models with the observed kinematics
and spatial distribution. From this, it was found that two possible models exist: one
with a high initial density with black holes and one with no black holes and a low
initial density. The initial density and black hole populations are related as a higher
density will result in the ejection of more black holes. This means that the presence of
long period binaries (and therefore a low initial density) would be an argument against
the presence of a black hole population while the absence of long period binaries could
be used as evidence to support the model with black holes. Therefore, combined with
multi-epoch radial velocities for this cluster, the method developed in this work can
eventually help us to gain insight into the initial density of Pal 5 to determine which
one of these two models is more probable. As well, our knowledge of gravitational
waves can be enhanced by improving our understanding of black holes in Pal 5. These
are connected as it is believed that the dynamical formation of black hole binaries
in the cores of globular clusters can produce binary black hole mergers, sources of

gravitational waves (e.g. Antonini & Gieles, 2020).

Overall, binaries and globular clusters are dynamically tied and by improving our
understanding of binaries, we can further our understanding of their host globular

clusters. This work will use this idea to better constrain the intrinsic binary orbital

21



period distribution using multi-epoch radial velocity data and hierarchical Bayesian

statistics and then use this to infer the initial density of NGC 3201.

This thesis is organized as follows. Chapter 2 describes how mock data is gener-
ated, the procedure used to determine which stars, from a sample of stars observed in
a given globular cluster with multi-epoch radial velocities, are classified as radial ve-
locity variable and the fitting procedure used to fit the radial velocity curves. Chapter
3 describes the method developed to take the posterior samples from the radial ve-
locity curve fits and use these to constrain the intrinsic binary period distribution for
the binaries in the cluster. In this chapter we also discuss how to fit on a flexible form
of the distribution to minimize assumptions about the distribution shape. Chapter 4
then takes the method developed in the prior two chapters and applies it to data for
the globular cluster NGC 3201. NGC 3201 was chosen as it has a rich multi-epoch
MUSE dataset available, making it a good test case for this work. In this chapter
we also discuss what this intrinsic period distribution means for the initial density of
NGC 3201. In the final chapter, Chapter 5, we present our conclusions and ideas for

future work.
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Chapter 2

Fitting Radial Velocity Curves

While the ultimate goal of this work is to develop and apply a method to find the in-
trinsic binary orbital period distribution of stars in a globular cluster, this population
distribution depends on the inferred parameters for each cluster binary - making this
a hierarchical process. Therefore, in order to determine the period distribution, we
first need to determine which of the stars in the cluster are detected as radial velocity
variable (binaries) and then, for each of these, find the probability distribution for
its period. These probability distributions can be found by fitting the radial velocity
(RV) curve for each star as this provides posterior probability distributions for each
of the RV curve parameters. These parameters are the period (P), eccentricity (e),
pericentre phase (¢g), pericentre argument (w), velocity semi-amplitude (K), and the
barycenter velocity (vg) as was described in Section 1.2 and more specifically in Equa-
tion 1.11. In this chapter, we discuss how we generate mock data for model testing in
Section 2.1, the method in general in Sections 2.2 to 2.4, the sampling methods that
were tested to probe the posterior probability distributions of the model parameters in

Sections 2.5 to 2.7, and then the method is illustrated using mock datasets in Section

2.8.
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2.1 Generating Mock Multi-Epoch Radial Velocity

Data

Before we can begin to formulate a method and test it, we need a way to generate mock
datasets with known binary orbital parameters. To do so, we use the python package
velbin! (Cottaar & Hénault-Brunet, 2014). This package allows us to generate radial
velocities for a sample of stars and binaries given input period, eccentricity, and mass
ratio distributions for a population of binaries, as well as the desired fraction of
binaries, cluster systemic velocity, cluster velocity dispersion, the mass of the primary
stars, and the epochs of observations. This returns the multi-epoch radial velocities
and the adopted radial velocity uncertainties for the stars (and binaries) by solving
the radial velocity equation (Equation 1.11) for each of the generated binaries. From

this, the true values for the radial velocity curve parameters can be extracted.

We generated a large array of mock data sets by tweaking the various input pa-
rameters such as the period distribution, number of stars, binary fraction, velocity
uncertainties, velocity dispersion, and time sampling of the observations. This allows
us to see the effect of changing different quantities (and thus our ability to constrain
the period distribution for different clusters) and to ensure that the method works
in a variety of cases. For example, by changing the number of epochs of data in the
dataset, we can see how the three sampling methods, to fit RV curves, (see Sections

2.5 to 2.7) compare in different cases for fitting radial velocity curves.

For these generated stars, the method that will be discussed in this chapter can be
applied to multi-epoch radial velocity data to fit radial velocity curves for each star
identified as radial velocity variable and ensure that the true solution is recovered.
Once we have this mock multi-epoch data and the posterior samples from the radial

velocity curve fits, we can then use this data to fit the binary period distribution as

Thttps://github.com/Michiel Cottaar /velbin
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will be discussed in Chapter 3.

Thus, velbin allows us to generate mock datasets that fulfill our needs and allow
us to compare the results from both the radial velocity curve fits and the period
distribution fits with known true values - allowing us to confirm that the method

developed in this work is accurate.

2.2 Binary Star Classification

Before the radial velocity curves can be fit, we first need to determine which stars in
a sample are radial velocity variable and thus classified as binaries using multi-epoch
radial velocity data. To determine if a star is considered variable or non-variable, a x?
test is applied (Equation 2.1) to the radial velocity data of each star. In this case, the
null hypothesis is that the radial velocity is constant (non-variable) and the alternative
hypothesis is that the radial velocity is variable. This allows us to determine if the
variations in the velocity can be explained just by measurement errors and noise or
if orbital motions are required. In the equation below, indices i correspond to the
epochs of measurement, v; is the velocity at each epoch i, v is the weighted mean

velocity, and o; is the measurement uncertainty on the velocity at that epoch:

= @ (2.1)

Once we have the y? value for a star, we can find the probability, P (x?,df), of
observing a y? value equal to or larger than this value under the null hypothesis given
the number of degrees of freedom, df. In this case, df is one less than the number of
radial velocity epochs for the star (i.e. under the null hypothesis, the model only has
one parameter, the value of the constant mean velocity). This probability, P (x?, df),

represents the cumulative probability in the right tail of the x? distribution. We can
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see the effect of the number of epochs of data available on the x? distribution in the

left panel in Figure 2.1.
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Figure 2.1: The panel on the left shows the x? distributions for different degrees of freedom (number
of epochs of data) and the panel on the right shows our threshold for detection, p, with the dashed

black line. This example is for the 20 epoch case. Systems with a x? to the left of this line are
classified as non-variable and systems to the right as variable.

In order to determine if we can confidently reject the null hypothesis, and therefore
consider the star to be radial velocity variable, we need to compare the probability
that this x? could be due to only measurement uncertainties to a probability threshold,
p (see the right panel of Figure 2.1). Any stars with a probability P greater than this
threshold p have sufficient evidence that they are consistent with the null hypothesis
and the stars are classified as non-variable. Any stars with a probability P smaller
than the threshold p do not have sufficient evidence that they are well described by

the model so the null hypothesis is rejected and the stars are classified as variable.

In line with the method used by Cottaar & Hénault-Brunet (2014), this threshold
p is taken to be 10~ in this work. This threshold was chosen as it results in a negli-
gible rate of false positives (labelling a non-variable star as variable due to apparent
variability from measurement noise) for samples of a few hundred to a few thousand
stars, like the typical datasets for globular clusters. Based on this criteria, we can see

the stars that are detected as variable (binaries) and non-variable (apparently single
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stars) in the right panel of Figure 2.1 for an example with 20 epochs of data.

One thing to note is that while the variable stars are expected to all be binaries (due
to the low expected rate of false positives and the small chance of seeing variability
due to pulsations or atmospheric variability), it is expected that some (and possibly
a significant fraction) of the stars classified as non-variable are undetected binaries.
This is especially true for stars with sparse/limited radial velocity measurements.
This is because binaries with long periods (P =~ 10? for a typical cluster) are harder
to detect due to their variations occurring over much longer time scales and their
smaller RV semi-amplitude, meaning that they often appear to be non-variable. As
a result, in a real data set we cannot distinguish between these long-period binaries
and single stars and we cannot fit radial velocity curves to these undetected binaries.
For a discussion on how we get around this issue when inferring the intrinsic period

distribution of binaries in a cluster, see Section 3.1.

Now that stars can be classified as either variable or non-variable depending on
their radial velocity measurements, radial velocity curves can be fit to the velocity

measurements for each star classified as variable.

2.3 Likelihood

To fit the model radial velocity curve to the velocity measurements of a star, we need
to fit on the set of free parameters that describe the radial velocity curve. To find the
best-fitting parameters and their credibility intervals, Bayesian inference is used. In
general, Bayesian inference is a way of finding the posterior probability distribution for
a set of parameters (linked to our degree of belief in the true value of the parameter)
by using the likelihood of the data given those parameters, and prior knowledge of

those parameters. This is formulated by Bayes’ rule which is given by the following
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equation where M is the model and D is the data:

P(DIM) P(M) _ £(M)m (M)

PMPE "o T 2

(2.2)

In this equation, P (M|D) is the posterior and describes the probability of the
model given the data. P (D|M) = L (M) is the likelihood and is the probability of
the data given the model, P (M) = 7w (M) is the prior and is the probability of the

model, and P (D) = Z is the evidence and is the probability of the data.

We typically describe the model using a series of parameters (such as the set of
parameters that describe a radial velocity curve in the case of fitting RV curves) so

Bayes’ Rule can be rewritten as:

P (é‘yp) - M with 0 = {01, 0, ....6,, (2.3)

where @ is the set of all model parameters 6; that describe the model. When doing
Bayesian model comparisons, the evidence (Z) is important, however, for parameter
estimation the posterior probability can be calculated up to a normalization constant

(the evidence), allowing us to ignore the evidence.

Thus, when using Bayesian parameter estimation for a given problem, a functional
form needs to be chosen for the likelihood as well as for the prior (one for each model

parameter when assuming independent priors).

In the case of fitting radial velocity data, the errors on the velocities are assumed
to be Gaussian so we can use a Gaussian likelihood (Equation 2.4) for the velocity of
each star at each epoch. This Gaussian is centered on the predicted radial velocity
at a given epoch, v; ,,, and the width parameter of the Gaussian is the error on the
velocity, o;. It is then evaluated at the observed velocity, v;, at that epoch. This

Gaussian likelihood is evaluated for every star that is classified as a binary and the
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total likelihood for the set of radial velocity measurements of a star is given by:

Lo =11 mmeels

i 7

#of epochs . A2
1 exp (_l(vz,o Uz,m(e)) ) (2'4)

where L, is the likelihood for star n, ¢ are the epochs of measurements for the star,
v;, are the observed velocities, v; ,, is the model radial velocity calculated using the
radial velocity equation parameters (period, eccentricity, pericentre phase, pericentre
argument, velocity semi-amplitude, and barycenter velocity) at each epoch (i) in the

observed dataset, and o; are the measurement errors associated with each velocity.

As the values of these total likelihoods result from the product of several poten-
tially small numbers, they can be quite small, leading to underflow issues with the
numerical precision of computers. To overcome this, likelihoods are often treated as
log-likelihoods. Thus, the total log-likelihood for the RV data of star n given the

model parameters is:

log (L,) = —% Z <log (2m07) + M) : (2.5)

i

In order to calculate the model radial velocities, v,,, based on the radial velocity
curve parameters, the python package twobody 2 is used, which essentially follows the
physics described in Section 1.2 (see Equation 1.11). The assumption that goes into
this calculation is that the radial velocity variations are caused by the gravitational
orbit of two point masses and that the radial velocity curve is not impacted by any
other bodies or any stellar oscillations. With this, we now have all of the components

needed to compute the likelihood term in Equation 2.3.

Zhttps://github.com/adrn/TwoBody
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2.4 Priors

Now that we have a likelihood function, we need to define priors for each model
parameter. Once we have a prior for each parameter, these can be combined to form
the overall prior using the following equation, with the assumption that the prior

probabilities for each parameter are independent:

" (5) =~ ). (2.6)

When working with priors, the priors can either be informative and based on our
previous knowledge of a parameter, or they can be uninformative and reflect our level
of ignorance of the parameter value. An example of a common uninformative prior is
the uniform prior. The uniform prior is a distribution with equal probability density
at every point within two bounds and zero probability density outside of those bounds.
As the prior is a probability distribution, it must be normalized so the uniform prior

is given by:

7 L<6<U

7w (0) = (2.7)

0 otherwise

where L is the lower bound and U is the upper bound. These bounds are chosen such
that all valid parameter values are contained within. This prior is used for the In (P),
¢o, and w parameters in the case of our fits to the radial velocity curves. For In (P),
the lower bound is chosen such that any binaries with a period less than this would
result in a binary with one star within the radius of the other. The upper bound
is chosen such that it is sufficiently large enough that we do not expect any binaries
with a period longer than this to remain bound to the present day, which is dependent

on the present-day hard-soft limit of a given cluster. From Giesers et al. (2019), the
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period bounds that satisfy these conditions for the cluster of interest in this work
(NGC 3201) are 0.2 and 4096 days. For the two angles, ¢y and w, the bounds range

from 0 to 27 so that the full range of allowed angles is encompassed.

In other cases, such as for the eccentricity, velocity semi-amplitude, and the
barycentric velocity, we have a bit more information about the parameters so we can
instead use informative priors. Following the work done by Price-Whelan et al. (2020)

on stellar binaries, the prior on the eccentricity is given by the beta distribution:

I'(a+0b)

F(a)I‘(b)ea_ (I—e)" ", (2.8)

ng(e;a,b) =

with parameters a = 0.867 and b = 3.03 as was found by Kipping (2013) (through

exoplanet observations) and where the gamma function, I' (z) is given by:
[ (z) :/ t"te~tdt. (2.9)
0

While this prior was found for exoplanets, it is also expected to hold for stellar binaries

as the physics governing the orbits of exoplanets and stellar binaries is the same.

For the velocity parameters, again using the prescription in Price-Whelan et al.
(2020) for stellar binaries, their priors can be described using normal distributions

given by

1 z—p)?
m (w10, ) = — e 25 (2.10)

where x is the parameter of interest (either K or vy in the case of the RV fit), o is
the width of the distribution, and p is where the distribution is centered (the mean

1

of the distribution). In the case of the velocity semi-amplitude, p = 0 km s~ and o

is given by:
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2
P\ 3 _
o2 = o2, (—> (1-e?)7, (2.11)
5 PO

where ok o was taken to be 30 km/s and I is 365 days. This was determined by Price-
Whelan et al. (2020) as this prior results in a companion mass independent of the
period or eccentricity for a fixed primary mass. For the binaries’ barycentric velocity,
Vg, the normal distribution is centered on the systemic velocity of the cluster and
therefore needs to be modified depending on which cluster is being investigated. As
we will later apply this method to NGC 3201 (see Chapter 4) and the literature value
for the systemic velocity is 494 km s™! (Giesers et al., 2019), the normal distribution
for the systemic velocity is centered on = 494 km s~ in this case. The width for

the prior is taken to be o = 100 km s™! in alighment with Price-Whelan et al. (2017).

A summary of the priors for each of the parameters that describe the radial velocity

curves is given in Table 2.1.

Parameter Prior Unit
InP U (0.3,4096) days
e B (0.867, 3.03)
b0 U (0,2m) rad
w U (0,2m) rad
K N(0,0%) km st
Vo N (vsys, 100?)  km s~*

Table 2.1: The parameters used to fit the radial velocity curves (see Equation 1.11) and their
corresponding priors. U refers to a uniform distribution with a specified minimum and maximum. B
refers to the Beta distribution with the necessary shape parameters and A is the normal distribution
with a specified mean (the cluster systemic velocity) and width. For the velocity semi-amplitude,
K, the width of the normal distribution, o is given by Equation 2.11 where o is 30 km s~! and
Py is 365 days.

With these priors and the likelihood (see Section 2.3) for the radial velocity curves,
the only remaining component left in Bayes’ rule to find the posterior is the evidence.
However, it turns out that the evidence is computationally intensive to calculate as

it involves a high dimensional integral and, as mentioned earlier, actually not needed
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for parameter estimation. Thus, instead of calculating the evidence, we can calculate

the posterior up to a normalization constant using

P (5|D) x L <D|§> 7 (67) . (2.12)

It is still computationally intensive to evaluate this posterior probability distribu-
tion over a grid when working with a multitude of model parameters. Instead, we
need to utilize a sampling method in order to approximate and recover the posterior
probability distribution for the sets of parameters and thus fit on the radial velocity

curve.

By fitting the radial velocity curve, we obtain posterior samples for each of the
radial velocity curve parameters, including the desired parameters - the orbital period
and systemic velocity (see Section 3.3 for a discussion on why the systemic velocity
posteriors are required). These posterior samples are important as these are what
will later be used to fit the binary period distribution for a given globular cluster
based on multi-epoch radial velocity measurements of a large number of stars. While
there are a variety of sampling methods that can be used, we need a method that
works efficiently and also generates the desired number of posterior samples. Three
methods that were considered in this work and their advantages and disadvantages

are outlined in the following sections.

2.5 Markov Chain Monte Carlo (MCMCQ)

One of the methods considered was Markov Chain Monte Carl (MCMC), and in
particular, emcee® (Foreman-Mackey et al., 2013) which is the python implementation

of the affine-invariant ensemble sampler proposed by Goodman & Weare (2010).

3https://emcee.readthedocs.io/en /stable/
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MCMC methods are a class of algorithms for sampling from a probability distribu-
tion, which involves constructing a Markov chain that evolves towards an equilibrium
distribution, and for which the density of samples in a region of parameter space is
proportional to the value of the target (posterior) probability distribution at that lo-
cation. It works by exploring the parameter space by taking a series of steps starting
from an initial set of points. From the current point in the chain, the next step is
always taken based on some sort of stochastic process. The specific process used is
determined by the type of MCMC algorithm being used. This process then continues
where each following step is chosen based on taking a step from the prior position.
By repeating this random process, each step only depends on the one before it, mak-
ing this series of steps (referred to as the chain) a Markov process. Regardless of the
MCMC implementation used, the stochastic process of accepting or rejecting the next
step is always based on favouring an area of higher posterior probability (although
moves to regions of lower posterior probability are also possible, albeit with a lower
acceptance probability). Each step in the chain represents a possible set of model pa-
rameters and collectively, the density of samples from the chain (once it has reached
the target equilibrium distribution) at a given position in parameter space can give us
the posterior probability distribution as it is proportional to the posterior probability

density at that point in parameter space (e.g. Ivezi¢ et al., 2020).

However, we do not want to consider the first part of the chain when looking at the
posterior distribution as this part still has a memory of the initial starting condition
and might not be an accurate representation of the distribution. In other words, we
are interested in the target equilibrium distribution of the chain and not where it
starts. Thus, when considering the posterior, we first remove a ‘burn-in’ portion (the
part before the chain has lost the memory of the initial starting point) and then look

at the remaining chain elements.

Additionally, we need to ensure that the chain has reached the equilibrium state.

34



To do this, we test for chain convergence. There are a few ways of testing for chain
convergence and while none of them guarantee that the chain has fully converged,
they provide us with an estimate for how many iterations the chain should have. One
common way this is done is by using an auto-correlation test within emcee. This test
looks at how many iterations are required before the chain begins to be correlated
with itself, referred to as the auto-correlation time. Within the python package emcee,
it is recommended to run the chain for at least 50 times as many iterations as the

auto-correlation time to ensure convergence.

As stated above, for this work we are specifically considering emcee. emcee involves
using multiple walkers and steps are taken by using stretches defined by the current
positions of the walkers. The result of this in an affine-invariant ensemble method,
meaning that it can efficiently explore distributions with parameters that are linearly
correlated. Due to the use of multiple walkers, this process is easily parallelizable to
reduce its run time. In addition, it can be more efficient than other MCMC methods
as if one walker finds an area of higher posterior probability, it has a chance to ‘drag’
the other walkers to this point and better sample this area, making it a potentially

efficient MCMC method for cases like fitting a radial velocity curve.

While MCMC is a good method for sampling parameter space in a lot of cases,
one of its drawbacks is that it can miss peaks in multi-modal distributions as if the
walkers find a local peak in the posterior, they can get ‘stuck’ there and miss other
peaks. This can lead to misleading results. Additionally, as mentioned above, it can
be difficult to determine if the MCMC chain has fully converged. There are other
sampling methods where convergence is better defined, such as nested sampling (see
Section 2.7). Due to this, MCMC is often run for a longer period of time than other
sampling methods to ensure convergence. For example, in the case of using MCMC
for fitting radial velocity curves, we found that it took substantially longer than when

using the other sampling methods described below.
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Figure 2.2: An example of a radial velocity curve fit using emcee. Blue curves in the left panel and
the blue histogram in the right panel show the posterior samples. The true value for the period and
curve are shown in green. Panel (a) shows the radial velocity curve with the mock radial velocity
measurements shown in black and panel (b) shows the histogram of posterior period samples.

We can see an example of a fit to a radial velocity curve using emcee in Figure 2.2.
This is an example of a fit to the mock data of a short-period binary with a period of
13.13 days with 20 epochs of radial velocity measurements over 1605 days. In the left
panel, we can see the model fit to the radial velocity measurements in blue and the
true solution in green. Note that this does not show all of the velocity measurements
as this is a short-period binary so for easier visualization, only ten full periods are
shown. However, we can see from the data points included in this range that the
best-fitting model does agree with the measurements and recovers the true solution.

On the right, we can see the histogram of the period posterior samples with the true

value shown in green, again showing that the true solution is recovered.

Diagnostic plots for this fit are shown in Figures 2.3 and 2.4. In Figure 2.3, we
can see the post burn-in chain (where the burn-in was taken to be 500) and from
this it looks like the chain is fully converged. In Figure 2.4, we can see the corner
plot. Corner plots show the 2D joint posterior probability distribution for each pair
of parameters as well as the marginalized posterior probability distribution for each
parameter. The grey and black regions within each box shows the 2D contours for

the combinations of parameters. The confidence regions (1o, 20,30) are shown and
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Figure 2.3: The continuation of Figure 2.2 showing the MCMC chain for the fit.

beyond that it shows the individual samples. This is a useful diagnostic tool as
it provides information about the inferred value and credibility intervals for each
parameter but also information about any co-variances between parameters. For
example, if two parameters are independent then the contours will be circular, so
any non-circular contours can provide information about the type/strength of any
correlations. We can see an example of this for the two angle parameters, ¢y and w,

as their 2D contour shows a clear correlation.

While this example is a case of a good fit, there are also cases where emcee does not
recover the full posterior in multi-modal cases, as will be seen in Section 2.8. More-
over, we found that emcee had long run times compared to other sampling methods.
Overall, while MCMC can be a good method for sampling parameter space, due to
some of its limitations, it is not an ideal method for attempting to fit radial velocity
curves in the context of this work as radial velocity curves can have multi-modal solu-

tions and it is important to ensure convergence in a timely manner given the number
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Figure 2.4: The continuation of Figure 2.2 and 2.3 showing the corner plot for the fit. The true
values are shown with the solid green lines and the 1o interval is shown with the dashed black lines
in the marginalized posterior probability distributions.

of stars (few hundreds to few thousands) in our typical samples.

2.6 Rejection Sampling

Another method considered in this work for fitting radial velocity curves is rejection
sampling and in particular, TheJoker * by Price-Whelan et al. (2017). Instead of
starting with an initial set of parameters and then generating posterior samples from
there (MCMC approach), rejection sampling begins with all of the potential samples
and then rejects samples until the final sample is achieved. This initial set of prior
samples is obtained by drawing a large number of samples from the prior distributions

for each parameter (see Section 2.1) and then the likelihood for each set of parame-

4https://github.com/adrn/thejoker
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ters is determined. Based on the likelihoods for each set of parameters, the maximum
likelihood across all the samples can be found. At this point, each sample is com-
pared to the maximum likelihood and a random value is chosen between zero and
the maximum likelihood, and if the likelihood of the sample is less than this random
value, it is rejected. Through this process, higher likelihood solutions are more likely

to remain, although, rejection sampling still remains a stochastic process.

Based on this process, the sample with the maximum likelihood is guaranteed to
survive. However, it is possible that all other solutions will be rejected, or that not
enough samples will be retained to be considered a fair representation of the posterior.
In these cases where not enough samples are retained, the typical course of action is to
either take the remaining samples and then use another sampling method to sample
around these points, or to generate a larger number of prior samples and repeat the

rejection sampling procedure.

For this work, TheJoker was the rejection sampler considered as it was developed
specifically for the goal of fitting the radial velocity curves of exoplanets and/or binary
stars, particularly when only sparse radial velocity measurements are available (e.g.

Giesers et al., 2019, Price-Whelan et al., 2020).

In general, the benefit of this method is that it is unlikely to miss multi-modal
peaks in the posterior distribution, unlike MCMC, since it starts with prior samples
and works its way down from there so it cannot get stuck in a local peak of the
posterior. In the case of sparsely sampled radial velocity curves, there is a significant
potential that they will have multi-modal posterior probability distributions so the
ability to recover this is key. However, in cases of well-sampled radial velocity curves
(such is generally the case for the NGC 3201 data used in this thesis; see Chapter 4),
TheJoker often fails to produce an adequate number of samples. This is because, in
the cases with a well-sampled curve, the likelihood is more sharply peaked and the

posterior is dominated by the likelihood. This makes it less likely that a significant
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number of the prior samples generated for rejection sampling will fall within a region
of relatively high likelihood. Thus, either a larger number of prior samples is required,
or else the use of another sampling method may be preferred if significantly increasing
the number of prior samples for which the likelihood is to be evaluated is prohibitively
computationally intensive. This is not an issue in the case of sparse radial velocity

data as the likelihood is typically broader.
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Figure 2.5: An example of a radial velocity curve fit using TheJoker. Blue curves in the left panel
and the blue histogram in the right panel show the posterior samples. The true value for the period
and curve are shown in green. Panel (a) shows the radial velocity curve with the mock radial velocity
measurements shown in black and panel (b) shows the histogram of posterior period samples.

An example of a radial velocity curve that is well fit by TheJoker and has the
desired number of posterior samples (TheJoker recommended number is 256) is shown
in Figure 2.5. This is a fit to the mock data of a binary with a period of 114.10 days
and with 20 epochs of measurements over 1605 days. As with Figure 2.2, this figure
shows the fit to the RV curve and the histogram of the posterior samples for the
period. From this we can see that the true RV curve and period are recovered. The
corner plot for this fit is shown in Figure 2.6. Due to the limited number of samples,
this corner plot still uses darker colors for areas of higher density, but the contour
lines are not drawn. From this we can still see that the areas of higher density do

agree with the true value for each model parameter.

However, looking at another binary with the same number of measurements and
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Figure 2.6: Continuation of Figure 2.5 showing the corner plot for this binary.

time sampling but with a period of 11.03 days in Figure 2.7, we can see an example
of a fit where not enough samples were retained. In this case, only 51 samples were
retained out of the desired 256. While this binary also appears to have a good fit to
its radial velocity curve and to each of the model parameters (see Figure 2.8), we can
see that not enough samples have been retained to have confidence in the posterior
distribution. Therefore, in the cases where the true values of the parameters are

unknown, we cannot be certain of these results.

One thing to note in Figure 2.8 is that we do see some parameters with multiple

peaks in this corner plot for the marginalized posterior distributions. This is not
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unexpected when fitting RV curves as there can be multiple solutions that provide
good fits to the data. As well, in the case of the angle parameters w and ¢, these
both determine where the RV curve starts so it is not uncommon for them to have

multiple peaks in their posterior distributions and this is not a concern.
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Figure 2.7: Same as Figure 2.5 for another binary.

Repeating the rejection sampling with a larger number of prior samples can quickly
become quite inefficient as in some cases, it can take billions of prior samples in order
to well sample the posterior. Using another sampling technique (like MCMC) in
these problematic cases can be effective but this raises two questions. What are the
limitations of the alternative sampler being used and, if an alternative sampler is
found that works in these cases, why can this sampler not be used in all cases rather
than using a mix of methods to analyze all the stars in a dataset? With this in mind,
in this work we decided to try and find a sampler that would work at least as well as
TheJoker for multi-modal posteriors but with the ability to provide more posterior

samples when not enough samples are produced by TheJoker.

In summary, while rejection sampling and TheJoker is a good method for fitting
sparsely sampled radial velocity curves with multi-modal posterior probability distri-
butions, in cases with well-sampled radial velocity curves it is likely to fail to produce

enough samples without relying on a very significant increase in computational times

42



P =11.03%33%

[ e =0.37:39
] M

I
o % G
L

-
—

w [rad]

i ! { o = —2.60+2:99

$o [rad]
5% %% N 0 ¢ o

AN
|}

Th [z ar67enss,

K [km/s]\
o % Yo

W Ii
’ il livy = 504.38+3571

N
O(') - ] [}
S > k . ] Jm
& g : In
Q Q Q Q QO © > .Q o
RPN ISR NI IN IS INED P M P i

Q 77 7
P [days] e w [rad] ¢o [rad]  KIlkm/s] vq[km/s]
Figure 2.8: The corner plot for the binary fit in Figure 2.7.

or alternative sampling methods.

2.7 Nested Sampling

The third posterior sampling technique for Bayesian parameter estimation considered

in this work for fitting the radial velocity curves is nested sampling (Skilling, 2004)

and in particular, the python package Dynesty® (Speagle, 2020). Nested sampling

is a method that was developed to estimate the evidence, Z, in Equation 2.3 and

Shttps://dynesty.readthedocs.io/en/stable/index.html
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works by starting with a prior volume and then integrating over the shells of constant
likelihood within this prior volume. While this method was originally developed to find
the evidence, it can also provide the posterior distribution. In implementations such
as Dynesty, the importance of the posterior vs. evidence estimation can be chosen by
the user, making it useful not only for evidence estimation, but for posterior sampling

and parameter estimation as well.

In general, nested sampling works by breaking the prior volume into nested slices,
sampling within each slice and then recombining the slices. Sampling within each slice
is done by randomly generating points within each slice and comparing the likelihoods
of these points. The worst point is removed and a new volume is constructed around
the set of points and a replacement point is sampled from this new volume. As this
process continues, the volume will shrink until the remaining estimated evidence left
to calculate has reached the desired threshold. This process and how it compares to
MCMC can be seen in Figure 2.9. The benefit of this method is that instead of trying
to sample from the entire posterior distribution at once, it breaks it into smaller pieces

that are easier to sample from.

Sample Combine
directly samples
L]
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N 4 >
. . (K
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samples
e
Nested
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Figure 2.9: A comparison between the sampling approaches taken in MCMC and nested sampling.
Figure from Speagle (2020).

Since nested sampling starts with the entire prior volume and works its way to

the areas of high posterior probability, it is able to recover multi-modal distributions
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and is immune to the choice of starting conditions. Moreover, since it continues to
draw samples at each step, nested sampling can well sample areas of higher posterior
probability, unlike rejection sampling which is limited to the initial draw of parame-
ters. Another advantage of nested sampling is that is has a more concrete stopping
point than methods like MCMC. This stopping point looks at how much evidence is
estimated to be remaining and stops when only a desired fraction of evidence is left

and is given by the following equation:

where Z; is the estimated evidence (found by numerically approximating the evidence
integral) at iteration ¢ and AZ is the estimated remaining evidence (found using
AZ ~ L4 X, where X; is the prior volume). In this case, AZ can be defined to set
the stopping condition for the nested sampling and the default value for this within

Dynesty is Aln Z = 0.01.
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Figure 2.10: An example of a radial velocity curve fit using Dynesty. Blue curves in the left panel
and the blue histogram in the right panel show the posterior samples. The true value for the period
and curve are shown in green. Panel (a) shows the radial velocity curve with the mock radial velocity
measurements shown in black and panel (b) shows the histogram of posterior period samples.

The advantage of using Dynesty over other nested sampling algorithms is that it

has the option for dynamic nested sampling. Dynamic nested sampling proceeds sim-
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Figure 2.11: Corner plot for the binary fit in Figure 2.10.

ilarly to typical nested sampling, but with the ability to readjust during the sampling
process. Instead of spending an equal amount of time and points across all sections of
the prior volume, dynamic nested sampling initially samples the prior volume using
less points. As areas of higher likelihood are found, more points are added in to in-
crease the resolution in these areas. This does decrease the accuracy of the evidence
since not all of the prior volume is sufficiently sampled, but, it does efficiently sample

the posterior.

An example of a radial velocity curve fit using Dynesty can be seen in Figure 2.10

for a binary with a period of 884.15 days with 20 epochs of data over 1605 days. As
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with the fits shown for TheJoker and emcee, the right panel shows the histogram of
the period samples and the left panel shows the radial velocity curve. As we can see
in both, the radial velocity curve and the true period is recovered. Another thing to
note is that there are multiple peaks in the period posterior. This is not a concern
as it is possible for radial velocity curves to have multiple well-fit solution, as long as
the true solution is included. However, we can also see in this example (both in the
corner plot and the RV curve fit) that the eccentricity is not well recovered. This can
be seen in the RV curve fit as the eccentricity is the parameter that determines the
RV curve shape. As with TheJoker and emcee, Dynesty results can also be shown in

a corner plot as we can see in Figure 2.11.

Another diagnostic plot for Dynesty is the trace plot as shown in Figure 2.12.
This is a diagnostic plot unique to nested sampling and it shows the progression
of the sampling as a function of the prior volume (Inxz). The colors represent the
importance weight of the samples where blue represents the samples with the lowest
weight and yellow are the samples with the highest weight. From Figures 2.10, 2.11,
and 2.12 we can see that Dynesty is able to recover the true radial velocity curve as

well as other possible solutions that need to be accounted for.

Based on this, Dynesty should be able to efficiently produce posterior probability
distributions for the parameters of radial velocity curves in cases where the posterior
is multi-modal and in cases where TheJoker is unable to retain enough samples. This
potentially makes Dynesty the ideal method for fitting radial velocity curves in the
context of this thesis, especially in cases with well-sampled radial velocity curves as

will be seen in Section 2.8.
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2.8 Testing Radial Velocity Curve Fitting Meth-

ods on Mock Data

To further assess which sampling method works best in the case of fitting RV curves
for the typical stars found in the NGC 3201 dataset (see Chapter 4), the three methods

were tested on various mock datasets and compared.

One such test involved looking at the performance of each method in the case of
a sparsely sampled RV curve as we can see in Figure 2.13. This is an example of a
long-period binary (period of 527.74 days) with five epochs of data over 1575 days
(time sampling taken from a typical star in the NGC 3201 dataset). The spacing
between each consecutive epoch is approximately 412 days, 1 day, 771 days, and 392
days. The periods for the binaries in this mock dataset were drawn from a log-normal
distribution centered at 2.5 and with a standard deviation of 0.8, the angle parameters
were drawn from uniform distributions from 0 to 27, the eccentricities were drawn
from a thermal distribution, the mass ratio was drawn from a flat distribution (this
determines the semi-velocity amplitude) and and barycenter velocity was drawn using
scatter around the cluster systemic velocity (490 km/s in this case). In this figure
we can see the posterior samples for the period on the left side and the RV curve fits
for each of the sampling methods on the right. The top panel shows the fit using
emcee, the middle panel shows the fit using TheJoker, and the bottom panel shows
the fit using Dynesty. By comparing these fits, we can see that the true solution for
the period is recovered for all three methods but with lower probability in the case
of TheJoker and emcee. The RV curve for every binary in this dataset (151) was
then fit using TheJoker and Dynesty. emcee was not run on the full dataset as we
quickly found that it had a larger fail rate and it took substantially longer to run.
We then looked at the success of TheJoker and Dynesty where success was defined

as recovering the true binary period within 1o. Doing so, we found that TheJoker
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successfully recovered the binary period for 72.0% binaries and Dynesty for 69.2%
binaries for this particular example, showing that these two samplers are comparable

for sparsely sampled RV curves.

Another such test was done for the case of a binary with 20 epochs of data over
1605 days, again with time sampling chosen to represent a typical star in NGC 3201
and orbital parameters drawn from the same distributions as the five epoch case. An
example of a binary from this dataset with a period of 11.03 days (the same binary
as in Figure 2.7 but now showing the fits with emcee and Dynesty as well) is shown
in Figure 2.14. In this figure, only part of the RV curve is shown so that the fit can
clearly be seen. Comparing the three methods in this case, we can see that while
all three methods are able to recover the true radial velocity curve, TheJoker does
not retain enough samples whereas this is not an issue for emcee and Dynesty. As
with the five epoch case, we also fit the RV curves for every detected binary in this
dataset (280) with TheJoker and Dynesty. In this case, we found that TheJoker
successfully recovered the period for 64.7% of binaries and Dynesty for 81.3% of
binaries. Additionally, for 16 of the binaries in the dataset, TheJoker did not retain
enough posterior samples. This highlights how TheJoker works well for sparsely

sampled RV curves, but not in cases of well-sampled RV curves.

Another example of a binary with the same measurement times and spacing as
the one in Figure 2.14 is shown in Figure 2.15. This example shows a binary with
a period of 50.95 days and again the range shown is restricted to best show the fit.
In this example, Dynesty and TheJoker are able to recover the true solution for the

period, however it is completely missed by emcee.

Overall it was found that emcee resulted in the longest run times and did not
always recover multi-modal solutions or the true solutions found by the other sampling
methods. TheJoker was found to be more accurate than emcee and worked well in

cases of poorly sampled radial velocity curves, however, in cases with well-sampled
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radial velocity curves, there were cases where not enough samples were retained. This
remained true even when large numbers of prior samples were used and increasing
the number of prior samples further would be prohibitively slow. For Dynesty, it
was found that it worked just as well as TheJoker in cases with sparsely sampled
curves, but it was also found that it was just as efficient at sampling in the cases
of well-sampled curves. It was also found that Dynesty took less time to run in our
setup, making it the ideal method overall. Based on the tests and discussion above,

Dynesty was chosen as the optimal method for fitting the RV curves for this work.
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Figure 2.13: An example of a radial velocity curve fit using all three methods. The left shows the
histogram of the period samples and the right shows the radial velocity curve for each fit. (a) shows
the fit with emcee, (b) shows the fit with TheJoker and (c) shows the fit with Dynesty.
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Figure 2.14: Same as Figure 2.13 for another binary.



540 *

emcee samples

-T'c_' 25 — true
Re] ¢ data
= 520
220 _
¢ é 500
A1s N
— 480
2 >
=10 o
Q 460
[(v]
QO
Qo5 440
o
0.0 420
490 495 50.0 505 51.0 515 1200 1300 1400 1500
Period [days] Time [days]
(a)
0.07 600
. TheJoker Samples
'—I' 0.06 — true
Ne) 550 + ¢ data
2005
@ @ 500
8 0.04 E
=450
>0.03 >
= @
Q0
o 0.02 400
S
a 001 350
0.00 —
0 25 50 75 100 125 150 1200 1300 1400 1500
Period [days] Time [days]
(b)
Dynesty Samples
o — True
| 4 540
E ¢ data
2
g 3 W 520
) €
o v
> > 500
= &
®
3, 480
o
—
[a
460
%9 510 511 512 513 51.4 515 1200 1300 1400 1500
Period [days] Time [days]

(©)

Figure 2.15: Same as Figure 2.13 and 2.14 for another binary.
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Chapter 3

Recovering the Intrinsic Binary

Period Distribution

Now that we have a method for fitting the radial velocity curves and obtaining pos-
terior samples for each detected radial velocity variable star, we use these samples to

obtain the intrinsic orbital period distribution of binaries in a globular cluster.

As we will see in this chapter, this process is not as straightforward as taking the
histogram of the period posterior samples or using the posterior samples to directly
fit on the intrinsic period distribution as we need to be able to overcome the detection
bias. Therefore, we need to construct a method that takes in the posterior samples
obtained using the method in Chapter 2 and determines what intrinsic distribution
would be needed to give rise to this population of detected RV variables. This also
needs to be done while minimizing the assumptions made about the shape of the

intrinsic period distribution as this is not well constrained.

In this chapter, we will look at how the posteriors are used to construct the period
distribution (Section 3.1), what additional parameters are required to better constrain
the period distribution (Sections 3.2 and 3.3), and examples of this method applied

to mock data sets (Sections 3.4 and 3.5).
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3.1 Constraining the Period Distribution Using the

Results of the RV Curve Fits

As finding the period distribution for a population of binaries is a hierarchical process,
we need to construct a likelihood that takes the data from the fits of individual RV
curves for each RV variable star and uses these to determine the likelihood of the data

given the parameters that describe the period distribution model.

The likelihoods for individual stars can be combined to find the total likelihood

across all stars by taking the product of each individual likelihood:

=]t (3.1)

where N is the total number of RV variable stars, £,, is the likelihood for star n and

L is the total likelihood.

As we are trying to find the total likelihood of the data for the population of stars
given our model parameters (&), this means that we find the likelihood of the orbital
period for each individual star given the parameters describing the period distribution
of the population of binaries, and take the product. However, the posterior samples
for each star were obtained by fitting all of the radial velocity curve parameters, most
of which we no longer require. Therefore, we need to marginalize over the individual

binary parameters. This is given by :

Lan = / (Dol )p(50| &) e, (3.2)

where L, is the likelihood of the data given the period distribution model parameters
a for star n, & are the parameters that describe the radial velocity curve, D, is the

radial velocity data for star n, p(D,|w;,) is the probability of the radial velocity data
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given the radial velocity curve parameters, and p(wy,|d@) is the probability of the radial
velocity curve parameters given the period distribution parameters. This last term
can be re-expressed in terms of the function of the period probability distribution
given @, fz(P,), the priors on all the radial velocity parameters, py(iJ,), and the prior

on the parameter of interest (the period in our case), po(P,), and is given by

pl( @) = LanPoeh), (3.3)

The probability in this form is based on the assumption that the prior on the other

radial velocity curve parameters and the prior on the period are separable.

To avoid computing the seven-dimensional integral in Equation 3.2, this can be
approximated as the sum over all posterior samples and thus the likelihood for each

RV variable star can be approximated as:

K
1 7(P,

Lo & Zf ( k)7 (3.4)

where K is the number of samples and P, is the period sample for star n and sample

k. See Hogg et al. (2010) for details.

Putting this together with Equation 3.1 gives the total likelihood of the data given

the parameters describing the orbital period distribution:

NlK
@:H?;

n=1

f&(pnk)
Po(pnk) . (3.5)

This likelihood was derived and used by Hogg et al. (2010). In their work they
looked at fitting the intrinsic eccentricity distribution for populations of binary stars

and exoplanets given individual likelihoods, similar to the process in this work.
As the @ parameters will depend on the model chosen for the binary orbital period
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distribution, the priors will also vary. However, they are chosen to be uninformative

priors such that the distribution includes the minimum and maximum allowed periods.
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Figure 3.1: The comparison between the true intrinsic binary orbital period distribution (grey) and
distribution of periods for the binaries that would be detected as radial velocity variable (purple) for
a mock dataset.

However, due to the detection bias, we do not want to directly evaluate the intrinsic
period probability distribution function at the value of each of the period posterior
since it does not represent the likelihood of the period for the detected binaries. In
Figure 3.1, we can see an example of the intrinsic and detected (as RV variable) binary
period distributions for a mock dataset generated from a log-normal distribution with
a mean of log(P[days|) ~ 2.7 and a standard deviation of 0.9. This shows a ‘best-
case’ situation as the mock dataset has 23 epochs spanning over 4 years with errors
on each velocity measurement ranging from 4 km s=! to 9 km s~! which is better
sampling than we see for most stars in the real dataset of interest in this work (see
Chapter 4 and in particular Figure 4.2). As we can see in Figure 3.1, there can be

(and is expected to be) a substantial difference between the true period distribution
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for all of the binaries (grey histogram in Figure 3.1) in the population and the period
distribution for the binaries that we observe as binaries (through detecting them as
RV variable; purple histogram in Figure 3.1). This is most evident in the missing
long-period binaries in the ‘detected’ case. Thus, even with ideal radial velocity curve
coverage (given state-of-the-art observations), our sample of detected RV variables is
likely to be missing long-period binaries and this would further be amplified in cases

with fewer RV measurements.
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Figure 3.2: An example of a fit to the period distribution when only fitting on the parameters
describing the period distribution (the mean, p, and the width, o). This example is for a case with
a mock data set generated from a log-normal orbital period distribution. The left panel shows the
corner plot with the blue lines representing the true values and the vertical dashed lines representing
the 1o intervals. The right panel shows the period distribution fit with 200 random samples from
the posterior probability distribution for the model parameters shown in green and the true solution
shown in blue.

To overcome this, we use the following procedure to map the intrinsic period dis-
tribution into a probability distribution function for the orbital period of the binaries
detected as RV variable. First, we construct the intrinsic distribution using the param-
eters @ and drawing a large number of binaries from this distribution using velbin,
as outlined in Section 2.1. For each of these mock binaries, the true period is known.

A x? test (Equation 2.1) is then applied to these binaries in the same manner as was
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done in Section 2.2 to determine which of the binaries would have been observed as
radial velocity variable given the time sampling for the stars in the sample. From
this, we construct an ‘observed’ period distribution using the known periods for each
of the drawn binaries that were detected as RV variable. This new distribution now
becomes f, in Equation 3.5 and is what we use to calculate the likelihood of the data
given the period distribution model parameters using the posterior samples. Through
this process, we are using what we can observe to learn about the intrinsic period
distribution and thus take into account the detection bias to learn more about the

long-period end of the distribution.

An example of the fit to the period distribution using the likelihood from Equation
3.5 is shown in Figure 3.2. This is an example of a fit done to a mock dataset with
2000 stars. In this case, the true intrinsic distribution is a log-normal centered on
p = log(Pldays]) = 3 and with a standard deviation of ¢ = 0.9 and a binary fraction
of 0.3. At this point, we are fitting just on the parameters describing the period
distribution (u and o). Looking at this figure we can see that while we are able to
recover the distribution in the short-period regime, it is unconstrained in the long-
period regime. Consequently, we need to find an additional way to better constrain

the period distribution.

3.2 Fitting on the Binary Fraction and Velocity

Distribution

Although the method presented in the previous section does allow us to gain some
information about the intrinsic binary orbital period distribution, this process on its
own does not use enough information to fully constrain the long-period end of the

distribution. This is because a distribution with more probability at longer periods
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and with a larger binary fraction can give rise to the same ‘observed’ distribution as
a case with less long-period binaries and a smaller binary fraction, as we can see in

Figure 3.3.
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Figure 3.3: The comparison between two intrinsic and RV variable binary orbital period distri-
bution. The top panel shows the two examples of the intrinsic distributions and the bottom panel
shows the corresponding period distributions for RV variable stars. The grey shows an example of
a log-normal distribution with a mean of 3 and a standard deviation of 0.9 and the purple shows an
example of a log-normal distribution with a mean of 4.4 and a standard deviation of 1.6.



In this figure, we can see two examples of intrinsic binary orbital period distri-
bution with one (grey) centered at a lower period (u = log(P[days|) = 3) and with
a smaller standard deviation (¢ = 0.9) and another (purple) centered at a longer
period (p = log(P[days]) = 4.4) and with a larger standard deviation (¢ = 1.6).
These distributions are generated with a sample of stars comparable to what we see
in a typical real dataset (our dataset for NGC 3201 has 3501 stars for example; see
Chapter 4). While we can see clear differences between the two intrinsic distributions,
it is difficult to distinguish between the two resulting distributions for the period of
the binaries detected as RV variable, as we can see in the bottom panel of Figure 3.3.
However, one thing that is noticeably different between these two cases is the fraction
of binaries that are undetected. This is expected since the purple distribution has
more long-period binaries that are not detected as RV variable, therefore increasing
the fraction of binaries among the apparently single stars ( f[,.). In this example,
19.5% of the apparently single stars in the purple distribution are actually binaries
and 9.3% in the grey distribution. This means that in order to better constrain the
long-period regime of the period distribution, we also need to fit on the binary fraction
of the cluster by taking into account the fraction of binaries that were detected or not
detected as RV variable. When doing this, the prior we use on the binary fraction is
an uniform prior between 0 and 0.5 as the binary fraction cannot be less than 0 by

definition and we do not expect it to be larger than 0.5 for a globular cluster.

To do this, we can find the likelihood of the observed fraction of binaries given
the expected fraction of all binaries in the cluster and the fraction of binaries that we
would expect to observe as RV variable based on the velocity uncertainties and the
time sampling, fgqe;. For each star in the sample, we find fgq; by generating a large
sample of binaries with the same time sampling and measurement errors as that star.
We then determine what fraction of these would be detected as RV variable, and this

fraction becomes fye;. This means that if we had a case where we detected all of the
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Figure 3.4: The same as Figure 3.2 but with the addition of the binary fraction (fui,) as a model
parameter.

binaries as RV variable, then fy.; would be 1. As we have both radial-velocity variable
and non-variable stars in the sample, this likelihood is a binomial distribution with
the probability of detecting a radial velocity variable for all stars deemed non-variable,
fvinfaet, and the probability of not detecting variability for all the stars detected as
single, (1 — fuinfaet). We can then take the product of fui, faer for all stars detected
as variable and the product of (1 — fiinfaer) for all stars detected as non-variable.

Combining these to form the total likelihood gives

Lfpm = H (foin faet) H (1 = foinfdet)- (3.6)

variable non—variable

However, while this allows us to provide some constraints to the binary fraction
and thus some constraints on the period distribution, it does not fully constrain either.
In fact, a degeneracy is present as similar posterior probabilities are obtained for small
binary fractions with period distributions skewed towards shorter periods, and higher
binary fractions with period distributions skewed towards longer periods, as we can

see in Figure 3.4 which shows results using the same mock data as in Figure 3.2 but
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with the binary fraction now a fitting parameter. This degeneracy is due to both cases
resulting in similar numbers of radial velocity variables, meaning that they cannot be

distinguished with just this likelihood term.

Therefore, as we discuss next, we also fit on the velocity distribution of the objects
in the cluster, which provides additional constraints on the binary fraction and allows

us to partly lift this degeneracy.

3.3 Fitting on the Velocity Distribution

Following the work done by Cottaar & Hénault-Brunet (2014), by fitting on the line-
of-sight velocity distribution of the objects (both single stars and the centre-of-mass
velocity for binary stars) in a cluster, we should be able to better constrain the binary
fraction. This velocity distribution is assumed to be Gaussian and is described by the
mean of the distribution (the systemic velocity of the cluster, vy,,) and the width of

the Gaussian (the intrinsic velocity dispersion of the cluster, o).

In Figure 3.5, we can see the effect of binaries on the velocity distribution. This
figure was generated from mock data sets where the true velocity distribution (the true
velocity for single stars and the barycentre for the binaries) is known (shown in blue)
as well as the mean velocities for the stars classified as apparently single (shown in
orange). If all binaries were detected, then these distributions would match. However,
we can see that the distribution for the apparently single stars is more inflated in the
wings. These differences are due to the undetected binaries as undetected binaries
can have more extreme radial velocities due to their orbital motions that haven’t
been accounted for. By comparing the two panels (differing binary fractions), we
can see that this effect is most prominent with higher binary fractions (left side) but
that it is still present with lower binary fractions (right side). Therefore, by fitting

simultaneously on the binary fraction and the velocity distribution, we should be able
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Figure 3.5: The true velocity distributions for all the stars in the cluster (blue) and the observed
velocity distribution for stars detected as single (orange). The left panel shows an example of a

cluster where all of the stars are in binaries and the right panel shows an example where the cluster
has a binary fraction of 0.1.

to better constrain the binary fraction and thus the period distribution.

While the velocity distribution of stars in clusters has traditionally been fit just
using the seemingly single stars in the sample (e.g. Cottaar & Hénault-Brunet, 2014),
the posterior samples from our radial velocity curve fits provide information regarding

the barycentric velocity of the binaries - allowing us to include them in the fit.

As was found in Equation 3.1, once we have the likelihood for every star in the
sample, these individual likelihoods can be multiplied together to find the total like-
lihood. Thus,

Ly= [ oo I] Lo (3.7)

non—variable variable

where ¢ are the parameters that describe the velocity distribution (vsys, 0w, foin), L7 18
the velocity likelihood for the apparently single stars, and Lz, is the velocity likelihood
for the stars detected as binaries (RV variable). The equations for these likelihood

terms are from Cottaar & Hénault-Brunet (2014), and are summarized below.
For the apparently single stars, we need to account for the fraction of binaries
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within the apparently single stars, f{. . This is given by

1- fdet

f/in = f ins, 5
b b 1_fbinfdet

(3.8)

with fger defined in Section 3.2 and where fy;, is the binary fraction of the cluster.

Thus, the likelihood of the velocity for each individual star, ¢ for the apparently

single stars is given by

‘C’E,S(Ui? Ui) = fl/)inpdfbinary(viv Ui) + (1 - fk/)in)pdfsingle<vi7 Ui)’ (39)

where the probability of the observed velocities for a truly single star is pdfginge and

is given by a Gaussian with measurement uncertainties:

1 _ (vi;u)i
v, 07) = e 2ovte) (3.10)
2n(02 + 07)

pdf.

single(

where v; is the weighted mean velocity of the star ¢ and the uncertainty on the weighted
mean velocity is ;. p is the mean radial velocity (the cluster systemic velocity) and

0, is the cluster velocity dispersion.

In Equation 3.9, pdfyinary is the probability distribution for the velocity for an

apparently single star that is actually an undetected binary and is given by:
pdfbinary (U’iv Ui) = /pdfsingle(vlﬁ gi)pdfoffset(vi - U/)dvl' (311)

This comes from the convolution of the pdf for the single stars (Equation 3.10) and
the pdf for the radial velocity due to binary motions (pdfygset). To get the pdf due to
binary motions, a large number of N random binaries are generated from the adopted
orbital period, mass ratio, and eccentricity distributions. Each with randomly oriented

three-dimensional velocities, vi. Thus, the projected velocity offset will be uniformly
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distributed between —v, and vy, giving the following pdf for the radial velocity offsets:

1 N 0 if Ve < ’Ubin|

N . ’
k=1 Zon if Vg > |Ubin|

pdfoffset(vbiﬂ) = (312>
where vy, is the velocity offset due to binary orbital motion projected along the line

of sight.

To get the likelihood for the barycentric velocities for the detected binaries, the
same likelihood that was used for fitting the period distribution (using posterior sam-
ples form the RV curve fitting procedure; Equation 3.5) can be used where @ is now
the parameters governing the velocity distribution (cluster systemic velocity and the
velocity dispersion). As the velocity distribution is assumed to be Gaussian, fz(P.x)
is now replaced by fz(v,x) where f is the posterior probability distribution for a Gaus-
sian and describes the probability of the barycentric velocity, v,x, given &, where v,

are the posterior samples for the barycentric velocity from the fits to the RV curves.

Putting this all together, the likelihood of observing the velocities (mean velocities
for the non-variable stars and barycentric velocities for the binaries) in the dataset is

given by:

Ev = £v,sing1e X £v,binary

= H [foinPAfinary (Vis 03) + (1 — foin) Pdf 0. (v, 03)] %
non variable
e i fa (k)
K =1 pO(Unk)

variable

, (3.13)

By adding in this additional constraint from the velocity distribution, we are able
to better constrain the binary fraction of the cluster, and therefore recover the intrinsic
binary orbital period distribution. Examples showing this can be seen in the following

section.
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To summarize, when determining the intrinsic orbital period distribution, we fit
on the parameters that describe the period distribution (Equation 3.5), the binary
fraction (Equation 3.6), and the velocity distribution (Equation 3.13) by multiplying
the likelihoods for each of these terms. With this total likelihood and the priors on
each parameter (using uniform priors for each parameter), we can use a sampling
method such as emcee or dynesty (see Sections 2.5 and 2.7) to sample the posterior
probability distributions for the model parameters given the data. Unlike when fitting
the radial velocity curves, we found that emcee was the more efficient sampling method
for this case, due to the smaller number of parameters, and was used in each of the

model fits.

Overall, this method allows us to take the multi-epoch radial velocities for stars

in a cluster and use them to determine the intrinsic binary period distribution.

3.4 Testing the Method with Standard Distribu-

tions

Once we were confident that we were able to fit the radial velocity curves for stars
detected as radial velocity variable and we had a method for fitting the intrinsic
period distribution, this method was applied to mock datasets generated with a known
standard analytic distribution for the orbital period of the binaries, such as a log-
normal or a log-weibull. These mock datasets were generated using velbin (see
Section 2.1) and were created to reflect the NGC 3201 dataset that will be analysed
in Chapter 4 (by ensuring that the number of stars generated and radial velocity time

sampling was similar to that in the real dataset).

The log-normal and log-weibull distributions were chosen as while we do not know

the true shape of the intrinsic distribution, these distributions are expected to be
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reasonable approximations that will allow us to probe the accuracy of the method
(e.g. Ivanova et al., 2005). As we will see in Section 3.5, we later expanded this
method to allow free-form fitting of the distribution to minimize assumptions about

the shape of the distribution.
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Figure 3.6: The recovered binary orbital period distribution (green) fit to a mock dataset generated
with a log-normal distribution for the binaries centered at ;1 = log(30[days]) = 1.48 and with a width
of 0.9. The left panel shows the model results in green for 200 random samples from the converged
MCMC chain and with the true distribution shown in blue. The right panel shows the 1o confidence
intervals in green with the the true distribution again shown in blue. See the text for more details
on the mock data.

The first distribution considered was a log-normal which has the probability den-

sit Yy function:

where y in our case is (log P — ) /0. Thus, the mean, p, and standard deviation, o,

of the distribution are the & parameters in Equation 3.5. In Figure 3.6, we can see
an example of a period distribution fit to mock data that was generated with a log-
normal binary period distribution and then fit assuming a log-normal using emcee. In
this example, the mock data was generated with u = log(30[days]) = 1.48, ¢ = 0.9,

Join = 0.1, vgys = 495 km s7!, and vgip = 5 km s7!. When generating this dataset,
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Figure 3.7: The corner plot for the fit to the population of binaries shown in Figure 3.6. The blue
lines show the true values and the vertical dashed lines in the 1d marginalized posterior distributions
show the 1o interval.

3540 stars were sampled (same number of stars as in the NGC 3201 dataset), each with
20 epochs of data over approximately four years and with time baselines mimicking
the NGC 3201 dataset. 267 of these stars were found to be radial velocity variable and
classified as binaries using the y? test, meaning that only 87 ( 25%) were undetected.

Radial velocity curves were then fit to the data for each of these 267 radial velocity

variable stars using the method outlined in Chapter 2. The posterior samples from
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these RV curve fits were then used in the method outlined in this chapter to fit on

the population distribution for the binary orbital periods.

Both panels in Figure 3.6 show the results from the same fit. Figure 3.6a shows
the distribution for 200 random samples from the converged MCMC chain (all taken
after the MCMC burn-in phase) and Figure 3.6b shows the 1o confidence intervals
determined using all of the post MCMC burn-in chain elements. In both panels the
blue line represents the true intrinsic distribution. We can see that the true distribu-
tion is well recovered. Looking at the corresponding corner plot in Figure 3.7, we can
see that not only are the parameters describing the period distribution recovered, but
the binary fraction and systemic velocity are as well, although uncertainties may be

underestimated. However, the velocity dispersion is slightly overestimated.
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Figure 3.8: Same as Figure 3.6 for an example of a mock dataset generated with a log-normal
distribution centered at u = log(1000[days]) = 3 and with a width of o = 0.9.

We can see another example of a fit using a log-normal period distribution for the
orbital periods of the binaries in Figure 3.8. In this case the log-normal is centered at
i = log(1000[days|) = 3 and has a width of o =0.9. This mock dataset was generated

using a binary fraction of 0.3, a cluster systemic velocity of 250 km s~! and a velocity
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Figure 3.9: The corner plot for the fit to the population of binaries shown in Figure 3.8.

dispersion of 5 km s~!. In this case, 2000 stars were generated and 241 were classified
as binaries. Thus, 359 binaries (almost 60%) were undetected as there is a larger
fraction of long-period binaries for the adopted period distribution in this second test
case. As we can see in the resulting period distribution fit (Figure 3.8) and in the
corner plot for this example (Figure 3.9), while there is more uncertainty in each of
the model parameters (and this may be underestimated), we are still able to recover

the true model parameters. This means that this method is still viable even in cases
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with fewer stars in our sample and a larger fraction of undetected binaries.

In order to ensure that the method works in general and not just for log-normal dis-
tributions, this method was also applied to an example using a log-weibull distribution.
This distribution is skewed and may be more representative of the present-day period
distribution of binaries in a globular cluster where the hard binaries have become
harder over time, skewing the distribution towards shorter periods. The probability

density function for this distribution is given by

fly,¢) =cy“te ™", (3.15)
where ¢ is the shape parameter of the distribution and in our case y is log P — L
where L is the minimum period with non-zero probability density. Thus, in the case
of the log-weibull distribution, the @ model parameters are ¢ and L. An example of
a fit to a mock dataset generated with a log-weibull distribution for the period of the
binaries is shown in Figures 3.10 and 3.11. In this example, 3540 stars were generated
with periods for the binaries drawn from a log-weibull distribution and the input

parameters were ¢ = 2.0, L = —2.0, fyi, = 0.1, vgys = 495 km s7!

and vg;sp = 5 km
s~!. In this case, 186 stars were found to be radial velocity variable; meaning that 168
(or 47%) binaries were not found to be variable. As was the case with the log-normal
distributions, we can see that the true distribution and the other model parameters
are well recovered in the case of the log-weibull distribution as well. Overall, this

method appears to be able to recover the true period distribution in cases where the

functional form for the true underlying intrinsic distribution is known.
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Figure 3.10: Same as Figure 3.6 for an example of a mock dataset generated with a log-weibull
distribution with a slope of 2.0 and a minimum log-period (with the period in days) of -2.0.

3.5 Testing the Method with a Flexible Model for

the Intrinsic Period Distribution

While we have shown that our method works in cases where the functional form for
the period distribution is known, in practice this is not something that we know for
a real dataset. Therefore, we need a method that allows the shape of the distribution
to remain flexible. To achieve this, instead of fitting on parameters that describe a
specific distribution, we instead fit on a larger number of parameters describing a
flexible piecewise function. This piecewise function is defined such that the intervals
are held fixed but the height of the function in each interval can change. As the
distribution is still a probability distribution, the area under the distribution must
always sum to one. This can also be thought of as fitting on a normalized probability
density histogram where the free parameters are the bin heights of the histogram. By
approaching the problem this way, we are able to minimize the assumptions about

the underlying distribution and therefore gain a better understanding of the true
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Figure 3.11: The corner plot for the fit to the population of binaries shown in Figure 3.10.

distribution and thus the hard/soft limit of the cluster binaries.

In Figure 3.12 we can see an example of this fitting procedure applied to the same
dataset that was used in Figure 3.6. In this case, 15 equally spaced intervals were
used to fit on the amplitudes of the period distribution piece-wise function spanning
from the shortest expected period (log(P[days]) = —2) to the longest expected period
(log(Pldays]) = 5) for this dataset. In this figure, the distributions given by the

parameters in the MCMC chain are shown with the green lines where darker areas
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Figure 3.12: The recovered binary orbital period distribution for the binary population shown in
Figure 3.6. The green shows the best-fitting model where the darker colors correspond to areas of
higher probability. The solid black line shows the true intrinsic distribution (log-normal) and the
grey dashed line shows the true intrinsic distribution when binned.

corresponding to areas of higher frequency (thus higher probability). The true log-
normal distribution that the data was drawn from is shown with the solid black line
and the corresponding true distribution when binned into the given intervals is shown
with the dashed grey line. As we can see from this figure, there is technically room
for non-zero probability in the long-period regime of the distribution, however, this
is most likely due to the broad posterior probability distribution for the period of RV
variable stars that are at the limit of what we can detect and thus cannot be well
constrained. However, we do see that overall the true distribution is well recovered

even though we have removed the model assumption of a log-normal distribution.
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We can see that this again works for cases other than a log-normal distribution
by looking at the example of the weibull distribution in Figure 3.13. This example is
also now fit with 15 intervals spanning from log(P[days]) = —1 to 7. As we can see,

we are again able to recover the true distribution.
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Figure 3.13: The recovered binary orbital period distribution for the binary population shown in
Figure 3.10. The green shows the best-fitting model where the darker colors correspond to areas of
higher probability. The solid black line shows the true intrinsic distribution (log-weibull) and the
grey dashed line shows the true intrinsic distribution when binned.

Overall, we can see that by extending this method to this more flexible model
for the intrinsic period distribution of binaries, we are still able to recover the true
intrinsic binary orbital period distribution and remove assumptions about the shape
of the distribution. Therefore, this method is now ready to be applied to real cluster

data.
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Chapter 4

The Orbital Period Distribution of
Binaries in the Globular Cluster

NGC 3201

Now that we have shown that our method works for mock datasets where the true
underlying orbital period distribution of binaries is known, it can now be applied to

a real globular cluster for which we want to infer the period distribution of binaries.

NGC 3201 is the ideal first cluster to apply this method to due to the extent of
radial velocity data available. As stated in Section 1.4, detecting binaries and finding
orbital solutions is generally biased towards shorter period binaries. However, with
more radial velocity measurements, this bias can be mitigated. In the case of NGC
3201, the number of epochs of data for each star ranges from 3 observations per star
to 63 observations per star over a time baseline of a few years, meaning that we will

be able to probe more long-period binaries.

In this chapter, we discuss the data for NGC 3201 in Section 4.1, the radial
velocity fits for the RV variables in Section 4.2, the constraints that we can place

on the intrinsic orbital period distribution in Section 4.3, and finally we discuss the
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implications of this period distribution on the initial density of NGC 3201 in Section
4.4.

4.1 MUSE Data

As part of a survey of 25 Galactic globular clusters with the MUSE (Multi-Unit
Spectroscopic Explorer) integral-field spectrograph (Kamann et al., 2018), Giesers
et al. (2019) analyzed the binary content of the cluster NGC 3201 and it is the

publicly available data from that study that is used in this work.

MUSE is a visible-light integral-field spectrograph, meaning that it produces a
spectrum for each pixel in the image. Mounted on the Yepun UT4 8.2m telescope at
the Very Large Telescope (VLT) of the European Southern Observatory (ESO), it has
a good spatial resolution and a relatively wide field of view. Its field of view is 1x1
arcmin and its spatial resolution is about 0.4 arcsec, with a spatial sampling of 0.2
arcsec per pixel. This spatial resolution is important when studying globular clusters
as globular clusters are dense structures, resulting in crowding in their central regions,
therefore making it difficult to distinguish between stars. However, with MUSE, it is
possible to get measurements for individual stars (Bacon et al., 2010). The wide field
of view is useful, as it means that when MUSE is pointed at a globular cluster, it can
collect data for thousands of stars at once (Giesers et al., 2019). MUSE also has a
spectral resolving power of 1770 at 465nm to 3590 at 930nm and the radial velocity
uncertainties from the MUSE spectra for the NGC 3201 radial velocity data range
from around 1 km s~ for brighter stars to a few km s™! to over 10 km s~ for fainter

stars.

The pointing scheme used for the NGC 3201 data can be seen in Figure 4.1.
As NGC 3201 is at a distance of 4.73 kpc (Baumgardt & Vasiliev, 2021), 1 arcmin

corresponds to 1.37 pc. As the half-mass radius of NGC 3201 is 8.68pc (Baumgardt &
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Figure 4.1: Pointing scheme for the NGC 3201 data where 1 arcmin corresponds to 0.137 pc.
Figure from Giesers et al. (2019).

Hilker, 2018), the observations are within the central region of the cluster. Figure 4.1
shows the five pointings showing that the pointings partly overlap, allowing for more
epochs of data in the overlapping regions. There are between four and 17 observations
at different epochs for each pointing. These observations are unevenly spaced in time
over 1500 days (over 4 years) and cover both short and long baselines with the shortest
time between observations on the timescale of hours. This spacing is important as it
means that we can probe more of the radial velocity curves on different timescales,

making it easier to distinguish radial velocity variables from non-variables.

Overall, a varying number of observations were obtained per star (Figure 4.2)
with the majority of the stars have around 15 observations. However, there are stars
with up to 63 observations due to pointing overlaps. From these observations, radial

velocity measurements were obtained for 3540 member stars where membership was
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Figure 4.2: Number of observations per star in blue and cumulative distribution of the number of
stars with a given number of observations in orange for the MUSE dataset of NGC 3201 used in this
work. Figure from Giesers et al. (2019).

determined by Giesers et al. (2019) by removing stars from the sample that had radial
velocities inconsistent with typical NGC 3201 radial velocities (taking into account
the heliocentric radial velocity of NGC 3201, the central velocity dispersion, and an
extra tolerance for typical binary amplitudes) . One important thing to note is that
even with the spatial resolution of MUSE, the two stars in a binary are too close to

be spatially resolved at the distance of globular clusters. Thus, binaries will appear

as point sources and the spectra from MUSE will be dominated by the brighter star.

This multi-epoch radial velocity dataset can be used to fit radial velocity curves
as described in Chapter 2 and derived in Section 1.2. This will provide posterior
distributions for the binary orbital parameters including the period (P), eccentricity
(e), argument of pericentre (w), pericentre phase (¢g), velocity semi-amplitude (K),

and the barycenter velocity (vy).
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4.2 Fitting Radial Velocity Curves for NGC 3201

Binaries

Taking the data for NGC 3201 and applying the x? test to each of the stars in the
cluster, we found 224 stars to be radial velocity variable. Comparing this to the
sample of binaries analyzed by Giesers et al. (2019), there were 94 in common (out of
the 95 total in the Giesers et al. (2019) sample). These numbers differ as we adopted

a different criterion for detection than these authors.

In the study by Giesers et al. (2019), they found the probability of a star to be
variable using a reduced y? and then found the probability that each star was variable
by comparing the empirical cumulative distribution function for the measured y?
values to the expected cumulative distribution function for the null hypothesis (see
Section 5.1 in Giesers et al. (2019) for more information). They then classified every
star that had a probability over 50% as a binary, resulting in a first selection of
515 stars. With this preliminary sample, they then used TheJoker to fit the radial
velocity curve for each of these potential radial velocity variables. However, in their
final sample they only selected the stars that had well-fit radial velocity curves with
clear uni-modal or bi-modal solutions, bringing their total number of binaries down

to 95.

Our approach in this work differs as we do not currently have a way to handle
false positives (single stars that would be classified as binaries) when fitting on the
period distribution, so we impose a stricter requirement on what is RV variable. We
also use Dynesty instead of TheJoker as it provided good fits to the radial velocity
curves (see Section 2.7) in all cases, including cases where TheJoker provided an
insufficient number of samples. This is crucial when trying to constrain the population
distribution as we want to include as many RV variables as possible. This means

that we can use our full sample of detected binaries to constrain the intrinsic period
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Figure 4.3: Examples of RV curve fits for NGC 3201 binaries. The RV fits are shown on the left
and the histogram of the period posteriors is shown on the right.

distribution instead of only selecting the ones with good fits. Therefore, while Giesers
et al. (2019) performed a detailed study of a selected sub-sample of binaries (with a
bias towards short-period binaries), we can take advantage of a larger sample of RV
variable stars (including long-period binaries) to constrain the binary orbital period
distribution, including in a longer period regime than that probed by the sample of
binaries from Giesers et al. (2019). We can see an example of RV curve fits to binaries
that Giesers et al. (2019) did not consider in Figure 4.3. These binaries are on the
limit of what we can detect, but we are still able to fit their RV curves. As we can
see in this figure, this provides RV curve solutions with longer periods. Thus, by
using this method we are able to probe the binary period distribution at larger binary
periods than was done by Giesers et al. (2019) by accounting for these additional

binaries.

For the stars that we have in common with Giesers et al. (2019), we show a
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comparison between the orbital period values found by these authors and the values
found in this work in Figure 4.4. We can see that for three stars we find different
values while the rest of the stars are in agreement. Looking closer at these three
stars in Figure 4.5, we can see that while our values might not agree with the Giesers
values, our best-fitting RV curves do match the data well. This suggests that Giesers
et al. (2019) likely found a local maximum in the posterior period distribution due
to sampling from a limited number of prior samples when using TheJoker. However,
when we use Dynesty, we are able to recover all possible solutions and their relative

probabilities.
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Figure 4.5: The radial velocity curve fits for the three stars not in agreement with the results found
by Giesers et al. (2019) using TheJoker in Figure 4.4. The left panels show the nested sampling fits
to the radial velocity curve in orange with the data shown in black. The middle panels show the
histogram of the orbital period posteriors in orange with the 1o credibility intervals shown with the
black dashed lines and the Giesers et al. (2019) best-fit value and 1o uncertainties shown in a solid
and dashed green lines, respectively. The right panels also show the orbital period posteriors but
just for nested sampling.
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4.3 The Orbital Period Distribution of Binaries in

NGC 3201

The next step in this process is to take the posterior samples from these radial velocity
fits and use the method outlined in Chapter 3. In particular, we use the method

described in Section 3.5 as we do not know the true shape for the binary orbital

period distribution for NGC 3201.
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Figure 4.6: The period distribution for NGC 3201. For each interval in the piece-wise function, the

smoothed posterior probability distributions for the interval height is shown with the 1o credibility
interval for the distribution in each period interval shown with a thick black line.

Applying this method, we can see the results for NGC 3201 shown in Figures 4.6
and 4.7. In this analysis, the range of periods considered is such that it includes the
binaries with the shortest expected period (0.3 days) and the largest period binary that
could survive today without being ionized (approximately 4x10* days - see Section

4.4) to ensure the full distribution is captured. In Figure 4.6, we can see a violin
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plot representing the smoothed posterior probability distributions for the probability
density in each period interval (the ‘heights’ of the different bins in the piece-wise
function representing the intrinsic period distribution). The 1o credibility interval for
the distribution in each period bin is shown with a thick black line. From this, we can
see that the probability of a binary with an orbital period up to log(P[days]) = 0.2 is
in agreement with zero, meaning that we do not expect to find many (or any) binaries
with a period this low. The peak of the distribution is also clear in this figure and
we can see that it occurs in the range of log(P[days]) =2.2 to 2.6 which corresponds
to approximately 158 days to 398 days. At the other end, we can see that beyond
log(P[days]) = 4.2 the probability density begins to tend towards zero. While we
might expect this to be zero as we do not expect binaries with such long periods to
survive (given the hard-soft limit of the cluster at the present day; see Section 4.4),
this regime is difficult to fully constrain. This because we would likely not detect any
binaries at these longer periods but they would still give rise to the same observed
radial velocities. Therefore, while we are able to partially mitigate the effects of the
detection bias, it is still present and is likely the cause of the non-zero probability in

the longer-period end of the distribution.

The top panel of Figure 4.7 shows the same results as Figure 4.6, however, now
each period distribution for the samples in the MCMC chain is shown. The darker
regions correspond to areas of higher probability and the lighter regions are regions
of lower probability. The vertical lines show the hard-soft limits that correspond to
different cluster densities and will be discussed in Section 4.4. The bottom panel
of this figure shows the histogram of the binary orbital periods as found by Giesers
et al. (2019). One thing to note is that the bottom panel was found by taking the
histogram of the reported binary periods, not using the method described in this work
or taking into account the period errors. Thus, the bottom panel does not represent

the full intrinsic binary period distribution, taking into account the detection bias.
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Figure 4.7: Results for the fit of the NGC 3201 binary orbital period distribution in the top panel.
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et al. (2019).
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Figure 4.8: The corner plot for the binary fraction, cluster systemic velocity, and the velocity
dispersion of NGC 3201 with the values reported by Giesers et al. (2019) shown in blue.

Nonetheless, by comparing the two panels, we can see that our results make sense in
the context of their work and that we were able to probe the distribution at longer
periods than Giesers et al. (2019) as they limited their analysis to binaries that had
well-fit RV curves. However, it does appear that Giesers et al. (2019) found binaries
with shorter periods than we did in this work. Upon closer inspection of these shorter
period binaries this can be explained by the fact that these binaries consist of a system
that Giesers et al. (2019) identified as a binary and we did not, and binary systems
(15) for which Giesers et al. (2019) found a very short period solution when we found

that a longer period solution had a higher probability (see Figure 4.5).

In Figure 4.8, we can see the corner plot for the binary fraction, fy;,, NGC 3201’s
systemic velocity, vy, and the velocity dispersion, vg;,. Comparing our results to
the values reported by Giesers et al. (2019) (in blue), we can see that while our results
are a bit overestimated compared to what they found, our results are consistent. One
thing to note is that the method use by Giesers et al. (2019) to determine the binary
fraction varies from the method used in this work and therefore we do not necessarily

expect to recover the same value. As stated in Section 3.2, we constrained the binary
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fraction by using the velocity distribution and the knowledge that undetected binaries
will inflate the wings of the velocity distribution. On the other hand, Giesers et al.
(2019) took their fraction of detected binaries (stars with a binary probability above
0.5 in their case) and ran MOCCA (Monte Carlo Cluster Simulator) simulations to
determine how this compared to the true binary fraction. From this, they found the
percentage of binaries missing and then accounted for this when finding the binary
fraction for the NGC 3201 dataset. Nonetheless, our binary fraction shows that our

results make sense in the context of their work.

4.4 Discussion: the Hard-Soft Binary Limit for
NGC 3201 and Constraints on its Initial Den-
sity

Finally, now that we have inferred the intrinsic binary orbital period distribution for
NGC 3201, this can be used to place constraints on the initial density of this globular
cluster. The relationship between the hard-soft limit and the cluster’s initial density
is born out of the idea that denser star clusters will have a larger velocity dispersion
(at a fixed mass) and thus there are more binaries at shorter orbital periods that
can be disrupted. This relates back to the initial density as clusters are the densest
when they are first formed and then expand over time due to mass loss. Thus, the
hard-soft limit will move to longer periods as the cluster evolves, making the initial
cluster environment the most stringent binary period constraint. This was discussed

in detail in Section 1.3.

In general, this hard-soft limit is the point where the kinetic energy of a typical
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star in the cluster is equal to the binding energy of the binary. Thus,

Gm1m2 1 2
Ey=Ex = — — = 5{m)Viip; (4.1)

where (m) is the typical mass of a star in the cluster and m; and my are the masses of
the binary components, a is the semi-major axis of the binary, and in this context, vg;sp
is the initial velocity dispersion of the cluster. However, in this work we are considering
the binary orbital period distribution, not the semi-major axis distribution. To rewrite
this equation in terms of the period, we can use Kepler’s third law: P? = G(nf+jmﬂa3

Thus, rewriting Equation 4.1 in terms of the period and solving for the period of a

binary right at the hard-soft limit gives:

47'('2 1/2 Gm1m2 i
G(ml + m2) <m>vdisp

While the end goal is to constrain the initial cluster density, the initial mass of
Milky Way globular clusters is generally better understood (e.g. Baumgardt et al.,
2019). Therefore, the parameter to vary in these calculations to find the period of a
binary at the hard-soft limit when the cluster formed is the initial half-mass radius
of the cluster, which can then be used to determine the initial density of the cluster

within the half-mass radius.

To express the initial velocity dispersion in terms in terms of the half-mass radius,
we assume a Plummer model (Plummer, 1911), for which the one-dimensional velocity

dispersion is given by

1
Uiisp<r) = _6¢<T)7 (43)
where ¢(r) is the potential and is given by
GM P2\ "7
= — 1+ —= 4.4
o =- (145) (1.0
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where M is the total mass of the cluster and a is a scale factor that is approximately
Ry, /1.305 where Ry, is the half-mass radius. The Plummer model was chosen as it is
a convenient and reasonable way to approximate the mass profile and kinematics of
a globular cluster in this case. It is a self-consistent dynamical model that can be
written in terms of simple functions and solved analytically. It has historically been
used as initial conditions for evolutionary calculations of globular clusters (e.g. Spitzer

& Shull, 1975).

As we are interested in the typical velocity dispersion within the half-mass radius
and not just the velocity dispersion at the half-mass radius, we need to integrate to
compute the average of the velocity dispersion from the centre of the cluster out to
R;,. However, the density changes with radius so needs to be accounted for in this

integral. Thus,

St o (r)amr2p(r)dr
fORh 42 p(r)dr

<Uc2ﬁsp> - (45)

where (v3;,,) is the average velocity dispersion within the region, Ry is the half-mass

radius, vaisp(r) is the velocity dispersion at distance  and p(r) is the mass density at

distance 7.

For the Plummer model, the density profile is given by

o(r) = M <1 + TZ)_g. (4.6)

4dmra3 a?

Thus, by solving Equation 4.5 and using <U§Z~Sp> in Equation 4.2, we can find the
largest orbital period that a binary could have (without becoming ionized) given a

specified initial half-mass radius.

Using the initial half-mass radii, the initial cluster densities and their correspond-

ing hard-soft limit periods can be seen in the dashed lines in Figure 4.7. These
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values were determined by assuming that the present-day cluster mass of NGC 3201
is 1.93 x 10° Mg, that the initial cluster mass is 4.1 x 10° My (Baumgardt, 2017)
(about 50% of the mass has been lost due to stellar evolution), that the typical mass
of a star in the cluster is (m) = 0.8 My and that the mass components of the binary
are m; = 0.8 Mg and my = 0.5 Mg. These values for the binary mass components
were taken from the typical values found for the binary visible and invisible mass
components by Giesers et al. (2019). For the invisible mass component, this involved
taking into account the average sin(i) value (0.78 when assuming random orientations
of the orbital plane and inclination) as the reported masses are the lower limits due

to unknown inclinations.

In Figure 4.7, the first three vertical lines correspond to the period of a binary at
the hard-soft limit for different possible initial cluster densities (found using initial
half-mass radii of 1.5 pe, 2.5pc, and 5.0 pc from left to right) and the last vertical line
to the right (in red) corresponds to the period of a binary at the hard-soft limit given
the present-day cluster density (found by taking the present day half-mass radii to be
8.68 pc). This last limit shows us that our results align with our expectations in the
very long period regime as we certainly do not expect any binaries to survive with
periods larger than the present-day hard-soft limit. The hard-soft limits corresponding
to different initial half-mass radii are interesting as they suggest that the initial half-
mass radius of NGC 3201 was likely between approximately 2.5 and 5 pe. 1.5 pe (and
other smaller half-mass radii) was rejected as a potential initial half-mass radii as the
probability density is significantly different from zero at the period corresponding to

this hard-soft limit.

This is interesting as in the literature, while the initial density and the initial
half-mass radius are poorly constrained, Monte Carlo cluster models that are chosen
to be the best match for NGC 3201 have smaller initial half-mass radii. These models

are usually selected based on their general agreement with the structure (surface
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brightness profile) and kinematics (velocity dispersion profile) of the cluster at present
day. For example, Giesers et al. (2019) used a MOCCA model with an initial half-
mass radius of 1.65 pc to represent NGC 3201 and Rui et al. (2021) used a CMC
Cluster Catalog model with an initial virial radius of 2 pc (assuming a Plummer
model, this corresponds to a half-mass radius of approximately 1.54 pc). However,
these values were chosen alongside other parameters to best reproduce the present-
day cluster and were not well-constrained, partly because the grids of Monte Carlo
models from which they are selected are quite sparse. Our approach provides a better
and completely independent constraint on this initial half-mass radius, which can be
used in the future to find Monte Carlo models that better replicate NGC 3201, and
more generally which can be used in combination with other information to constrain

the initial conditions and evolution of globular clusters.

Taking the initial half-mass radius of NGC 3201 to be in the range of 2.5—5 pc, this
corresponds to an initial mass density within the half-mass radius of approximately
760 - 6100 Mg, /pc®. While the initial density of globular clusters is not currently well
constrained, this aligns with recent work done by Gieles & Gnedin (2023) who showed
using N-Body models that for globular clusters that survive to the present day, and
to reproduce the global properties of the population of Milky Way globular clusters,
the initial density of globular clusters is expected to be in the range of approximately
10 to 10° Mg /pc®. Thus, our estimate for NGC 3201 nicely fits within this range,
reaffirming that our results are reasonable. This constraint on the initial cluster
density is also important for things such as the expected black hole retention of the
cluster as denser clusters will have ejected more black holes than less dense clusters
due to more frequent interactions between black holes in the cluster core (e.g. Gieles

et al., 2021).

Overall, by implementing the new method developed in this work, we are able to

fit the radial velocity curves of individual binaries, better constrain the current day
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intrinsic binary population orbital period distribution, and use this period distribution
to place new constraints on the required initial cluster density that could give rise to

this distribution in the globular cluster NGC 3201.
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Chapter 5

Conclusions

In this work we have developed a hierarchical Bayesian method that takes in multi-
epoch radial velocity measurements for stars in globular clusters, fits the radial veloc-
ity curve for stars detected as RV variable, and then uses the posterior samples from
these fits to construct the intrinsic binary orbital period distribution, while accounting

for observational biases.

In Chapter 2, we first determined which stars where RV variable by using a x? test.
For each of the RV variables, we then needed a method for fitting the radial velocity
curves. This involved assessing which sampling method was most suitable for what
we required. The methods considered were MCMC (using emcee), rejection sampling
(using TheJoker), and nested sampling (using Dynesty). From this, we found that
while TheJoker is what is most commonly used in the literature, specifically for
cases with sparse radial velocity data, it does not perform as well in cases with well-
sampled radial velocity curves. This leads to stars with few posterior samples, meaning
that they would not be usable in the fit for the binary orbital period distribution.
Although emcee was able to recover enough posterior samples, it can get stuck in
a local maximum of the posterior probability distribution and miss other peaks in

the distribution. On the other hand, Dynesty was found to reliably recover the true
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solution for radial velocities from mock datasets and ensured a sufficient number of
posterior samples. Therefore, from this point on we took Dynesty as the method for

fitting radial velocity curves in this work.

With the posterior samples from these radial velocity curve fits, we then developed
a method to take these in and then fit the period probability distribution (Chapter
3). This was not straightforward as we needed to account for the detection bias
and in order to fully constrain the distribution (particularly the long-period end of
the distribution), we needed to add in the cluster binary fraction and the parameters
characterizing the line-of sight velocity distribution with the cluster as free parameters.
By adding in these additional terms, we first showed that we were able to recover the
true distribution in cases with mock data where the true distribution was known
and we were fitting with a standard parameterized distribution function (log-normal
and log-weibull). However, this could not be applied to a real dataset at this point
as the intrinsic globular cluster binary period distribution does not have a known
functional form and it is not expected to be universal across all globular clusters.
Therefore, we needed a flexible method that could be applied to any cluster with
minimal assumptions about the shape of the distribution. To achieve this, we fit the
period distribution using a piece-wise function where the intervals remained constant
but the height of the distribution in each interval was allowed to vary. By doing this,

we showed that we were still able to recover the true period distributions.

After showing that this method works for mock data, the next step was to apply
it to the real data for NGC 3201 (Chapter 4). NGC 3201 was chosen as the first
cluster to apply this method to due to the extent of radial velocity data available,
meaning that more long-period binaries can be identified, thus helping us constrain
the intrinsic binary period distribution. First, we fit the radial velocity curves for
every star detected as RV variable and, for the stars that we had in common with

Giesers et al. (2019), we compared our results. For the most part our results are in
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agreement. In the cases where we differ, our results are a good fit for the radial velocity
data, giving us confidence in our results. With the posterior samples from these fits,
we then fit the orbital period distribution for NGC 3201 using our flexible fitting
procedure. Comparing our results for the binary periods, binary fraction (0.16+0.03)
, the cluster systemic velocity (494.12 km s+ 0.1 km s™'), and the velocity dispersion
(4.95 £0.07 km s7!) to those found by Giesers et al. (2019), we showed that our
results make sense in the context of their work and that our method has provided us

with more information about the intrinsic binary period distribution.

As the majority of binary disruptions occur when a cluster is at its densest and
clusters are the densest at the early stages of their evolution, we are able to use this
present-day intrinsic binary period distribution to infer the initial cluster conditions.
From this, we were able to show that our results suggest an initial half-mass radius of
around 2.5-5 pc which corresponds to an initial cluster density of 760-6100 M, /pc3.
This represents a new, independent, and more stringent constraint on the initial
density of this cluster. This will further inform dynamical modelling of the evolution
of NGC 3201 and its black hole population, including implications for the retention of
black holes over time, as a cluster with a higher initial density will result in the ejection
of more black holes. This black hole retention has implications for the formation of

possible black hole binary mergers that produce gravitational waves.

5.1 Future Work

In future work, this method could be improved by accounting for the radial depen-
dence for parameters such as the binary fraction and velocity dispersion of the cluster.
Currently, we assume no radial dependence for any parameters within the field of view
of the MUSE pointings. However, in reality the binary fraction and velocity disper-

sion are expected to increase towards the core of the cluster due to mass segregation
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and the mass distribution within the cluster. Therefore, by accounting for this, we

could improve the accuracy of the method.

Additionally, now that we have a method that works, it can be applied to other
globular clusters with multi-epoch radial velocity data. For example, Kamann et al.
(2018) obtained MUSE radial velocity measurements for 25 globular clusters so this
method could be applied to these clusters in the future. In particular, 47 Tucanae and
Omega Centarui are well-studied clusters and have been observed at a large number
of epochs (comparable to the NGC 3201 dataset used in this work) and would be

prime targets for applying this method.

As well, now that we are able to place constraints on the initial density of globular
clusters using the imprint of the initial density on the period distribution of binaries,
this can be paired with N-Body models to look at the implications on aspects such as
the evolution of the cluster, the retention of black holes, and the resulting gravitational

waves from black hole binary mergers.
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