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result concerns a certain transformation A* on such families
of multilinear functionals.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we study the relation between two extensions of the framework of free
probability which have been considered in the research literature, and are based on the
notions of c-free independence and respectively of infinitesimal free independence for
noncommutative random variables.

1.1. Description of framework

We consider the plain algebraic framework of a “noncommutative probability space”,
or neps for short, by which we simply understand a pair (A, ¢) with A a unital algebra
over C and ¢ : A — C a linear functional having ¢(1,) = 1. The fundamental con-
cept of interest for us in this framework is the one of free independence for a family of
unital subalgebras A;,..., 4 € A. A handy tool for the combinatorial study of free
independence is a sequence of multilinear functionals (k, : A" — C)$2 4, called the free
cumulant functionals associated to (A, ¢); indeed, the free independence of Ay, ..., Ay
can be conveniently re-phrased as a vanishing condition of the “mixed” free cumulants
with entries in these algebras. For a basic exposition of how free cumulants are used in
the study of free independence, see e.g. Lecture 11 of [15].

In this paper we consider two extensions of the free probability framework.

One of the extensions is to the framework of c-free (shorthand for “conditionally free”)
independence, which was initiated in [6,7], and has accumulated a fairly large amount
of work since then (see e.g. [5,16] and the references indicated there). Here one works
with triples (A, ¢, x) where (A, ¢) is an ncps (as above) and x : A — C is an additional
linear functional with x(1,) = 1. We will refer to such a triple (A, ¢, x) by calling
it a C-neps. When dealing with a C-ncps, the fundamental concept of interest is the
one of c-free independence (with respect to ¢ and x) for a family of unital subalgebras
A1, ..., Ax C A; this amounts to asking that Aj, ..., A are freely independent in the
usual sense with respect to ¢, and in addition, that a multiplicativity condition on y is
fulfilled for certain special products formed with elements from Ay, ..., Ax. The paper [7]
also introduced a recipe for how to define a family (f%f) A" — C)52, of c-free cumulant
functionals associated to (A, ¢, x). In terms of cumulants, the c-free independence of a
family of unital subalgebras Ay, ..., Ar C A is equivalent to: usual free independence of
A1, ..., Ag with respect to ¢, plus a vanishing condition on the mixed ngf) cumulants.

The other extension we want to consider is to the framework of infinitesimal free
independence. This was introduced in [2], with some earlier combinatorial ideas around
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this topic appearing in [3]. The literature on infinitesimal free probability is not extensive,
but this is nevertheless a promising direction of research, e.g. due to its connections to
random matrix theory ([19], see also the discussion in [14]). In order to study infinitesimal
free independence, one works with triples (A, ¢, ¢') where (A, ) is an ncps (as above)
and ¢’ : A — C is an additional linear functional such that ¢’(1,) = 0. We will refer to
such a triple (A, ¢, ¢’) by calling it an I-ncps. In relation to an I-neps, the fundamental
concept of interest is the one of infinitesimal free independence (with respect to ¢ and
') for a family of unital subalgebras Aj,..., Ax C A; this amounts to asking that
Ay, ..., A are freely independent in the usual sense with respect to ¢, and in addition,
that a derivation-type condition on ¢’ is fulfilled for certain special products formed
with elements from Aj,..., A;. One has, as found in [11], a natural way of defining
a family (k] : A" — C)S2; of infinitesimal free cumulant functionals associated to
(A, ¢, ¢"), obtained essentially by “taking a formal derivative with respect to ¢” in the
formulas describing the free cumulants of . In terms of cumulants, the infinitesimal free
independence of a family of unital subalgebras Aj,..., Ay C A is equivalent to: usual
free independence of Ay, ..., Ar with respect to ¢, plus a vanishing condition on the
mixed k], cumulants.

1.2. The map ¥ from [2], and its multivariate extension

The main objective of the present paper is to look for connections between the frame-
works of c-free independence and of infinitesimal free independence. Our starting point
is a result of Belinschi and Shlyakhtenko, Theorem 22 in [2], which goes at the level of
distributions. For our purposes here, distributions will be assumed to have finite moments
of all orders, and will be viewed as linear functionals on the algebra of polynomials C[X];
the C-ncps and I-ncps considered in this context are thus of the form

(C[X], u,v) and respectively (C[X], pu, 1), (1.1)

with p, v, 4’ : C[X] — C linear such that u(1) = v(1) = 1, ¢/(1) = 0. For pairs (i, v) and
(1, p') as in (1.1) one naturally defines operations of free additive convolution, denoted
by H. and® respectively Hp, which reflect the operation of adding c-free (respectively
infinitesimally free) elements in a general C-ncps (respectively I-ncps).

Theorem 22 of [2] gives a connection between the operations of free additive convolu-
tion H, and Hpg. It is phrased in terms of a certain map

v M- M

(introduced in the same paper [2]), where M is a space of probability distributions on
R and M’ is a space of signed measures on R, with ¢/(R) =0, Vu' € M’. For a v € M

3 The second of the two notations comes from the fact that B is also known as “free additive convolution
of type B”.
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with compact support, the definition of p’ := ¥(rv) € M’ can be given in the guise of a
formula describing the moments of y’, namely:

/t" dp' (t) = nfpt1, neEN, (1.2)
R

where (8,.,)52; is the sequence of Boolean cumulants of v (some siblings of free cumu-
lants, which come from the parallel world of so-called “Boolean probability”). Referring
to the map ¥, Theorem 22 of [2] can be stated as follows: if we consider probability
measures fi1, V1, 42, V2 € M and we put

(1, v1) Be (2, v2) = (1, v), (1.3)

then it follows that

(1. W) B (12, (1)) = (1. W()) € M x M. (1.4)
Clearly, one can consider a plain algebraic version of the implication “(1.3) = (1.4)”,
where M and M’ are replaced with spaces of linear functionals on C[X]. In the present
paper we show that, in this algebraic version, the map ¥ and the said implication
“(1.3) = (1.4)” can be generalized to a multivariate framework where instead of C[X]
we use the algebra C(Xi,..., X)) of polynomials in non-commuting indeterminates
X1,...,X.. More precisely: instead of M and M’ we will use the spaces of “distri-
butions” (in plain algebraic sense) Dy (k) and D, (k) defined by

alg
Dag(k) = {p:C(Xy,...,Xg): pis linear, pu(1) =1}, (5)
1.5
Délg(k) = {p:C(X1,...,Xk): 1 is linear, /(1) = 0},

and we will use a map
Uy : Dalg(k) — D;lg(k)
defined as follows.

Definition 1.1. Let k be a positive integer and let v be in Dyie(k). Then ¥y (v) is the
linear functional yi’ € Dy, (k) determined by the requirement that

,LL/(Xil e Xu,) = Z ﬂnJrl;u(Xima cee 7Xin;Xi1 P ,Xim)ﬂ (16)
m=1

holding for every n € N and 41,...,4, € {1,...,k}, and where (3,11, denotes the (n +
1)-th Boolean cumulant functional of v (a multilinear functional on C(X1,..., X;)"*!
— the precise definition of Boolean cumulants is reviewed in Section 3 below).
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It is immediate that in the case k = 1, Equation (1.6) boils down to (1.2).

For general k € N, the link between the k-variate versions of the operations B, and
Hp is stated in the same way as in the univariate case, with the detail that the first
functional “u” is assumed to be tracial (that is, it has the property that u(PQ) = u(QP)
for all P,@Q € C(Xy,..., Xg)).

Theorem 1.2. Let k be a positive integer and let pq,v1, o, Vo € Dalg(k), where p1 and
o are tracial. If we denote

(:ulayl) B, (H'27V2) = (:U’vl/) € Dalg(k) X Dalg(k)7

then it follows that

(11, (1)) Bp (2, Vi (v2)) = (1, Y (v)) € Darg(k) x Dyyg(k).

Closely related to Theorem 1.2, one has a result about the actual concepts of indepen-
dence that are under discussion. At the level of multi-variate distributions, the statement
of this result concerns the suitable versions of free products of algebraic distributions —
more precisely, one calls on the free product operations “x.” and “xp” which correspond
to the operations of concatenating c-free tuples (and respectively infinitesimally free tu-
ples) in a general C-ncps (respectively I-ncps). The result about how the maps ¥y, link
these free product operations is stated as follows.

Theorem 1.3. Let k, £ be positive integers and let p11,v1 € Daig(k), po, V2 € Dag(), where
w1, o are tracial. Consider the free product

(1, 11) *c (2, v2) = (1, V) € Darg(k + £) X Darg(k + £).
Then one has
(11, Ui (v1)) B (p2, Ye(v2)) = (B, Yyt (D)) € Darg(k + €) x Dy (k + £).

Theorems 1.2 and 1.3 are, in turn, consequences of the next result about how c-free
cumulants and infinitesimal free cumulants get to be related in connection to Wy.

Theorem 1.4. Let k be a positive integer, let p,v be in Dag(k) such that p is tracial, and
let W' := Vy(v) € Dy (k). Then the infinitesimal free cumulants (k;,)p%; of (u, p') are

related to the c-free cumulants (/-;ﬁf));?:l of (1, v) by the formula

f (X Xi) = 3 6 (Koo Xy Xy, Xa ),
m=1

holding for every n € N and i1,...,i, € {1,...,k}.
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1.8. A further generalization of the map ¥y and of Theorem 1./

A careful look at the proof of Theorem 1.4 reveals that the arguments needed there
can be presented (and become in fact more transparent) in a framework where one
simply focuses on relations between families of multilinear functionals on a vector space
V), without assuming that V has a multiplicative structure. In the present subsection we
explain how this goes. It will come in handy to use the following notation.

Notation 1.5. Let V be a vector space over C. We denote

My = {9 : ¢ = (¢n)ne1, With @, : V" — C multilinear for every n € N}. (1.7)

A family ¢ = (pn)nZ; € My is said to be tracial when it has the property that
on(T2,. .., Zn,x1) = @n(x1,...,Tpn), Y0 >2and zq,...,2, € V. (1.8)

Throughout a substantial part of this paper we will work with
couples (V, @) where ¢ € My, and (1.9)
triples (V, ¢, %) where ¢, ¢ € My. '

The motivating example for these structures is the one where V is a unital algebra and
where ¢ = (¢,)5%; is completely determined by the linear functional ¢; : V — C via
the formula

on(z1,. .. zn) =@1(x1-- ), VR>1and zq,...,2, €V

(same for ¢ = ()52 being completely determined by 91 : V — C in the case of a triple
(V,¢,9)). If in the motivating example we require that ¢1(1,) = 1, then looking at the
couple (V, p) is pretty much the same as looking at the ncps (V, ¢1). Likewise, considering
a triple (V,¢,v) in the motivating example boils down to looking at (V,¢1,v1) — the
latter can be either a C-ncps or an I-ncps, upon making the requirements that ¢1(1,,) =
¥1(1,,) = 1, and respectively that ¢1(1,) =1, ¢¥1(1,,) = 0.

There were four brands of cumulants appearing in the discussion of Sections 1.1 and
1.2:

o free cumulants (k)52 associated to a ncps (A, ¢);

e Boolean cumulants (8,,)52 ; associated to a ncps (A, );

oo
n=1

associated to a C-ncps (A, ¢, x);
associated to an I-ncps (A, ¢, ¢’).

e c-free cumulants (/@Sf))

oo

e i
o infinitesimal free cumulants (x/,)22 ,

The definitions of all these four brands of cumulants go through, without any change,
to the situation where instead of an ncps (A, ¢) we consider a couple (V, ) as on the first
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line of (1.9), and where instead of a C-ncps (A, ¢, x) or I-neps (A, ¢, ¢’) we consider a
triple (V, o, ¢) as on the second line of (1.9). The precise formulas for all these cumulants
are reviewed in Section 3 below. A pleasing feature arising in this more general framework
is that the resulting families of cumulants belong to the same space 9y, that ¢ and
were picked from.

We now proceed to explain how the construction of the map ¥ of Belinschi-
Shlyakhtenko extends to the framework of (1.9), and to present the generalization of
Theorem 1.4 to this situation. We will take as input (besides the vector space V) a linear
map A :V — V®YV, and we will use a transformation A* of the space 91, which is
constructed from A in the way described as follows.

Notation 1.6. (The transformation A*.)

Let V be a vector space over C and let A:V — V ®V be a linear map.

(1) For every n € N and m € {1,...,n} we let AY™ : V@n 5 YO(n+1) be the linear
map determined by the requirement that

for all x1,...,x, € V. Note that in particular one has A = Agl).
(2) For every n € N we let I';, : V¥ — V®" be the linear map determined by the
requirement that

Th(z1® - Qap) =22® - @y 21, forall zy,...,2, € V.

In particular I'y is the identity map on V and I's is the so-called flip map, I's(z1 ® z2) =
To Q xq. B
(3) For every n € N we let A, : V& — YO+ he the linear map defined by

A, = Z o Al
m=1

[For a concrete illustration, suppose that xi,...,z, € V are such that every Ax; is a
simple tensor =} ® z}/, 1 < i <n. Then A, (21 ® -+ ® x,) comes out as

Zxﬂ®xm+1®-~-®xn®x1®--~®xmf1 ® Ty, ]
m=1

(4) Let My, be the space of families of multilinear functionals from Notation 1.5. We
define a transformation A* : My — Ny as follows: given v = (v, )72, € My, we put

A™(p) =1 = (Yn)nta (1.10)

where
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Py 1= apnﬂozn, Vn e N. (1.11)

Equation (1.11) tacitly uses some natural identifications: first, ¢, 11 is viewed as a linear
map VO(+D 5 C (rather than a multilinear map V"*+! — C); this makes @n41 0 A,
be defined as a linear map V®" — C, which is then identified with a multilinear map
V" — C, as 1, is required to be.

Theorem 1.7. Let V be a vector space over C and let A :V — V &V be a linear map.
Let x € My, and let

o = A*(ﬁi), (1.12)

with A* as above and where éx € My is the family of Boolean cumulants associated

to (V,x). Then for any tmcz’ajf € My, the following happens: denoting the c-free
cumulants of (V, ¢, x) by £ and denoting the infinitesimal free cumulants of V,0,¢")
by k', one has the relation

K = A" (). (1.13)

Remark 1.8. (1) The generalization “¥,” of the map ¥, from Section 1.2 is implicitly
captured by Equation (1.12) in Theorem 1.7. The explicit formula for ¥, would simply
be

U, (x) = A*(ﬁx), X € My.

(2) In order to derive Theorem 1.4 out of Theorem 1.7, one makes V = C* and lets
A be the linear map defined by the prescription that

Aei:ei@)ei, 1§Z§k,

where e1, ..., ey is a fixed basis in C*. This prescription leads precisely to the statement
of Theorem 1.4, via the natural identification of C(X7,..., X}) as the tensor algebra of
C*. The details of how this happens are given in Section 7 below.

1.4. Organization of the paper and some related remarks

We conclude this introduction by explaining how the paper is organized, and by giving
a few highlights on the content of the various sections.

Section 2 describes the combinatorial background used throughout the paper, which
revolves around the lattices NC(n) of non-crossing partitions. We make a brief review
of some standard facts about the partial order given on NC(n) by reverse refinement,
and we also discuss two other partial order relations on NC(n) (denoted as “<” and
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“C”) which were studied in the more recent research literature, and are relevant for the
considerations of the present paper.

The rest of the paper is essentially divided into two parts. The first part is set in the
more general framework outlined in Section 1.3 above, and consists of Sections 3—6:

— Section 3 reviews the types of cumulants we will work with.

— In Section 4 we derive an explicit formula for c-free cumulants, which is useful for
the proof of Theorem 1.7.

— Section 5 is devoted to a parallel discussion of how certain lattices of non-crossing
partitions with symmetries (NC®)(n) and NC(B=PP)(n)) can be used in order to ap-
proach the cumulant functionals relevant to infinitesimally free and respectively to c-free
probability. In this section we observe a simple formula, which seems to have been over-
looked up to now, and helps clarifying the connection between c-free cumulants and the
lattices NC'(B=opp) (p).

— In Section 6 we obtain the proof of Theorem 1.7.

The final part of the paper consists of Sections 7 and 8, which go in the framework
of multi-variable distributions considered in Section 1.2 above. In Section 7 we connect
to the setting of Section 6 and we observe how Theorem 1.4 can be derived from The-
orem 1.7. Then in Section 8 we show how, on the other hand, Theorem 1.4 implies
Theorems 1.2 and 1.3.

2. Combinatorial background
2.1. Review of some basic NC(n) combinatorics

The workhorse for the combinatorial study of free independence is the family of lattices
of non-crossing partitions NC(n). We review here some basic terminology related to
this, which will be used throughout the paper. For a more detailed introduction to the
NC(n)’s, one can for instance consult Lectures 9 and 10 of [15].

Definition 2.1. (1) Let n be a positive integer and let m = {V4,...,V;} be a partition of
{1,...,n}; that is, V1, ..., V} are pairwise disjoint non-void sets (called the blocks of )
with Vi U--- UV, = {1,...,n}. The number k of blocks of 7 will be denoted as |r|, and
we will occasionally use the notation “V € n” to mean that V is one of Vi, ..., V.

We say that 7 is non-crossing to mean that for every 1 < iy < iy < i3 < iy < n such
that ¢; is in the same block with 73 and 5 is in the same block with 44, it necessarily
follows that all of i1, ...,i4 are in the same block of .

Non-crossing partitions can be naturally depicted with the numbers 1,...,n drawn
either along a line or around a circle, as illustrated in Fig. 1 below.

(2) For every n € N, we denote by NC(n) the set of all non-crossing partitions of
{1,...,n}. This is one of the many combinatorial structures counted by Catalan numbers:

(2n)!

Vn € N. (2.1)
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Fig. 1. The partition 7 = { {1,5,6}, {2,4}, {3}, {7}, {8,10} {9} } € NC(10), in linear representation (left)
and in circular representation (right).

Definition 2.2. Let n be a positive integer. On NC(n) we consider the partial order by
reverse refinement, where for m,p € NC(n) we put

(m < p) SN ( every block of p is a union of blocks of 7r). (2.2)

The partially ordered set (NC(n), <) turns out to be a lattice. That is, every 71,7 €
NC(n) have a least common upper bound, denoted as 71 V ma, and have a greatest
common lower bound, denoted as m A mo.

We will use the notation 0,, for the partition of {1,...,n} into n singleton blocks
and the notation 1,, for the partition of {1,...,n} into one block. It is immediate that
On, 1, € NC(n) and that 0,, <7 < 1,, for all 7 € NC(n).

Definition and Remark 2.3. (Kreweras complementation map.)

One has a very useful order-reversing bijection K, : NC(n) — NC(n), called
the Kreweras complementation map, which provides an anti-isomorphism of the lat-
tice (NC(n), <). The pictorial description of K, is given by using partitions of the set
{1,...,2n}, as follows.

e For every m,0 € NC(n), let us denote by w3 g(even) the partition of {1,...,2n}
which is obtained when we make 7 become a partition of {1,3,...,2n — 1} and we
make o become a partition of {2,4,...,2n}, in the natural way. That is, m(0dd) | | g(even)
consists of blocks of the form {2v —1: v € V} where V' € «, and of blocks of the form
{2w : w € W} where W € o.

e For m,0 € NC(n) it is not generally true that m(edd) || g(even) j5 o non-crossing
partition of {1,...,2n}. If we fix 7 € NC(n), then the set

{0 € NC(n) : 74D |y gleven) ¢ NCO(2n)}

turns out to have a largest element oy, with respect to reverse refinement order. The
Kreweras complement K, () is, by definition, this special partition opax.
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[As a concrete example: for the partition 7 depicted in Fig. 1, one finds that Kjq(m)
is the partition { {1,4}, {2,3}, {5}, {6,7,10}, {8,9}, } € NC(10).

It is easily verified (see e.g. pages 146-148 in Lecture 9 of [15]) that the map 7 — K, ()
described above gives indeed an anti-isomorphism from (NC(n), <) to itself.

Definition and Remark 2.4. (Mdbius function.)

For every n € N, we will use the notation Mob,, : {(r, p) € NC(n)? : w < p} — Z for
the Mobius function of the lattice (NC(n), <), defined via the general Mébius function
machinery used for any finite partially ordered set (see e.g. Chapter 3 of the monograph
[20]). One can explicitly write Mob,, (7, p) as a product of signed Catalan numbers (see
e.g. [15], pp. 162-167 in Lecture 10); it is useful for what follows to record that one has
in particular the formula

Méby, (7, 1,) = Méby, (0, Ky (7)) = (=)= T Catyy_1, (2.3)
VeK,(m)

holding for every m € NC(n) (where the Catalan numbers (Cat,,)5°_, are as reviewed

in Definition 2.1, and we also make the convention to put Catg := 1).

For the subsequent considerations related to the framework of c-free independence, it
is also useful to record the following facts about how blocks of non-crossing partitions
are nested inside each other.

Definition and Remark 2.5. Let n be a positive integer and let m be in NC'(n).
(1) Let V, W be two blocks of m. We say that V is nested inside W to mean that one
has

min(W) < min(V) < max(V) < max(W). (2.4)

Due to the non-crossing property of 7, it is immediate that the condition (2.4) is equiv-
alent to the apparently weaker requirement that:

V # W, and v € V such that min(W) < v < max(W). (2.5)

(2) A block V of 7 is said to be inner if there exists a block W such that V' is nested
inside W. In the opposite case, V is said to be an outer block of .

(3) Let V' be an inner block of 7. It is easy to check (see e.g. Proposition 2.10 in [1])
that there exists a block W of 7, uniquely determined, with the properties that:

(i) V is nested inside W, and

(ii) there is no W' € 7 such that V is nested inside W’ and W' is nested inside W.

We will refer to this W as the parent-block of V' in 7.
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2.2. The partial order relations < and E

In this paper we also make use of two other partial order relations on NC(n), both
of them coarser than reverse refinement, which are denoted as “<” and as “C”. The
partial order < has been used for some time in free probability (starting with [1]), in
the description of relations between free and Boolean cumulants. The partial order =
is in a certain sense dual to <; it was introduced in [12], and its role was thoroughly
investigated in the recent paper [4], in a more general setting which refers to the Bruhat
order on Coxeter groups.

Definition and Remark 2.6. (The partial order “<”.)

(1) For m,p € NC(n), we will write 7 < p to mean that m < p and that, in addition,
for every block W of p there exists a block V' of 7 such that min(W), max(W) € V.

(2) Since in this paper we have a lot of occurrences of the special case “m < 1,,”, let us
record the obvious fact that this simply amounts to requiring 7 to have a unique outer
block W, with 1,n € W. Another immediate fact which is relevant for what follows is
that the Kreweras complementation map K,, maps the set {m € NC(n) : 7 < 1,,} onto
{0 € NC(n) : {n} is a singleton block of o}.

(3) In the discussion around <, a special role is played by interval partitions. A
partition # € NC(n) is said to be an interval partition when every block V of 7 is of
the form V = [i,j] NN for some 1 < ¢ < j < n. The set of all interval partitions of
{1,...,n} will be denoted as Int(n). It is immediate that Int(n) is precisely equal to the
set of maximal elements of the poset (NC(n), <).

Remark 2.7. It will be of relevance for what follows to have some information about the
structure of lower and of upper ideals of the poset (NC(n),<). We review this here,
following [1].

o Lower ideals. Let p be a fixed partition in NC(n). For every block W € p such
that |[W]| > 3, let us split W into the doubleton block {min(W), max(W)} and |W| — 2
singleton blocks; when doing this, we obtain a partition py < p in NC(n), such that all
the blocks of py have either 1 or 2 elements. From Definition 2.6 it is immediate that for
m € NC(n) we have: 7 < p < po < 1 < p. Thus the lower ideal {r € NC(n) : © < p}
is just the interval [pg, p] with respect to reverse refinement order, for which one has a
nice structure theorem (as presented for instance in [15], pages 148-150 in Lecture 9); in
particular, one can explicitly write the cardinality of this lower ideal, which is

[{r e NC(n) : m<p}| = [] Catjw|-1. (2.6)

Wep

o Upper ideals. For a fixed # € NC(n), it turns out that the upper ideal {p € NC(n) :
m < p} can be identified to a Boolean lattice, with the rank of any p in this lattice being
equal to || — |p| (see Proposition 2.13 and Remark 2.14 in [1]). Clearly, the Boolean
lattice ({p € NC(n) : m < p}, <) is trivial if and only if 7 is maximal with respect to
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< in NC(n), that is, if and only if m € Int(n). We record here that, as a consequence of
the above, one has

Z (—1ll=lel — { 1, if 7€ Int(n) (2.7)

0, otherwise.
pENC(n) such

that T7<p

Definition and Remark 2.8. (The partial order “C 7))

The interval refinement order C was introduced by Josuat-Verges [12]: for m,p €
NC(n), one writes m C p when 7 < p and when, in addition, the partition induced by =
on every block of p is an interval partition.

One has a form of duality between the partial orders C and <, implemented by the
Kreweras complementation map. This was thoroughly investigated in a recent paper
by Biane and Josuat-Vergés [4], in a more general setting involving the Bruhat order
on Coxeter groups. (See Section 4 of [4], particularly Propositions 4.1 and 4.9.) For
the reader’s convenience, we provide in Lemma 2.10 below a self-contained proof of an
instance of this duality which will be needed in the Section 4 of the present paper. In the
proof of Lemma 2.10 we will use some natural operations “cut/attach” on non-crossing
partitions, defined as follows.

Definition 2.9. Let m € NC(n) and let i € {1,...,n} belong to an inner block P of 7.

(1) If ¢ is not the maximal element of P, then we define cut(m,i) € NC(n) to be the
partition obtained from 7 when we cut the block P into two interval pieces in order to
get that

Qecut(m,i) < (Qemand Q@ # P)or (Q={jeP:j<i})or (Q={jeP:j>i}).

(2) We define attach(w,i) € NC(n) to be the partition obtained from 7 when we
attach the block P to its parent-block R (defined in the way described in Definition 2.5).
That is, we have

Q € attach(m,i) < (Q €wmand Q ¢ {P,R}) or (Q =PUR).

Lemma 2.10. The restriction of the Kreweras complementation map K, gives an anti-
isomorphism between the posets

{re NC(n):m<1,},C) and ({c € NC(n) : {n} €0}, ). (2.8)

Proof. Consider the Hasse diagrams of the two posets indicated in the lemma (where
recall that for any finite poset (P, <), the corresponding Hasse diagram is the graph with
vertex-set P and with a “down-edge” going from p to p’ if and only if p,p’ are distinct
elements of P such that p’ < p and such that there is no element ¢ € P\ {p,p’'} with
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p < q < p). It is easy to verify that the down-edges in these two Hasse diagrams are
described as follows.

e In the Hasse diagram of ({m € NC(n) : 7 < 1,},C), there is a down edge from =
to 7’ if and only if for some 7 in an inner block of m and not maximal in that block we
have that 7' = cut(mw,1).

e In the Hasse diagram of ({o € NC(n) : {n} € 0}, <), there is a down edge from p
to p’ if and only if for some j in an inner block of p’ we have p = attach(p’, 7).

We have already noticed in Remark 2.6(2) that K,, provides a bijection between the
underlying sets of the two posets indicated in (2.8). In addition to that, let us make the
following elementary observation, which holds for any partition 7 € NC(n) with unique
outer block: if a number ¢ € {1,...,n} belongs to an inner block of 7 and is not the
maximal element of that block, then ¢ belongs to an inner block of K, (7) and one has

K, (cut(m,i)) = attach( K, (x), 7). (2.9)

Upon combining (2.9) with the explicit descriptions recorded above for the edges of the
two Hasse diagrams, one finds that K, reverses the edges in these Hasse diagrams; this
implies that K, is indeed a poset anti-isomorphism, as required. 0O

3. Review of four types of cumulant functionals

Throughout this section we fix a vector space V over C, and we will work with the
space My, of families of multilinear functionals introduced in Notation 1.5. The goal of
the section is to review the definitions of four types of cumulant functionals which we use
later in the paper, in the framework of a couple (V, @) with ¢ € My, or in the framework
of a triple (V,p,7) with p,9 € My. All the formulas we will use for definitions are
very familiar to the people working in the area; these definitions are usually stated in
the case (mentioned as “motivating example” in Section 1.3) when V is a unital algebra
— however, nothing changes when we move to the somewhat more general framework
chosen here.

Before starting, we record a customary notation which will appear in the formulas for
all four types of cumulants: given an n € N, a tuple (z1,...,2,) € V", and a non-empty
subset M = {i1,...,im} C{1,...,n} with iy < --- < iy, we denote

(@1, xn) | M= (24, ... 2q,,) € V™ (3.1)
3.1. Review of free cumulants associated to a couple (V, p)

Consider a couple (V, p), where ¢ = (¢n)nz; € My. The free cumulants associated
to (V, p) are the family of multilinear functionals x = (k, )52, € 9y which is uniquely
determined by the requirement that
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on(T1,. .., xn) = Z HI{|V‘((I1,...7LL'7L)|V), (3.2)

TeENC(n)Ver

holding for all n € N and x1,...,2, € V. The family of Equations (3.2) can be solved
in order to give explicit formulas for the k,’s, which come out as follows:

fn(@n,an) = > ] Moba(m, 1) e (21, 20) [ V), (3.3)

TeNC(n)Venr

for alln € N and z4,...,z, € V, where Mob,,(m, 1,,) is the value of the M&bius function
of NC(n) which was reviewed in Remark 2.4.

3.2. Review of Boolean cumulants associated to a couple (V, )

Consider a couple (V, ), where ¢ = (¢,)52; € My. The Boolean cumulants asso-

ciated to (V, ) are the family of multilinear functionals 5 = (8,)p2; € My which is
uniquely determined by the requirement that

on(zr,wn) = Y ] By 20) [ V), (3.4)

relnt(n) VEm

holding for all n € N and x1,...,2, € V, where Int(n) is the set of interval partitions
reviewed in Definition 2.6(3). The family of Equations (3.4) can be solved in order to
give explicit formulas for the (3,,’s, which come out as follows:

Bulwrrz) = S [ op (. o) | V), (3.5)

relnt(n) Ver

for all n € N and x1,...,z, € V. This is analogous to how (3.2) was solved in order to
obtain (3.3), with an additional simplification due to the fact that the M&bius function
of (Int(n), <) only takes the values +1.

3.3. Review of infinitesimal free cumulants associated to a triple (V, ¢, f’)

Consider a triple (V, @, ), where ¢ = (¢n)n2; and ¢ = (¢}, ), are in My. The in-
finitesimal free cumulants associated to (V, @, ') are the family of multilinear functionals

/

&' = (k!)22; which is uniquely determined by the requirement that

o (T, .. x,) = (3.6)

Z Z HIV0|((]J1" ..,l'n) | Vo) ’ H K’|V|§£( (xl“"?xn) | V)a

TeENC(n) Vo Ver

V£V,
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holding for all n € N and z1,...,x, € V, where Ky = (Ko g9) >, are the free cumulants
associated to (V,¢). The family of Equations (3.6) can be solved in order to give an
explicit formula for «/,(z1,...,x,), which comes out as follows:

KTy, Ty) = (3.7)

S Moba(m 1) ¢y, (@1, 20) | Vo) H v (@1, an) | V),

TeENC(n) VoE™T

V£V,

for all n € N and zy,...,2, € V. Here Mob,(w,1,) is the same value of the M&bius
function on NC(n) which appeared in Equation (3.3) above.

A way to remember the formulas (3.6) and (3.7) is by noting that they are precisely
what comes out when one performs a “formal derivative with respect to ¢” in the for-
mulas (3.2) and (3.3) concerning the free cumulant functionals of (V, ). Another way
of thinking about Equations (3.6) and (3.7) goes by treating the double sums on their
right-hand sides as single sums over certain sets of non-crossing partitions “of type B”
(cf. [11], also [10]; a brief review of this point of view is shown in Section 5.1 below).

3.4. Review of c-free cumulants associated to a triple (V, o, X)
Consider a triple (V,,x), where ¢ = (¢,)52; and x = (x»)nz; are in My. The

c-free cumulants associated to (V, g, x) are the family of multilinear functionals K©) =

(k (c)) >, which is uniquely determined by the requirement that

Xn (15 Tn) = (3.8)
Z H /<c|V|;£((a?1,...,xn)|V) H nl(;),‘((xl,...,xn)|W),
TENC(n) ver Wen
V inner W outer
holding for all n € N and w1,...,7, € V, where K, = (Kn;p)n2 are the free cumulants

associated to (V, p).
The fact that £(¢) can indeed be defined by using Equation (3.8) is easily seen when one

isolates the term ') (x1,...,zy) indexed by the partition 1,, € NC(n) on the right-hand

side of (3.8); a recursive argument then shows that all the values K\ )(391, ce.yIp) are
uniquely determined in terms the functionals in x and &, (where the latter ones can be
calculated from knowing ). This way of defining c-free cumulants goes back to [7], and
is the one commonly used in the research literature on c-freeness.

It is not so straightforward to find some nicely structured formulas which give the
K{s explicitly, in terms of ¢ and x (analogously to what we had in Equations (3.3),
(3.5) and (3.7) of the preceding subsections). An interesting aspect of the c-free theory

is that one can still develop an approach based on certain lattices of partitions “of type
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B — opp”, found in [8], only that the cumulant functionals resulting from that approach
don’t coincide with the customary K\%s from (3.8). We will elaborate on this point in
Section 5 below. Before that, in Section 4 we will present a direct derivation of an explicit
formula relevant for the proof of our Theorem 1.7, which expresses 555) in terms of ¢

and 8 (= the family of Boolean cumulants associated to (V,x)).
_X —

4. An explicit formula for c-free cumulants

Throughout this section we fix a vector space V and two families of functionals ¢ =
(en)pZy and x = (xn)pZ; picked from the space My of Notation 1.5. We consider the

family of c-free cumulants £(©) = (/f,(f))f’o € My associated to the triple (V,¢,x) in

n=1
the way described in Section 3.4. In the present section we put into evidence an explicit

formula for nﬁf) (z1,...,2n), stated in the next proposition.

Proposition 4.1. Consider the notations introduced above, and let us also consider the
family ﬁx = (Buix)nz1 of Boolean cumulants associated to (V, x). For every n € N and

T1,...,T, €V one has:
HSLC)(xlwuvxn) = (41)
Z Mob,,(m, ln)ﬂ‘vo(ﬂ)‘;x((xl,...,xn) | Vo(m)) - H o ((@1,...,3,) | V),
TeNC(n), Vern
Tl V#V, ()

where (following the notations from Section 2) we write “r < 1,7 to mean that w has
a unique outer block, and where for m < 1, we denote the unique outer block of m as
V().

Proposition 4.1 solves the implicit equations (3.8) of the preceding section in a
somewhat non-canonical way, which is however what is needed for going towards the
connection with infinitesimal free cumulants. (As the reader may notice, the expression
on the right-hand side of (4.1) bears some resemblance with the formula for free infinites-
imal cumulants reviewed in Equation (3.7), with the Boolean cumulants of x appearing
in the place where we would want to have occurrences of ¢'.)

In order to prove Proposition 4.1, we will use several lemmas.

Lemma 4.2. Let s, = (Knsp)mey and ﬁs@ = (Buip)nz1 denote the free and respectively the

Boolean cumulants associated to (V,g). Then for every n € N and z1,...,x, € V one
has

Fno(@1, . an) = > (DT By (@1, zn) [ V). (4.2)

rENC(n), ven

<1,
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Proof. This connection between free and Boolean cumulants is well-known. The deriva-
tion of Equation (4.2) can for instance be obtained by an immediate adaptation of the
argument proving Proposition 3.9 of [1]. O

In a somewhat different formulation, Equation (4.3) of the next lemma was obtained
in [9, Eqn. (61) in Section 6], as an application of the shuffle algebra approach to c-free
cumulants developed in that paper. We present here a direct proof of Equation (4.3),
relying on some basic properties of the partial order < on NC(n).

Lemma 4.3. Consider the framework and notations introduced above. For every n € N

and x1,...,T, €V, one has:
K'ELC)(:I"M"'vxn) - (43)
o O B (@ z) Vo) T Bvie((@reza) [ V).
TeNC(n), Verm
<1, V#Vy ()

Proof. For every n € N and z1,...,2, € V, we denote the right-hand side of (4.3) as
An (21, ..., 2,). In this way we define a family of multilinear functionals A = (\,,)22, €
My, and the statement of the lemma amounts to proving that A = (%), In order to obtain
this equality, it suffices to prove that A satisfies the family of equations (3.8) which were
used to define £(¢). That is, we have to verify the family of equalities of the form

Xn(T1,...,x,) = (4.4)
S I svie(@rez) V) I Awi((@wn) [ W).
TENC(n) Ven Wen
V inner W outer
For the remaining part of the proof we fix an n € N and some z1, ...z, € V, for which

we will verify that (4.4) holds.

We start from the sum on the right-hand side of (4.4). Let us fix for the moment a
m € NC(n), and let us focus on the term indexed by 7 in the said sum. This term can
be itself written as a sum, if we take the following steps:

— for every inner block V' of 7, we replace sy ., ((71,...,7,) | V)) as a
sum ), indexed by {py € NC(|V]) : pv has unique outer block}, by
using Lemma 4.2;

— for every outer block W' of 7, we replace A\jw((21,...,2,) | W)) as
a sum ) _y;, indexed by {pw € NC(|W]) : pw has unique outer block},
by using the definition of Ay ;

(4.5)

— we cross-multiply all the sums ), and >, found in the preceding

two steps.
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If one chooses a partition py for every inner block V' € 7 and a partition py for every
outer block W € 7 in the way indicated in (4.5), then putting all these py, py together
results in a partition p € NC(n) such that p < 7, with “<” being the partial order
discussed in Remark 2.6. We leave it as an exercise to the reader to write down the
general term of the summation over {p € NC(n) : p < w} which is produced by the
third step of (4.5), and to conclude that what one gets is the following formula:

I svie(@ e V) T Awi (@, ) | W) (4.6)

Vern Wen
V inner W outer
= Z(il)lp‘ilﬂ H B\V\;f( (xlv"'axn) | V) H ﬂ|W\;K( (xlv-'-axn) ‘ W)
pm Vep Wep
V inner W outer

We now let 7 run in NC(n). Returning to the equality to be proved, Equation (4.4),
we see that its right-hand side (obtained by summing over 7 in (4.6)) is equal to

T
S OS=)e I Bl (s va I Bwia(@1s o zn) [ W).
<
TENC(n) p<L™T Vep Wep
V inner W outer

(4.7)

We must verify that the quantity in (4.7) is equal to xn(z1,...,2,). To this end, we
exchange the order of summation over 7 and p, so that (4.7) becomes:

2 ( 2 o lﬂ) H Bvise (@1, 2n) | V) x

peENC(n) RENC(n),
w>p V inner
x H Blwl;g((xla-u,ﬂ?n) | W). (4.8)
Wep
W outer

It was however noticed in Section 2 that for a fixed p € NC(n) one has:

0  otherwise.
TeNC(n),
TT>p

Therefore the summation in (4.8) reduces to just ZpEIDt(n) [Twe, BIW\;X( (1., 2n) |

W) (where we also took into account that all blocks of an interval partition are outer
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blocks). The latter sum is indeed equal to xn(z1,...,Z,), as required, by the definition
of Boolean cumulants. 0O

Lemma 4.4. Let n > 2 be an integer, let V, be a subset of {1,...,n} such that V, 3 1,n,
and let x1,...,x, be in V. One has:

2 DT Bvie (@) [ V) (4.9)

TeNC(n) such Vem,
that V,em V#V,
= E Mob, ( H <p|v| (T1,...,2n) |V)
pENC(n) such €p
that Vo€p V#V,

Proof. Fix for the moment a partition 7 € NC(n) such that V, € =w. For every
block V' # V, of m, we use the definition of Boolean cumulants in order to express
Bvisp( (w1, .., 2,) | V) as a sum indexed by Int(|V]), and then we cross-multiply the
resulting sums. The reader should have no difficulty to verify that, upon doing this
cross-multiplication, one arrives to the formula

H Byi((z1,....z0) | V) = Z (—1)lel=Il H o((@1,...,3,) | V), (4.10)

Vemr, pCm such Vep,
V#V, that V,€p V#V,

where C is the partial order relation on NC(n) reviewed in Section 2.2.
We now let 7 run in the index set shown on the left-hand side of (4.9). By summing
in Equation (4.10) over this range for m, we find that

> =TT Bvi((anseehan) [V)

TENC(n) such Vem VAV,
that V,em

= Z Z (=1)lel=1 H o((ar,...,an) | V).

TENC(n) such pCw such Ve V#Vo
that V,em that V,€p

By exchanging sums indexed by p and m, we can continue the above with

= Z (—l)lplfl\{ﬂENC'( YipCm} - H <p‘v| al,...,an)|V).

pENC(n) such cp
that V,€p V#V,
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In order to conclude the proof, we are left to verify that for every p € NC(n) such
that V, € p, one has

(=D)IPI=T {7 e NC(n) : p C 7} = Méb,(p, 1,,).
To this end, we invoke Lemma 2.10, which gives us that
{r e NC(n): pCr}|=|{mr € NC(n): 7 < p}|.

It was noticed in Section 2 that the latter cardinality is equal to the product of Catalan
numbers HVEp C)v|-1, and upon multiplying this with (—=1)lPI=1 one arrives indeed to
the required value Mob,,(p,1,). O

Proof of Proposition 4.1. The case when n = 1 is clear (both sides of Equation (4.1) are
equal to x1(z1)). For n > 2, we start from the expression for Hgf)(xl, ..., xy) found in
Lemma 4.3, where we write the sum on the right-hand side of Equation (4.3) as a double

sum of the form

Z Z [term indexed by V, and . (4.11)

VoC{1,....n} 7wENC(n) such
with V,31,n that V,em

Then for every V,, C {1,...,n} such that V, > 1,n we replace the second sum in (4.11)
by using Lemma 4.4. When doing this replacement we arrive to a double sum of the form

Z Z [term indexed by V, and p],

VoC{1,....n} peNC(n) such
with V,31,n that V,€p

and converting the latter double sum into one sum indexed by {p € NC(n) : p < 1,}
leads to the required formula (4.11). O

5. Non-crossing partitions with symmetries, and a variation on c-free cumulant
functionals

The “typical” combinatorial approach to any brand of cumulants goes by identifying
a coherent sequence of lattices of partitions, which are used as index sets for the various
summation formulas describing the cumulants in question. This applies in particular to
the free cumulants and to the Boolean cumulants reviewed in Sections 3.1 and 3.2, where
the relevant lattices of partitions are {NC(n) : n € N} and respectively {Int(n) : n € N}.
The approach with partitions is good because it offers streamlined ideas on how to
proceed — for instance one typically uses (following a method initiated by Rota in the
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Fig. 2. The partition { {1,3, —1, =3}, {2}, {—2}, {4, 5}, {—4, =5} } € NC(B)(5).

1960’s) a notion of “multiplicative functions” on the relevant sequence of lattices, then
one looks for a formula for “cumulants with products as entries”, where an essential
ingredient in the formula is the use of lattice operations (see e.g. Section 3.2 of [13]).

In this section we review the approach to cumulants via partitions in the two extended
frameworks we are considering: c-free cumulants and infinitesimal free cumulants, and
we point out a relevant fact which seems to have been overlooked in the c-free case.

5.1. Lattices of partitions for infinitesimal free cumulants

We first go over the (better understood) case of infinitesimal free cumulants. In order
to approach these cumulants via the study of multiplicative functions on a sequence of
lattices, one uses an “analogue of type B” for the NC(n)’s; this is a family of lattices
denoted as NCP)(n) which were introduced in [17]. In order to depict a partition o €
NCB)(n), one starts by marking on a circle 2n points, labeled as 1,...,nand —1,..., —n
(as exemplified, for n = 5, in Fig. 2 above). Then ¢ must achieve a non-crossing partition
of these 2n points, with the additional symmetry requirement that if U is a block of o
then —U := {—i:4i € U} is a block of o as well.

Note that a block U of a 0 € NC®B)(n) either is such that U = —U, in which
case we say that U is a zero-block of o, or is such that U N (—=U) = . The non-
crossing condition forces every o € NCP)(n) to have at most one zero-block; moreover,
there exists a natural bijection between {¢ € NC®)(n) : o has a zero-block} and
{o € NC®)(n) : ¢ has no zero-block}, which is implemented by a suitable version of
the Kreweras complementation map.

In the papers [3] and then [11] it was pointed out that, when used on the lattices
NCB)(n), the general machinery of Rota leads to the infinitesimal free cumulant func-
tionals k!, : A" — C associated to an I-neps (A, ¢, ¢'). The same considerations apply,
without any changes, to the framework of (V, ¢, g/ ) used in Section 3.3. Since the families
of equations (3.6) and (3.7) shown in Section 3.3 did not, at the face of it, call on the lat-
tices NC'B)(n), it is of relevance to mention here that the double sum “reNCmn) 2ven
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-3 -3

Fig. 3. The partitions {{1,3,—1,—3},{2},{-2},{4,5}, {4, —5}} (left) and {{1,3,—1, -3}, {2}, {—2},
{4,5,—4,—5}} (right) in NC(B—oPP)(5),

appearing in these families of equations comes from processing a single sum indexed by
{0 € NC®B)(n) : o has a zero-block}. For instance, Equation (3.6) corresponds to a
formula which looks like this:

Qoln(mla"',wn) = Z HTZ|/2((xla"'axn) | AbS(Z))X (51)
oeNCP) (n)

with zero—block Z

X H H|U\;£(('T1a"'7m7l) ‘ Abb(U)),

pairs U,—U€o
such that U#(—U)

where Abs : {1,...,n}U{-1,...,—n} — {1,...,n} is the absolute value map sending +:
to i for 1 <4 < n. (For the details of how one passes back-and-forth between Equations
(3.6) and (5.1) we refer the reader to Section 6 of [11].)

5.2. Lattices of partitions for conditionally free cumulants

Now let us look at the c-free framework. In order to approach cumulants via the
study of multiplicative functions on a sequence of lattices, one uses here some lattices
NC(B=opp)(n) which were identified in [8]. The drawing of a o € NCB~PP)(n) starts
by marking on a circle 2n points, labeled as 1,...,n and —n,...,—1 (as exemplified,
for n = 5, in Fig. 3 above). Then ¢ must achieve a non-crossing partition of these
2n points, with the additional symmetry requirement that if U is a block of o then
—U :={—i:i €U} is a block of o as well. Note that the description of how we obtain
our o is strikingly similar to the description at the beginning of Section 5.1 — the only
difference (and the reason for using the name “NCB~9P)(n)”) is that the points with
negative labels —1,..., —n now appear in reverse order as we travel around the circle.
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Similar to how things went for partitions in NC®)(n), a block U of a partition ¢ in
NC(B=PP) () either is such that U = —U, in which case we say that U is a zero-block of
o, or is such that U N (=U) = §. But unlike how things went for NC'®)(n), a partition
o € NCB=oPP)(n) may have multiple zero-blocks (for instance the second partition
shown in Fig. 3 has two such blocks).

In the paper [8] it was shown that, when used on the lattices NCB=%PP)(n), the
general machinery of Rota leads to the identification of a family of cumulants (m(fc) :
A™ — €)%, associated to a C-neps (A, ¢, x), which can be used for describing c-freeness
for subalgebras of A. A puzzling detail appearing at this point is that the functionals nﬁfc)

(),

are not the same as the xy’’s coming from [7], which were reviewed in Section 3.4. The

main goal of the present section is to resolve this puzzle by pointing out a neat direct

(c)s (ce)

connection between the ky’’s and ky '’s, in Proposition 5.4 below. We start towards

that by recording a few elementary observations about the structure of the partitions in
NC(B=opp)(p),

Remark 5.1. Let o be a partition in NC(B=oPP)(n).

(1) If U is a block of o such that Uﬂ{l n}#O#£UN{-1,...,—n}, then U
must be a zero-block. Indeed, let 4,j € {1,. n} be such that i,—j € U If 1 =7, then
1 € UN(=U), which forces U = —U. If i # j, then we look at the four points i, j, —i, —j

drawn around the circle and we observe that if U and —U would be distinct blocks of
o, then there would be crossings between them (e.g. if i < j, then the four points we’re
looking at come in the order 4, j, —j, —¢, with ¢, —j € U and j,—i € —U). So this case,
too, leads to the conclusion that U = —U.

(2) The contrapositive of (1) is that every non-zero-block of ¢ either is contained
in {1,...,n} or is contained in {—1,...,—n}. Thus the non-zero blocks of o come in
pairs U, —U, with one of U,—U contained in {1,...,n} and the other contained in

{-1,...,—n}.

Definition and Remark 5.2. Let 1V be a vector space over C, and consider (analogous
to the considerations of Section 3.4) a triple (V,¢,x) where ¢ = (¢,)72; and x =
(xn)5%, are families of multilinear functionals on V. We will use the name of alternative
c-free cumulants associated to (V, ¢, x) for the family of multilinear functionals k(e =

(K (Cc)) >, which is uniquely determined by the requirement that

Xo(21, ..o, T0) = (5.2)
> I swre(@ .. 2) | U) H Kl ((@1,. @) | 2001, n}),

oc€NC(B=opp)(n)

Ue€o,
UCA{1,...,n} Z=—Z
holding for all n € N and z1,...,z, € V, and where (kp,,)52 are the free cumulants

associated to (V, ¢).
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The fact that £(°® can indeed be defined by using Equation (5.2) is easily seen, in a
similar way to how it was seen that the c-free cumulants x(°) associated to (V, ®,X) are
correctly defined by Equation (3.8) of Section 3.4. In the case at hand, one isolates on
the right-hand side of (5.2) the term ﬁ%cc)(xl, ..., Zp) which is indexed by the partition
o € NCB=orp) with only one block, and then one proceeds by induction.

Before stating the proposition which relates £(°® to k(¢ we record another remark
about NCB=PP)  concerning the natural “absolute value map” Abs : NC(B=oPP)(n) —
NC(n).

Remark and Notation 5.3. Let n be a positive integer, and for every subset U C
{1,...,n}U{=1,...,—n}, let us agree to denote Abs(U) := {|i| : i € U}.

(1) Tt is immediate that if o is a partition in NC(B=°PP)(n) and if Uy, U, are two
blocks of o, then either Abs(U;) = Abs(Uz) or Abs(U;) NAbs(Uz) = (). This implies that
the set of sets

Abs(o) := {Abs(U) : U € 0}

is a partition of {1,...,n}. It is, moreover, easily seen that Abs(c) must belong to
NC(n). Indeed, for any two distinct blocks Vi, V5 of Abs(o) it is possible to pick two
distinct blocks Uy, Us of o such that V3 C Uy and V5 C Us; so a crossing between V7 and
V5 would entail a crossing between U; and Us, which is not possible.

(2) Let o be in NC(B=°PP)(n) and consider the partition 7 = Abs(o) € NC(n).
We note that if Z is a zero-block of o, then W := Abs(Z) has to be an outer block of
. Indeed, if W was to be nested inside some other block V' of 7, then upon writing
V = Abs(U) for some U € o one would immediately find crossings between Z and U,
which is not possible.

(3) Parts (1) and (2) of this remark provide us with a map

PR (Abs(cr), (Abs(Z): Z€o, Z = fZ}) (5.3)

going from NCB=PP)(n) to the set {(,S) : m € NC(n), S C Out(n)}, where we used
the notation Out(rw) for the set of all outer blocks of a partition 7 € NC(n). We leave
it as an exercise to the reader to check that the map (5.3) is a bijection, with inverse
described as follows: given m € NC(n) and a set S (possibly empty) of outer blocks of
T, we put

c={WU(W):WeStu{V:Ver\StU{-V:Venr\S}
(where 7\ S denotes the set of blocks of 7 not taken in S).

Proposition 5.4. Let V be a vector space over C, and consider a triple (V, @, x) where

0= (pn)22; and x = ()32 are in My. Let k(@) = (/gﬁf))zo:l be the c-free cumulants
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associated to (V,p,x) as in Section 3./, and let ) = (k (Cc)) >, be the alternative
c-free cumulants considered in Definition 5.2. One has

Klgfc) = /{SLC) — Knyps M €N, (54)
where (Fn,p)nzy are the free cumulants associated to (V, ).

Proof. The bijection observed in Remark 5.3(3) can be used as a change of variable in
the Equation (5.2) defining £(°®), which then takes the form:

X’I’L(J;l)'-'vwn) = (55)

Z Z H Ky (@1, HK‘W‘ (1, .y xpn) | W),

TENC(n) SCOut(x) Ven\S wes

holding for all n € N and z1,...,z, € V. It is immediate that if on the right-hand side
of (5.5) we fix a m € NC(n) and we only perform the sum over S C Out(7), what results
is the product

H K@, xn) | V) H (Fw (@1, zn) | W) +I€‘(;5)‘((.%'1,...,(En) | W)).

vVen Wen

V inner W outer
(5.6)

(cc

For every n € N let us put A, = ric® + Knip, and let A := (A,)52; € My. Upon
replacing (5.6) inside the right—hand side of Equation (5.5), we find that

Xn (15, Tn) = (5.7)
Z H ”IV\;g((xl’“ yxn) | V) H Aw (@1, .. 2) | W),
TeNC(n) Ver en
V inner W outer

holding for every n € N and z1,...,x, € V. We have thus obtained that ) satisfies the
family of equations (3.8) which were used to define £(°). It follows that A\ = (°), which
concludes the proof. O

Remark 5.5. (1) Let (A, ¢, x) be a C-ncps, and let Ay, ..., A; be unital subalgebras of

A. Proposition 5.4 explalns in a rather neat way why the functionals HSL ) can indeed

be used in the description of c-free independence, in a similar way to how the m%c) are
used. Indeed, in the presence of the background condition that Aj,..., A are freely
independent with respect to ¢ (which imposes the vanishing of the mixed free cumulants
with respect to @), Proposition 5.4 assures us that the vanishing of mixed cumulants

,(fc) is equivalent to the one of mixed cumulants /@'5{:).
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(2) £ is useful because it can be related to the lattice operations on NC(B=PP) ().
This allows, for instance, a nicely streamlined treatment of the formula for cumulants
with products as entries (as shown in Theorem 2.6 of [8]).

(3) The formula (5.2) which was used for introducing £(°? in Definition 5.2 can be
re-written in a way which only uses partitions with zero-blocks on the right-hand side.
Indeed, it is immediate that the sub-sum over {¢ € NCB=°PP)(n) : o has no zero-blocks}
on the right-hand side of (5.2) simply gives ¢, (x1, ..., 2z,). With this observation, Equa-
tion (5.2) can be put in the form

(Xn = @n) (@1, ..., T0) = 3 [T sl am) [ Abs(2)x  (5.8)

ceNC(E—oPP)(n)  Zeg,
with zero—blocks Z=—Z

X H K‘Uhf( (.%‘17...,.17”) | AbS(Uv))7

pairs U,—U€Eo,
such that U#—-U

this is strikingly similar to the formula (5.1) which was reviewed in Section 5.1 in the
framework of infinitesimal free cumulants.

The apparent resemblance between Equations (5.1) and (5.8) is, in some sense, a man-
ifestation of the resemblance between the two types of pictures shown in Figs. 2 and 3, for
partitions in NC(®)(n) and in NCB~°PP)(n). We should point out here the intriguing
additional detail that the lattices NC'(B)(n) and NC(B~°PP)(n) have the same cardinal-
ity — they are both counted by the binomial coefficient 2n-choose-n. Tantalizing as this
may be, we are not aware of any result that would relate c-free independence to infinites-
imal free independence via a direct connection between NC(5)(n) and NCB~oPP)(n);
an example of a rather natural bijection NC(5)(n) — NC(B=PP)(n), based on systems
of parentheses, was explained to one of us by Vic Reiner [18], but that does not seem to
convert well into considerations on non-commutative random variables.

6. Proof of Theorem 1.7

Notation 6.1. (Framework of the section.)

Throughout this section we fix a vector space V over C and two families of multilinear
functionals ¢, x € My, where p = (pn)p2; and x = (Xn)nZi, as in Notation 1.5. We
assume that ¢ is tracial, in the sense indicated in that same notation. We also fix a
linear map A : V — V ® V, and we consider the transformation A* : My, — My
constructed from A in the way described in Notation 1.6. We then put ¢’ := A* éx ,

where éx = (Bux)nz1 € My is the family of Boolean cumulants of x. Our goal for the

section is to prove the equality claimed in Theorem 1.7:

K',/ — A*(ﬁ(c) )’
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where £ = (k)52 € My are the infinitesimal free cumulants associated to (V, ¢, ¢'),

while £(©) = (k 2‘3))” 1 are the c-free cumulants associated to (V, ¢, x). In view of how
A* is defined, proving the latter equality amounts to proving that for every n € N one
has

n= Z "95121 ol o Aglm)» (6.1)

with Typ @ VOOHD P8O ang AT . pon PO+l a9 in (1) and (2) of

(e )1 are treated as linear functionals on V®"

Notation 1.6. In Equation (6.1), !, and
and respectively V®(**1) (rather than multilinear functionals on V" and V" +1).
In order to handle the left-hand side of Equation (6.1), it is convenient to introduce

the following notation.

Notation 6.2. (1) For every n € N and m € {1,...,n}, we denote

’71(1m) = ﬁnJrl ix © Fn+1 © A(m (62)
We will view %(Lm), as needed, either as a linear functional Y®"* — C or as a multilinear
functional V" — C.
(2) For every n € N, m € {1,...,n} and # € NC(n) we will denote by 77(:”) the
multilinear functional V" — C defined as follows:

A (g1, .. xy) = ’yl(‘r/zl((xh @) [ Vo) - H ez, 20) | V), (63)

Ven

V£V,

where V,, denotes the block of m which contains the number m, and r denotes the “rank
of m inside V,” — that is, upon writing V,, = {i1,...,4p} with 44 < --- < i}, one has
m = 1.

[Note that part (2) of this notation is an extension of part (1), since ~{™ may be

retrieved as 7\™ for = 1,, € NC(n).]

Lemma 6.3. For every n € N, one has

K=y ZMob (7, 1) 7™, (6.4)

TENC(n) m=1

Proof. We start from the formula (3.7) which defines &/, (21, ...,2,), and on the right-
hand side of that formula we replace the quantity %Vol ((z1,...,2y) | Vo) by using the
definition of @TVDI’ which is
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[Vol

r A _ J ()
vyl = Bty © Aiva = D Bivalin © Ty, 1y © A
j=1

It is convenient to re-write the latter sum in the equivalent form

r(m) (r(m))
Z BIVO\H;X © F\VO\H;K °© A|Vo\ ) (6.5)
meV,

where r(m) indicates the rank of m within the block V, (as indicated in Notation 6.2(2)).
Upon substituting (6.5) in (3.7), one arrives to an equation of the form

K (Z1y .y Tp) = Z Z Z Méby, (7, 1,,) - term(7, V,,, m), (6.6)

TENC(n) Vo€m meV,

and the reader should have no difficulty to verify that the quantity “term(w,V,, m)”

appearing in (6.6) is nothing but the 77(Tm) (z1,...,2y) from Notation 6.2(2). Finally, the

double sum Y7, . 37 1. in (6.6) can be re-written as a plain sum Y77, which leads
to the formula (6.4) stated in the lemma. O

We next introduce a notation which captures the multilinear functionals used for the
description of c-free cumulants in Proposition 4.1.

Notation 6.4. For n € N and 7 € NC(n) such that 7 < 1,, we define n, : V* — C by

nﬂ(mla"-axn) :B|WO|;X(<$17"'7$H)|WO>' H SD\V|((:I;177$’I’L)|V)7
Vemr,
V#AW,

where W, is the block of 7w which contains the numbers 1 and n.

Lemma 6.5. For every n € N, the right-hand side of Equation (6.1) can be written as

ST Mébu(p,Lnsr) 1, 0 TSP 0 AL (6.7)
pENC(n+1), ™
p<Llnt1

Proof. Proposition 4.1 tells us that

K;cj-l = Z Mébn(pv 1n—i—l) To-
pPENC(n+1),
p<Llny1

Substituting this on the right-hand side of Equation (6.1) leads to (6.7). O
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Returning to the formula (6.1) that needs to be proved: we now have both its sides
expressed as sums, in Lemmas 6.3 and 6.5. Our proof of (6.1) will go by showing that
the sums appearing in the two said lemmas can be identified term by term. In order to
do the identification of the indexing sets, we will use the bijection described as follows.

Remark and Notation 6.6. Let n € N and m € {1,...,n} be given. We consider the
natural bijections

mand m+1
{peNC(n+1):p<lyy1} =< peENC(n+1)| belong to the »—NC(n), (6.8)
same block of p

where:

— The first map in (6.8) does a forward cyclic translation by m; that is, this map sends
ptop=Am(V):V €p}, with 7,,,(k) =m+kmod(n+1), 1 <k<n+1.

— The second map in (6.8) merges together the numbers m and m + 1 in the block of
p which contains them.

We will use the notation

E™ {pe NC(n+1):p< 1y} — NC(n)

for the bijection obtained by composing the two maps from (6.8).
It is useful to observe that for every p € NC(n + 1) such that p < 1,41, one has

Mbb, (F{™(p), 1,) = M&bpt1(p, Lysr)- (6.9)

Indeed, if we follow the arrows p — p — m = F\™ (p) in (6.8), one first has that
Mo6by11(p, 1ng1) = Moby,41(p, 1n41), because the cyclic translation by m gives an auto-
morphism of NC(n+1) which preserves the values of the Mébius function. Then one has
the equality M6b,,1(p, 1,41) = Moby, (7, 1,,), which is seen by writing the explicit for-
mulas of M6b,,+1(p, 1n+1) and of Méb,,(7,1,,) (as in Remark 2.4), and by observing that
the block structure of K,,11(p) only differs from the one of K, (7) by a singleton-block
at m.

Lemma 6.7. Let n € N and m € {1,...,n} be given. Let us also fix a partition p €
NC(n+1) such that p < 1p41, and let us denote 7 := F,gm)(p) € NC(n). We then have

%(rm) =m0l 0 A’slm) (6.10)
(equality of multilinear functionals on V™).

Proof. The verification of Equation (6.10) is done by a mere unfolding of the definitions
of the functionals indicated on the two sides of the equation. As this unfolding only
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i

Fig. 4. (a) The partition p < 110 used for illustration in this proof. (b) The cyclic permutation p of p by
m = 3. (c) The partition 7 = F9(3)(p) € NC(9).

()

presents difficulties of notational nature, we believe it is more beneficial to the reader if
we show it on a suitable concrete example which captures the relevant features of what is
going on. At the end of the proof we will elaborate on why the details of the verification
are in fact general, rather than being specific to the example shown.

The concrete example we pick for illustration has

n=9,m=3,p={{1,4,9,10}, {2,3}, {5,6,8}, {7} } € NC(10).
Fig. 4 above depicts the partition p, the partition
7 =F(p) = {{1,7,8}, {2,3,6}, {4,5}, {9} } € NC(9),

and also the partition p € NC(10) which is used as an intermediate between p and 7 in
Notation 6.6.

Given a tuple (z1,...,2,) € V", the processing of either side of Equation (6.10) will
require the explicit writing of A(z,,) € ¥V ® V. We will denote

A(xm) = Z Yn & zp.
h=1

In the concrete example used for illustration (with n =9, m = 3), the block of = which
contains m is V, = {2,3,6}, and the rank of m in V, is r = 2; hence the evaluation of
the left-hand side of Equation (6.10) starts with

(3)

T 2

(T1,...,29) =73 (m2,x3,T6) - 3(x1, T7, Tg) P2 (T4, T5)p1(x9), (6.11)

where we then replace

’y:gz)(xg, 3, 26) = (Ba;y © o Agz))(l’g ® x3 ® xg) (cf. Notation 6.2(1))
= (Bay 0 T7) (w2 @ A(23) ® w)

= Z 54;X(F421(932 Ry ® zp ® xﬁ))
h=1
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s S
= Bz @6 @2 @yn) = > Bary(2n, 26, T2, Yn)
h=1 h=1

(with B4, interchangeably viewed as a linear functional on V&4 or as a multilinear
functional on V*). Hence the evaluation started in (6.11) comes to

S

('rla v ,339) = Z ﬁ4;&(zha L6, L2, yh) ! @3(3:17 XL,y 2138)@2(1»'47 JC5)Q01(1'9). (612)
h=1

7

Moving now to the corresponding evaluation on the right-hand side of Equation (6.10),
we have

(npo F?o o Agg))(xh ooy mg) = (1,0 Fi’o)(»’fl RrrRA(13) T4 ® - @ x9)

S
— Z”p(lﬁo(m & T2 ®yh®zh®x4®...®x9))
h=1

S S
= an(zh ®Ta® QT @T1 ®T2 B Yp) = an(Zh,m,-~-7$97$17$27yh)-
h=1 h=1

In the latter expression, we use the definition of 7, from Notation 6.4; when doing so, it
is instructive to re-draw the picture of p from Fig. 4, with the labels 1,2,...,10 being
replaced by labels “zp, x4, ..., 22, yn":

Rh L4 X5 T L7 TR L9 L1 T2 Yh

The result of the evaluation for the right-hand side of Equation (6.10) then comes to

(n, o T3 0 A (a1, .., 2g) (6.13)

S

= Bux(2h: 06, 2, 1) - 2(24, 05)@3(w7, 5, 21 )1 (9).-
h=1

The expression obtained on the right-hand side of Equation (6.13) coincides with the
one on the right-hand side of Equation (6.12), modulo the detail that the arguments
x1, %7, xg were cyclically rotated in (6.13) (which doesn’t change, however, the value of
@3(z1,27,8), due to the hypothesis that ¢ is tracial). This completes the verification
of Equation (6.10) in the concrete example picked for illustration.

We conclude our argument with a discussion about what is the general structure of
the expressions encountered in (6.12) and (6.13), and what were the relations between
the block structure of m and of p which produced the equality between these expressions.
We hope that, upon examination, the reader will agree that this discussion is not specific
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to the special example considered above for illustration, but can be made whenever we
consider partitions p € NC(n + 1) and # = £ (p) € NC(n) as described in the
statement of the lemma.

— We first note that the processing of either side of Equation (6.10) leads to an
expression which is a sum of products. The number s of terms in the sum is picked from
an explicit writing of A(x,,), and every term has one factor which is a Boolean cumulant
of x, multiplied by several factors which are moments of ¢.

— The factors which are Boolean cumulants of x are found by looking at the block
Vo = {i1 < --- <ip} of m which contains the number m and, on the other hand, at the
unique outer block W, of p. The sets V,, and W, are related: one obtains V, out of W, via
a cyclic rotation by m followed by merging of m with m+1, as explained in Notation 6.6.
Both the processing using V, in (6.12) and the one using W, in (6.13) involve the same
Boolean cumulants, which are* of the form

/Berl;X(Zh,xir_*_l, ey Ty Ty Ty, Yn), With T <h <s.

— The factors which are moments of ¢ are found by looking at blocks V' # V,, of 7 (for
(6.12)) and at blocks W # W, of p (fo; (6.13)). One has a natural bijective correspon-
dence between such V’s and W’s, where every V is obtained from the corresponding W
by a cyclic permutation followed by suitable relabeling. (For instance, in the example
of Fig. 4: the block W = {2,3} of p is cyclically permuted to {5,6} and then relabeled
to become the block V' = {4,5} of 7.) For a V and W that correspond to each other:
the definitions of the functionals 77(rm) and 7, are made in such a way that the choice
of components selected out of a tuple (x1,...,z,) € V" is the same when we look at V
in (6.12) and when we look at W in (6.13), modulo a possible cyclic permutation of the
arguments. This possible cyclic permutation of the arguments is, however, taken care by
the hypothesis that ¢ is tracial. O

6.8. Conclusion of the proof of Theorem 1.7. In view of Lemmas 6.3 and 6.5, we are left
to show that, for every n € N, one has

SN Mobu(m, 17 = Y ST Mébuia(p, Luga) mp o T 0 AG,
mENC(n) m=1 pENC(nt1), ™!
p<LLnt1
(6.14)

And indeed, for any fixed n € N and m € {1,...,n} we see that

4 It is fortunate that for these factors we don’t need to do any kind of permutation in the arguments of
the Boolean cumulants that appear. Indeed, Boolean cumulants are not invariant under cyclic permutations
of variables — so even if we required x to be tracial, this feature would not be passed onto éx'
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.. (m) _ .. (m) (m)
> Mobn(m L)y = Y Moba(F™(0),1n) v,
TeENC(n) pENC(n+1),
p<Llny1

(via the change of summation variable “m = £ (p)”, based on Remark 6.6), which can
be continued with

= Z Mo6by,41(ps Ing1) 1p © Fgﬁ)l o Aglm)
pENC(n+1),
pLlnt1

(by Lemma 6.7 and the equality of Mobius functions observed in (6.9)). Summing over
m € {1,...,n} in the latter equalities leads to (6.14). O

7. Proof of Theorem 1.4

In this section we re-connect with the framework of Section 1.2 of the Introduction,
and we explain how Theorem 1.4 is a consequence of Theorem 1.7.

Notation 7.1. We fix throughout the section a positive integer k. We put V := C*, we
fix a basis e, ..., ex of V, and we consider the linear map A : YV — V ® V determined by
the requirement that

A(ei):ei®ei7 1< <k. (71)

We then consider the space 91y, of families of multilinear functionals defined as in No-
tation 1.5, and the transformation A* : 9, — My, constructed by starting from A in
the way shown in Notation 1.6. It is immediate that, in the special case considered here,
A* acts as follows: given ¢ = (pn)pZ; € My, one has A*(p) = ¢ = (Yn)ply, With ¥,

determined via the requirement that for every iq,...4, € {1,...,k} one has
n
1/},1(61-1, e ,ein) = Z (,On+1(€im, B A PR EEE) Clm) (72)
m=1

Remark and Notation 7.2. In the present section, the notations for families of cumulants
from Section 3 get to be used in two distinct ways. On the one hand, we can consider
families of functionals p, x, f’ € 9My,; in connection to such families we can define the four
brands of cumulants discussed in Section 3, which will be denoted here with appropriate
indices such as
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K, = (Ko Jmz1, for the free cumulants of
x)nz

K
B, = (Bn;

1, for the Boolean cumulants of x;

= (fiff,)(w " )1, for the c-free cumulants of ¢ and x;

() )1, for the infinitesimal free cumulants of  and ¢'.

s
16
I
h
=N
2

On the other hand, we can consider linear functionals u, v, u’ on the algebra of non-
commutative polynomials C(X7y,...,Xy), with p(1) = v(1) = 1 and p/(1) = 0. In
connection to such functionals: since C(Xj,..., X}) is a unital algebra (where a linear
functional naturally induces multilinear functionals on all the powers C(Xjy,..., Xx)™)
we can also define families of cumulants, with notations such as

£, = (Kny Jnzq, for the free cumulants of y;
B = (Bnyw )iy, for the Boolean cumulants of v;
(c) (e) (7:4)
By = (K ne () )2 4, for the c-free cumulants of p and v;
ﬁl(wl,) =(k ;;(“’# " )2 ,, for the infinitesimal free cumulants of p and p’.

One has an obvious connection between the families of cumulants listed in (7.3) and
n (7.4), as recorded in the next lemma.

Lemma 7.3. Let p,v, 1’ : C(X1,...,X) = C be linear functionals with u(1) =v(1) =1
and p/(1) = 0. Consider the families of functionals ¢, x and ¢" in My defined via the
requirement that for everyn € N and iy,...,i, € {1,...,k} we have

Qon(eila""ein) :M(Xllen)v
Xn(€iys.-vei) =v(X;, - X)), and (7.5)
OnlCiyseeenei,) = (X Xi,).

Then, for every n € N and iy,...,i, € {1,...,k}, we have the following equalities of

cumulants:
(1) mnm(Xil,...,Xin):/in;f(ein...,ei").
(2) Brw (Xiys -+, Xi,) = By (€iyy- -5 €0,)-
(3) Ky (X, Xi,) = <f>m)(eh,.. Jei ).
(4) K., uu)(Xil"' , Xi,) = )(@(P)(eh,...,ei").

Proof. This is because, in each of the equations listed in the conclusion of the lemma,
the same moment-cumulant formulas are used on both sides of the equation. 0O

Lemma 7.4. Consider the framework and notations of Lemma 7.3. Suppose we have p' =
U (v), in the sense of Definition 1.1. Then it follows that ©' = A*(éx), with A* as

reviewed in Notation 7.1.
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Proof. Let A*(@X) =1 = (Yn)pZ,. For every n € N and i1,...,4, € {1,...,k} we

write
n
UVn(€iyy.-r€,) = Z Brt1:x(€ipys -5 €y €iys - ooy €4,,) (by Equation (7.2))
m=

= Borrw(Xi,,.. ., Xi,, Xy, .., Xi,,) (by Lemma 7.3(2))

= (X;, -+ X;,) (by Equation (1.6) in Definition 1.1)
= ¢! (ei,---,¢ei,) (by the definition of ¢/, in Eqn. (7.5)).

By multilinearity, it follows that v, = ¢/, for all n € N. Hence ¢’ =4 = A*(éx). O
7.5. Proof of Theorem 1.4. Recall that we have the following data: k is a positive integer,
p, v are in Dag(k), and we let p' := Uy(v) € Dy, (k). We assume p to be tracial. We
have to prove that the infinitesimal free cumulants of (u, ') are related to the c-free
cumulants of (u,v) by the formula

~ (@)
H;G(MH/)(X“"" Zﬂn+1 #U) 1m7"'7XinﬂXi1ﬂ"‘7Xim)ﬂ

m=1

holding for every n € N and 41,...,4i, € {1,...,k}.
Consider the families of functionals ¢, x, ¢’ € 9y defined as in Lemma 7.3. Note that

the hypothesis of y being tracial immediately implies that ¢ is tracial as well. On the
other hand, Lemma 7.4 gives us the fact that ¢’ = A*(ﬂ ). Theorem 1.7 then applies

to @, X, ¢, which leads to a formula relating the mﬁmtesunal free cumulants k,,.
(e)

(')

to the c-free cumulants x,, . We are only left to write that, for every n € N and

ni(2:x)
11,500 €{1,...,k}:
By Kins -5 X)) = B (€irs -5 €3,) (by Lemma 7.3(4))
= Z ngfll;(%x)(eim, ces€iy€ipy .6 ) (by Theorem 1.7)
m=1 T
= E»ELCJ)rl;(qu) (Xim,’ . ;Xin,Xil e 7Xim)7

where at the latter equality we used Lemma 7.3(3). O
8. c-free and infinitesimally free products and additive convolutions

In this section we continue with the framework of algebraic distributions in D, (k) and

D/

alg(K), and with the various families of cumulants associated to such distributions, with
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notations as in (7.4) of the preceding section. We will review the variations of the notions
of free product and free additive convolution that are relevant for the present paper,
and we will show how Theorems 1.2 and 1.3 follow from the formula about cumulants
obtained in Theorem 1.4. Since the latter formula only addresses cumulants for tuples of

the special form (X; X, ) (rather than covering cumulants for tuples (Pi,..., Py,)

(R

with general Py,..., P, € C(Xy,..., X)) it is useful to start by recording the following
lemma.

Lemma 8.1. Let k be a positive integer.

(1) Let p, po be in Dag(k), and suppose that the free cumulant functionals of s
agree with those of pa on all tuples {(X;y,...,X;,) :n € N1 <iy,...,i, < k}. Then
[ = pra.

(2) Let p,v1,vo be in Dag(k), and suppose that the c-free cumulants of (p,11) agree
with those of (p,v2) on all tuples {(X;y,...,X;,) :n € N1 <iy,...,i, < k}. Then
v = vs.

(3) Let p € Dag(k) and py, uy € Dy (k), and suppose the infinitesimal free cumu-
lants of (u, py) agree with those of (u,uh) on all tuples {(X;,,...,X;,) :n € N,1 <
i1,y in < k}. Then py = pb.

Proof. Each of the three parts of the lemma follows by an immediate application of
the suitable moment-cumulant formula. For instance: in the case of statement (3), the
formula (3.6) used in the definition of infinitesimal free cumulants gives us that both
(X, -+ X,,) and ph (X5, - - X;,,) are equal to

Z Z“IV\ Xiys oo Xi,) | Vo) - H Ky (Xiyy -0 X)) [ V),

TeENC(n) Voem Venr

V#V,

) | Vo) is the com-
mon value of the infinitesimal free cumulants of (u,u)) and (p,ph) on the tuple
(Xiy,---,Xi,) | Vo. Thus g} and pf agree on all monomials X;, ---X; with n € N

in

where the ks are free cumulant of p, while “TVO|((XZ'1""

in

and 41,...,i, € {1,...,k}, and it follows that p} = pb, as required. O
8.1. Free product operations and the proof of Theorem 1.3

In this subsection we review the necessary extensions of the notion of free product of
distributions, and we show how Theorem 1.3 follows from Theorem 1.4.

For our purposes, it is most convenient to treat all versions of free products in terms of
cumulants. This starts with the standard free product operation, as described for instance
in Lecture 6 of [15]. Indeed, the free product ;o of two distributions p1 € Daig(k) and
2 € Daig(£) (for some k, £ € N) can be identified as the distribution g € Dy (k+¢) which
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is uniquely determined by the requirement that its free cumulants fulfill the following

condition: for every n € N and y,...,i, € {1,...,k + £}, one has
ﬁn;ul(XiN"'?Xin)’ 1f21,,zn§k
K/n;ﬁ.(Xil7'-'7Xi") = Kn;uz(Xil—ka-~-aXin—k)a ifk}<i1,...,in <k+/ (81)
0, otherwise.

For the proof of the fact that & := p; % o satisfies the conditions (8.1), we refer to
Lecture 11 of [15]. The uniqueness of a distribution which satisfies (8.1) follows directly
from Lemma 8.1(1). Let us also note here that when the formulas connecting moments
to free cumulants are used in conjunction to Equation (8.1), it follows in particular that

M1 x 2 |(C<Xla"'an>:,U'1a (82)

and also that py * o | C(Xgk41,. .., Xkte) is obtained from ug via the relabeling X; —
Xiti, 1 <i <UL

The versions of free product operations used for c-free and for infinitesimal free inde-
pendence can be identified by using the same blueprint as above. More precisely, we can
proceed as follows.

Proposition and Definition 8.2. Let k, ¢ be positive integers.

(1) Let p1,v1 € Dag(k) and po,va € Dag(f). We denote i := p11 % pia € Dag(k + £).
There ezists a distribution v € Dayg(k + £), uniquely determined, such that the c-free
cumulants of (@, V) fulfill the following condition: for every n € N and iy,...,i, €
{1,...,k+ (£}, one has

© K%C;;(MI,UI)(Xﬁ?“"Xin)’ ifi17...,in < k
’in;(ﬁﬂj)(XiN"'?Xin) = Kn;(uz,l/z)(Xilfk""’Xin*k)’ ifk <iy,...,inp <k+4¢
0, otherwise.

(8.3)

The couple (1, V) is called the c-free product of the couples (u1,v1) and (us2,v2); we will
use for it the notation

(1, 7) = (1, 1) *e (p2, v2). (8.4)
(2) Let pu1 € Daig(k), 1 € Dyyu(k) and pg € Darg(l), sy € Dy (¢). We denote fi :=
1 * pi2 € Daig(k + £). There exists a distribution ji” € Dy, (k + £), uniquely determined,

such that the infinitesimal free cumulants of (i, ') fulfill the following condition: for
everyn € N and i1, ...,i, € {1,...,k + £}, one has
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/ Hlﬂ;(uhu'l)(Xil""’Xi"), Zfll,,%ngk
Hn;(ﬂ’ﬁ/)(Xilw-inn): K“fn;(uz,ué)(Xil_k""’Xin_k)’ ifk<iy,...,in <k+/
0, otherwise.
(8.5)

The couple (@, ') is called the infinitesimal free product of the couples (u1,u}) and
(12, 1h); we will use for it the notation

(1, 1) = (pay 1) *B (p2, 1) (8.6)

Proof. (1) The existence of ¥ is a special case of the general result about free product
of C-ncps spaces proved in [7]. Uniqueness follows from Lemma 8.1(2).

(2) The existence of fi’ is a special case of the general construction of a free product
of T-ncps spaces which is e.g. discussed in Section 2 of [11]. Uniqueness follows from
Lemma 8.1(3). O

Remark 8.3. (1) Analogously to what we had for uy * p2 in Equation (8.2), the cumulant
relations stated in Proposition 8.2(1) imply in particular that v | C(Xy,..., X)) =
vy, and those from Proposition 8.2(2) imply that @' | C(Xy,...,X,) = pj. Similar
relations (modulo relabeling of X3,..., Xy as Xg41,..., Xk4¢) hold in connection to the
restrictions of 7 and i’ to C{Xy11,..., Xgte)-

(2) In Proposition 8.2 it was sufficient to prescribe how the cumulant functionals
(e)
n;(1,v) "
general tuples (Pp,...,P,) € ((C(Xl, e Xk>> could also be explicitly described, if

K and H/n,(ﬁ jir) act on tuples (X;,,...,X;,). The action of these functionals on

needed, by reducing (via multilinearity) to the case when Py, ..., P, are monomials, and
then by invoking the suitable formulas for cumulants with products as entries. In order
to get the latter formulas for functionals I{glc;)(ﬁﬁ) one can combine Theorem 2.6 of [8]
with Proposition 5.4 of the present paper, while for functionals s/, (v One can use

Propositions 3.15 and 4.3 from [11].

8.4. Proof of Theorem 1.3. Recall that we have the following data: k,{ are positive
integers and we are given distributions pi,v1 € Dag(k), p2,v2 € Dalg(é), such that
11, o are tracial. We consider the free products

(1. 1) %e (12, v2) = (7.7) € Dasglk + £) x Dasg(k +£), and (8.7)
(11, 0 (1)) %3 (2, Wol2)) = (7, ') € Dugglb +0) x Diyy(k+0), (8.8)

where the common [ appearing in (8.7) and (8.8) is the free product p * p2. We have
to prove that ¥y4,(v) = . In view of Lemma 8.1(3), it will suffice to verify that the
equality

K;’L;(ﬁ7\I’k+g(l7))(Xil yee 7Xin) = H”n;(ﬁ,ﬁ’)(Xil’ e ,Xin) (89)



338 M. Février et al. / Advances in Applied Mathematics 110 (2019) 299-341

holds for alln € N and 1 <iq,...,4, <k + L.
For the verification of (8.9) we distinguish three cases:
Case 1. All of iy,...,i, are in {1,... k}.
Case 2. All of iy, ... i, arein {k+1,...,k+ £}
Case 3. We are not in Case 1 or Case 2.
In Case 1, the needed verification goes as follows:

B Wppe (7)) (Kias -+ > Xi,)

3

— K(C) . (X

13 (,7) ooy Xi, Xiyy .-, Xi,,)  (by Theorem 1.4)

T )

m=1

<
3

) .
n+1;(m7y1)(sz e

K  Xi, s Xiyy -5 X;,,) (by Proposition 8.2(1))
m=1

= oy p (v0)) (Xins -+ X)) (by Theorem 1.4)
= K;;(ﬁ,ﬁ’)(XiU ey in)7

where at the latter equality we invoke Proposition 8.2(2) in connection to how (f, it’) is
defined in (8.8).

The verifications of Cases 2 and 3 are analogous, where in Case 2 we must at some
point shift the indices to i; — k, ... i, —k € {1,..., £}, while in Case 3 both sides of the
required equality (8.9) come out as equal to 0. O

We note that, when expressing the content of Theorem 1.3 directly in terms of the
notions of c-free and infinitesimally free independence, one gets the following statement.

Corollary 8.5. Let k,f be positive integers, consider the algebra of polynomials A =
C(X1,...,Xkre) and its subalgebras

./41 - (C<X1,...,Xk>, .AQ - (C<Xk,+]_,. .. ,Xk+g>.

Let 1,V be in Dag(k + () and let ' = Vi o(V) € Dy (k + £). If the subalgebras Ay
and Az are c-freely independent in the C-ncps (A, [, V), then it follows that they are
infinitesimally free independent in the I-ncps (A, i, ii').

Proof. Let p1,v1 € Dag(k) be the restrictions of 1,7 to Aj, and let po, s € Dy (€) be
obtained from the restrictions of jz, 7 to As by the natural shift of indices (for instance
(X, - Xs,) = W(Xiy4k - Xi,+x) for every n € N and 1 < iq,...,4, < ¢). The
hypothesis that 4; and As are c-freely independent in the C-ncps (A, i, V) amounts
to the fact that (iz,7) = (p1,v1) *e (2,v2). But then Theorem 1.3 tells us that
(11, Ur(v1))*B (p2, Ue(r2)) = (11, '), and the latter equation converts into the conclusion
about the infinitesimal free independence of A and Ay in the I-neps (A, i, 17’). O
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8.2. Operations of free additive convolution and the proof of Theorem 1.2

For every k € N one has an operation B of free additive convolution on D, (k),
which reflects the operation of adding two freely independent k-tuples of elements in a
noncommutative probability space. When going to free cumulants, the definition of H
takes the form of a “linearization” property: for pi, pto € Dag(k), one has

Bnspn Bue = Knjuy T s (8.10)

(equality of multilinear functionals on C(X7,..., Xx)"), holding for every n € N — see
e.g. Lecture 16 in [15]. In a context, such as the one of the present paper, where cumulants
are the primary object of the discussion, the linearization property from Equation (8.10)
can in fact be used in order to define the operation H. The extensions of H to c-free and
to infinitesimal free probability can be approached in the same way, as indicated next.

Proposition and Definition 8.6. Let k be a positive integer.

(1) Let p1, po,v1,v2 be in Dag(k). We denote pq B o =: pt € Daig(k). There exists a
distribution v € Dag(k), uniquely determined, such that for everyn € N and i1,...,i, €
{1,...,k} one has

KZ(C) (Xl

ni ()

X)) =69 (X LX)+ (XL X)) (8.11)

n;(p1,v1) n;(p2,v2)

The couple (u,v) is called the c-free additive convolution of the couples (u1,v1) and
(12, v2); we will use for it the notation

(s v) = (p1,v1) Be (2, v2). (8.12)
(2) Let p1, p2 be in Dag(k) and let pypy be in Dy, (k). We denote g B ps =: i €
Daig(k). There exists a distribution p' € Dglg(k), uniquely determined, such that for

everyn € N and i1,...,i, € {1,...,k} one has

/ / !/
H”;(H:H/)(X’h’ PN )Xin> = K,n;(ul’u/l)(Xil, N ,Xin) + K/n;(

oy (Xirse o Xo). (8.13)

The couple (u, ') is called the infinitesimally free additive convolution of the couples
(1, ph) and (p2, ph); we will use for it the notation

(1) = (1, ) By (p2, ). (8.14)

Proof. The existence statement in both (1) and (2) of this proposition follow, by a
standard argument, from the corresponding parts of Proposition 8.2. (For instance in part
(1), one considers the free product (&, V) = (11, v1) *c (2, 2) € Daig(2k) X Daig(2k), and
defines v via the prescription that v(X;, -+ X;,) = v((Xi, + Xiy ) - (Xip, + Xin1x) )
forallm € Nand 1 <i4y,...,4, < k.) The uniqueness statements concerning the required
v and y' follow from parts (2) and respectively (3) of Lemma 8.1. O
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8.7. Proof of Theorem 1.2. Recall that we have the following data: k is a positive integer
and p1, v, o, Vo are in Dalg(k), with p;, po tracial. We denote

(11,01) Be (2, v2) = (1,) € Dung(k) x Doy (k) and (8.15)
(1, U (01)) B (12, U (v2)) = (p, 1) € Dang (k) x Dl k), (8.16)

where the common “pu” appearing in (8.15) and in (8.16) is 4 = p1 Bug. We have to prove
that p/ = Wi (v). In view of Lemma 8.1(3), it will suffice to verify that the infinitesimal
free cumulants associated to (u, ') and to (u, Ux(v)) agree on all tuples of the form
(Xiy,---,Xi, ). In order to do this verification, we can proceed as follows: we start from
the equality

K;;(M’M/)(Xil, .o aXln) = K:'N(Mly‘l’k(’/l)(Xh’ ‘e X ) + KJ (M27‘I’k(V2)(Xi1’ .o aXZn)
(8.17)

(which holds by Equation (8.16) and the additivity property of Hp), and we expand
both cumulants on the right-hand side of (8.17) as sums “Y_ _,” in the way indicated
by Theorem 1.4. The sum of the two resulting “> " _,” can be further processed by using

the fact that the functionals # 3—1 () and Iinj_l (i) T ;_)H (2. BGTEE ON tuples of

the form (X; ,...,X; ,X,..., X, ), with 1 < m < n. In this way we arrive to the
equality

: ~ © .
’in;(”#/)(Xil)- N Z K’n+1 (o) Xl'm, [N ,Xin,Xil, e ,Xim),

m=1

the latter sum is indeed equal to &/, (e \Ilk(y))(Xi17"'7Xin)’ by another application of
Theorem 1.4. O
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