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My thesis now is all cémplete,
My obligations I did meet.

A new degree

Awarded me,

'Twas not a trifling feat.
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- universe.

*
Abstract

Bahcall (1975) has fgund th§£ thé average core
_radius forla group'of lS.clusters 6f ggiaxies is 0.25t0:05 .
Mpc. At the suggestion of Dr. G. Weich it was decided to
study four nearby cluséers of gaiaxies (A2052, A25?3, A2626,

and Al54) in order to determine their core radii. If it

turned out that the dispersion of core radii at low redshifts

is gmall, then these core radii could Be said to be
effectively constant. Any variation of the core radius at

large redshifts would then be due to the geoﬁetry of the

Acbordingly, a compuﬁértprogram was written that
would find a core radius by fitting ring countsdata from the
chosen clusters to an Emden_isothefmal gas sphere. The ring

couﬂts were que to three magnitude limits, one oﬁ_which

.
> approximated that of Bahcall. Also, each magnitude limit
~—.

was used to find four core radii: one using all the ring
count data and a counted background density; one using half

the ring ceunt data (only the core region) and a counted

~background density; one using all thg data but selving fox

a background dgg;ity (among other parameters); and one‘ﬁsing.
half éﬁe data and solving for the backgrpound density. These
féur results were compared in various ways in order to
determine which method‘producea the "best" core radius. Then

1

the "best" core radius for each cluster at the magnitude
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limit used by Bahcall was added to her results. to ébtain a
" new average and standard deviation. \ ‘
. Several conclusions were drawn from the overall
fesults. .
1. In the course of testing the program it was
» found that different results. were found between this.and
A\ other programs using the same data. This indicates the neéd
of a unique érogram to be used .exclusively.
2. Better results geqm to be found when\the
5ackgr6und density is counted. ‘ ‘
3. Better|resu1ts seem to be found when all data’

. {dbout out to the Abell'radius)bisiused as opposed to only

»

the cote data.:

. 4. Two clusters show evidence of mass segregation

(22052 and A2593).

5. The spread;of core radii from the four clusters
of this thesis at.(of more precisely, "near") Béhcall's
magnitude liﬁit is large enough to cast doubt 5n the idea

bofﬁﬁsing core radii as universal geometry indicators °
(R, (average) =0.2010.13 Mpc for the four ¢lusters of this\

thesis). . o
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Introduction v

~

¥

ne of the fuﬁéamental questions about the uni-
verse concerns its geometry; more specifically, whether
it is open or closed. An indicator of thils property is the

deceleration parameter qb,‘which is the measure of the

" deceleration rate of the expanding universe.

For values of qo<k, the universe is expanding too
fast to'ever stop and will continue forever; the universe is

open. For~q,=%, the expansior 'will stop, but only at an
. o

infinite time in the future. If 9,>%, the universe will
h * ’

-

\
\

stop expanding to begin contracting at a definite time in
the future, and the greater the value of éo the nearer is
this time. WithAqo>& the universe 'is said to be cldsgé.

{f there were a}standa;d metrestigk tha? gould be
placed in space at different distances (as indicated by’
recessional speed, or redshift), then the manner in which

its apparent size changed with redshift would depend on gu.

Therefore a plot of apparent size versus redshlft would ,'..
enable a user to determine the va}ue of dg-

As it happens, a standard metreét;ck may be
available. Studies of clusters of galaxies, principally by

i .
Bahcall (Bahcall 1975, and references‘therein} have shown

that rich galaxy clusters of low redshift (zéo.ld, where

z=radial velocity/speed of light) have a linear core radius _



Ro (to be explained later) which is approximately constant.
For fifteen clusters in the redshift range 0.0181§2s0.13{
t@eﬂaverage of Re is 0.25%0.05 Mpc- {Hy=50 km s~ !Mpc-!,
Bahcall, 1975). If this value is pharac;eristic of clusters

of galaxies to within sufficiently narrow limits then Rg

. may serve as a standard metrestick. : B »

@ . . . .
- For quite scme time it has been known that the

radial number density distribution of the members of rich
clusters could be closely matched to the radyri“aen51ty
distribution of a bounded ‘Emden isothermal gas sphere
pfojected fo“two dimensions (Zwicky, 1557). To fit .
obaérQations, the usual model, which is cénstructed with
dimensionless vériables, must be scaled in density and siée.

N

The core radius is the radius at which the density is about
half the central value‘(see Figure 1), }
Aétually, by definition r_=3a, where xrc is the
observed core radius.in q;cmin and ¢ is the structural
”&ength (or scale factor) of the cluster in arcmin, a value
-foun& during the Eomputer fitting process. (In Figure 1
g=r/a, and at r=rgo, i.e. £=3, the actual value of the
density is about 0.43.)
Knowing r,, the redshift of the clustef, and a
value for Hubble's constant, the physical core radius Rc in

Mpc can be determined. Then a plot of Rc versus z for-a

large pumber of clusters can be used to find go.

Despite the fact that the physical data are fitted

A ren o e o e e e R T AT BT
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to an, isothermal gas sphere, it is not necessarily true

that the particles {(galaxies) behave as the particles in a

S
perfect isothermal gas sphere. The only justifications for

using this model are that it fits well to the observed data

‘and enables definition of a useful parameter, r. (and so

Rc): Undoubtedly other mathematical fe}ations would do
just as well} and could also (or alternatively) be used.
(Two other relatiéns that also.fit well are given by King
1966 and de Vaucouleurs 1960.) The major criteria in
choosing a mathematical relation a;; its ability to give a
éood mathematical fit and a structural size parametef.

"The major purpose of this thesis is to obtain
core radii for four r%ph galaxy clusters at low redshift
(a2052, z=0;03517 A2593, z=0.044; A2626, 2=0.055; ana Al54,
z=0.0§6). When combined_with Bahcall's results these radii
wili possibly provide an improved averaée value and standard
deviation for Rs. If it turns out that the standard
deQiation in Rg ié/ﬁmall for low redshifthlusterg then the
assumption can bé made that Rc is nearly conézght._ In that

case, deviations in Rg at high redshifts from this constant °

value (assuming the deviations occur in a systematic manner)

<- can be assumed to be due to the value of do., which may then

be determined. Another possibility to explain a‘ changing Rg
with z is that clusters evolve dynamically,-and that the
more distant elusters have a different radial distribution. .

However, since dynamical cluster evolution is poorly under-

<« !



stood it is necessary to neglect it. Since the clusters
being studied in this thesis are éll nearby and within a
narrow range of redshifts, then dynamical evolution is not
expected to be of'any importance in.comparing with the

results of Bahcall.
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‘Computer Program Development

A major taskvwas the writing of a computer prograﬁ‘
that uses the:data (in tﬂéjgorm of the numbers of galaxies
in rings centfed on the cluster centre and the corresponding
ring sizes) to find the parameters leading.to a best fit
with‘a projected isothermal gas sphere. The-bafis for most
of what follows 1is a technique suggested by“@E&f (1975). >

Since the isothermal gas sphe&e mo&é} is expressed
in terms of particle number density, it is nebgésgry to

~
change the-observed counts to number densities:

Nobs (1)

e (1)= s (1)

7 (rg41-r)
where oghg (i) is the observed number density of gaiaxies in
the 'ith ring; Ngpg(i) is the observed number of galaxies in
the ith ring; aﬁa ri and rj4; are the inner and outer radii
of the ith riﬁg..'ﬁote that for the first ring (actually a
circle) the inner radius, rj, is equal to zero. The values
Nopg (1) and fi are the &nput déta.

Also needed for the construction of a model are \
the distance from the centre at which these densities occur.
These values, r,y(i), are taken tq 5e the radii that divide

ring (i) into two rings, of equal area. .So

-

¥4y (1) ={ (2, +xd) /2}% i 2).

’
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The expression for an isothermal gas sphere in 7

terms of the observable quantities is

gcalc(i)=°c°iso(:av(i)/%)+cbg F3)

where ocalc(i) is the calculated projected number density
corresponding to ray,(i); o, is the projected central number
density; and Obg is the background number density édded té
the model cluster. The function oj.4(ray(i)/a) gives the
projected normalizedidengityuof the isothermal gas sphere
alone at the unitless distance r ,(i)/a. ~

s

If we let

q/' xi=rav(i) .-

then the expression for ojgo *s given by

X
[ OV/e2-xT eV y' ag
X4 .
05 g0 (%)= —— (4)
xO
[P eV yroa
0 |

(see Chandrasekhar, 1942). ‘Here ¢'=dy/dg¢ and the quahtity
e™¥ is the solution to the equilibritm aquation for the

three dimensional isothermal sphere, as iﬁ: {
e~¥=£~2 a/dg (£2dp/dE) (5) ./X

The upper boundary limit x, in equation (4) is q/(~



convenient cutoff to integration. For globular clusters,

the stellar distribution ceases to aﬁproximate an’ésothermal
gas sphere at about £=10, and so for these clusters the limit
is set at about x,=10 (Chandrasekhar, 1942). For galaxy
clusters x, will be allowed to vary to see which value best
fits the cluster.

Equation (4) produces a radial density curve of

the type shown in Figure 1, where the projected density

becomes zerc at xg.

Numerical values for e™%, ¢', and £ can be
obtained from various sources. The ones for this thesis were

generated by a BASIC program (see Appendix B for a listing)

" which calculated values at increments of & by using the

Runga-Kutta method on equation (5). Then 0igpo (Xj) can be.
found by numerical integration.

- The above equations leave fouf parameters to be
determined for a beét fit with the isothermal gas sphere; -
namel?: oo, the central density; Thgr the background density;

., .
a, the scale factor; and x5, the upper limit of integration.

’* The method of obtaining these is, to some extent,
< ] ‘

dependant on the procedure used to test the goodnéss of fit
of the model. A common procedure, and.the 6ne used here, is
the letest. .Besides the fact that- the minimum of x? is a
well defined indicatér of the best fit, there is the .
advantage that the value of x2 can be used to estimate the

p;ébability of this specific x? occurring randomly.
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The usual way of expressing x? is

b4

x?=[(oj-t3) 2/t;
4

where t; is: the ith theoretical value and o5 is the ith

observed value. In the present case we get

2,

XZ:Z{Nobs(i)"Ncalc(i)}Z/Ncalc(i) (&)

where N_,1.(i) is the number of galaxies predicted for the

ith ring from the equation
Noaje(i)=ogaicli)mir?, -2 (7
calc calc i+l i _
From equations (1) and (3) the equation for x? becomes

' {°obs(i)'°c°isoixi)"°b r2
; g
x*=mriyy-r}) (8) -
< 90350 (¥i)+9pg

This form possesses only three unknown factors:
UigolxXil, oo, and 5bg; If the assumption is made, for the
moment, that the set of values o4, is known, then Ehe
equation becomes one with £wo unknown~constanté{ whose
values can be found through the minimization of x2 with
respeét to each of them. Since equations of the form of (8)
cannot be solved analytically, a numerical method must be
used. The methéd chosen-is the Newton-Raphson method, which

states
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==Y (9)

Y1+1 Yi Ix gy g

X341 [%x1] (£, Eol (£

when £({(x,y}=0 and g(x,y)=0. 1In equation (9): £ =3E/3%;
fy=af/ag} gy=3g9/3%; gy=ag/ay; fff(x,y); and g=g(x,y). All
expressions involving f and g and their partial derivatives
are evaluated at x; and yj. X o

This method is an iterative one which, given
sufficiently accurate initial estimates for the qﬁaﬂtities
to be found, will quickly converge to the correct value,
Since the initial equation (8) has sums of squapeé over a
number of rings, the number of éolutions is greater than one.
However, if the initial estimates are close to the physically
correct solutions, then these solutionslwillﬁbe found.

In this case, to satisfy the cohditions for
equation (9), and due to the fact that solutions will be
found by minimization of Qz.as expressed iq equation (8),

the following relations are used._Qéfining

. . oo=xj (successively)

obgsyi(successively)

8.:2 _?
i%Fi+1771

. Iobs (1)=000150 (X1)=0pg :
i -
0o%igo (Xi)+opg

¢*
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and

terms related to the isothermal gas sphere:

11

1 2{oopg (1) =004 50 (X1) ~0pg!
+

- +
UcOiso (Xi)topg fogojgo (%) +opgh? —

{Uobs(i)"°c°iso(xi)'°bg}2

{Ucoiso (Xi) +0bg} 3

We can further define the terms of equation (9) as:

£z3x2/30,
gzaxz/aobg
fxzazxz/aoé
fy=gx532x2/aocaubg

gysazxz/azuég .

The terms of equation (9) can now be written in

£=1830150 (x1) (2¢5+¢)=0
' 2
g=ZBi(2£i+£i)=0

180

fy=gx=228i°iso(xi)”i
gy=§3‘.BiUi

Furthermore, solving equation (9) gives
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gfy-£fg
- g
xi+1‘xi'~g———?;r
xIy~ry
f—
: | ££ ~gf,
and Yie1TYs*
f.g,~f2
X=y Y

However, to get this far the assumption was made
that in equation (8) thexfet of valﬁes Ujgo Was known, whiéh
means that X, and o must first be chosen.

Initially x, is set to 10 and a to 0.999rav(l)/xo,
which altows the calculation of Oigo’ and so allows Oar Shgr
and x?2 to be found. Then a is incremented by increasiﬁé loga
in steps of 0.08. This is continued until either .
loga=logainitial+4 or until the results for oy and opg -
arising from the a-xX5 combination become-physically
unreasonable. During the process of incrementing o the x2
values drop to a minimum and then rise again. The values
for a, o;, and Ihg that produce the minimum x2 are the ones
producing the best fitting isothermal gas sphere model for
the x, used.

A new X, is obtained by adding 10 to the previous -
value, a new o is calculated and incremented as for xo=10,
and new o, Opg’ and x2 values are found for each a; the

usual maximum for x, is 200. T
What is produced is a set of values of Xy, for

each of which exists a set of "chosen" values of & and the

N4
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values of o, Ohgr and x? resulting from the Newton-Raphson
method. From the set of xZ; ~(minimum x? for a specific Xg)
the x, which.produces X2psmin (khe minimum'xéin) is found.
ngsmin' therefore, determines the four parameters which
produce the best fitting isothermal gasf%phere model.

Since values of o are chosen ih discrete steps it
is probable that the minimum x? for a given Xy will occur
somewhere between two o« values. However, since x? decreases
monotonically to a minimum and then rises again in a similar
fashion, a simple approach to look for a "better" « is
adopted. The two consecutive values of a.giving the 1owest/'
x2 values are averaged and this average is used to get new
T.r Opg: and x2. The %2 found for the new a is always
lower than at least one of the two original x? values. The
new o« is then averaged with the « giving the smallest of
the two original x2? values to get anothér @. This new «
value is used to get an even smaller x? value. The
procedure of averaging the as that produce the two smallest
x? Qalues is repeated twenty times, at which point .
successive differences in all other parameters occur only
in the fifth or higher significant digit.

A general schematic of what the computer program

must be designed to do can be drawn up:
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-

Nops (1), T3 -observed galaxy
counts and ring
sizes

£, e-¢w' -model three'dimen—

Input < :
sional gas sphere
0c(1), opg(l) -initial estimates
for central and
background densities
aobS(i) calcaiated -equation (1)
raQ(i) calculated Qequaﬁion (2)

Begin iteration to get minimum x 2
Xo=10 to 2007in steps of 10 ‘
' ( loga=log{0.999ravﬂl)/xo} to .
4+10g{0.999%,, (1) /x,} in
- steps of‘0.0B
0ijgol{fav(i)/al calculated frém
‘e integration subroutine
| (QSF in IBM's Scientific
Subroutiné Package) and

For each Xq J
isothermal sphere

-

densities -equation (4)

roc calculated by
for Obg Newton-Raphson
each N method
a x2 calculated

% equation (8)

ARSIy SERSIES
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From two smallest x2 values, iter-
ative averaging of associated a
values gives a smaller x? and

"better" associated values for'a,

gc, and Ihg

The computer program is written in Fortran IV and
a listing is provided in Appendix A, with detailed notes in
Appendix C.

Another way to approach tﬁe problem is to obtain
a value for Shg by counting galaxigs on an area of the
photographié plate removed from the cluster. 1In this case
only x5, a, and op are left to be found as free parameters,
If the assumption is again made that ojgo is known (#ee
eguation 8) then only oo is left to be found. The Newton-
Raphson method can again be used to f%nd 6o iteratively,

the form for oné unknown is

Xj4+1=%;-£/Ex

when f(x)=0. In this equation xj=o(successively);
f=dx2/dog; £y=d?x2/do?; f=f(x); and £ and f, are evaluated
for x;

The only changes this would make in the. schematic
is that instead of og and Ihg being caleulated, only oc is
found, and Obhg is entered as part of the input. A program

\ .
was written for each method, total results from both are
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presented in Appendix H, partial results (including core
radii in Mpc) are presented in Chaptef V. ‘Modifications to
the original program.to get one for the second method are
listed in Appendix B and explanations of these changes are

in Appendix c.

it st e s
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Program Testing
i) Fits to model isothermal gas sphere

For initial testing of the computer program a daté
set was fabricated dhich described a projected isothermal
gas sphere with known values of x5, &, o¢, and opg. It was
expected that if the program was working properly the Newton-
Raphsbn method would cause convergence to the correct gqg
and Ibg values and thaé the iferative dividing method for «
would provide a minimum x2 for the correct a.

The values chosén to prodyce the data fo; this
test were: xo=10{ d=2.40 ércmin; ge=0.50 galaxies/arcmiﬁz;
and cgg=0.05 galaxies/aréminz. )

Figure 2 displays part of the resqltsf‘ Thé three
curves are constructed- from the oc;andvcbg valués to whibhf
the, program converges at the stated o values. These are
only three représentative casés; many mofé u:vélues‘ﬁefe
produced than are displayed in Figure'é but’thé trend with
changing uAis as shown. . = S ;1 ) :

As can bé seen‘from‘thié\d;aéram”afémall value of
a téﬁdu to produce a compréssed gas sphere ﬁédel and »
increasingly lérger values give increasingly extended models.
At large a values, qbg:vaiues ére eventually produced which
are large and negative and are'obvious;y physically

unreasonable.
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O O contrived data points
.......... a=0.66 arcmin

\ : a=2.40 arcmin
] B —~——a=10.88 arcmin

(galaxies/arcmin?)

Yav ‘(arcmi:n)

’
v

Figure 2° Fits to isothermal. gas sphere data

'<\
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Table 1

Results of fits to isothermal gas

sphere data

(xo=lO)
a Oc cbg : X2
.1048 -17.55 .224) 35.30
.6610 - 1.055 .1887 19.26
1.149 .7635 .14863 '5.772
1.660 .5840 .1067 ,l.OOl“fin
2.400 .5000 .05000 3.944{=8)*
4.171 .5398 « =-.1031 1.356
10.48 1.514, ~-1.139 4.251
.* 3.944(-8)=3.944x10"% This notation
is used elsewhere in this thesis
<: Units: a—arcmin .
. oc-galaxies/arcmin?
obg-galaxies/arcmin2
Table' 2
2 . ;
Xmin rgsu%ts for various xg, .
. - 2.
Xo a O¢c . “bg - Xmin
10 2.400 .5000 .5000 (-1) 3.944(~8)
40 2,358 .5572 -.5711(-2) 2.160(~-4) -
70 2.358 . .5637 -.1226(-1) 2.218(~4)
100 2.358 .5664 -.1493(-1) 2.203(~4)
130 2.357 .5681 -.1642(-1) 2.278(~4)
160 2.357 .5689 -.1774(-1) v 2.202(-4)
190 2.358 .5696 -.1814(-1) ©2.209(-4)
Units: '

as in Table 1~

19
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u Columns 2 to 4 of Table 1 show the o, Opgs and

x2 values thaf result from the o values in column 1. These
particular results are all calculated with x5=10 and are
only a small sampie of the total-but are typical of the val-
_ues for dﬁher~iptegration cutoff limits. Rows 2, 5, and 7
of this table correspond to the three curves of Figure 2.
It must-beApoiﬁted ouf that to get c(rav=0) the valqes'ofA
oc and bg must be addegd. "
One of the firat;thingsvobvious from Table l_isx

that the program did convérge to the correct values, . °

.+

producing the extremely” good fit for the o=2.400 case. Also
as-e¢ increases og decgeaees to'a minimam in the neighbourhood
of the correct a. A more comprehensive version of Table 1
shows that the minimum oo is not reached exactly at a=2.400
but at «=2.886, the next incremental value of a. For other
Xo values the oc also reaches a mfgimum just after the

’ minimum x?,hahd rises again as dtcontinqgs to increase.

'The backgfoﬁﬂé dépéi;y, however, decreaséé monotonically
with increasing & gﬁéieventually bepoméé negative, a”
physically unréqéonable possibiliﬁy. The x?2 is found to
decrease monétOnic§lly'to a minimum at thé“éorrect a, Og,
Lﬂaﬁd'cbg combination, and then rise again ﬁonotonically with
the rate of anrease,bg;ng)}ess than thgt of decrease.

Table 2 shows the a, odg, and'cbg values producing

the y2;, for-the given xo values. It can be seen that a

changes E6_$2:358 and .remains roughly constant as soon as -

o

>
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Xo exceeds 10, and oc slowly increases as 9hg slowly

decreases at about the same rate. In fact, the sum of opo

.
?

and obg-produces a minimum of 0.5500 for xp=10 and averages
about 0,5515 for the other integration limits, with the sum
of 0.5523 for xo=100 being an extreme case. Aside from the
absolute minimum for x45=10, X%in maintains a fairly constant
value as x, increases. The product aog, which Bahcall (1972)
finds to remain fairly constant for various Xéiﬁ' has a
minimum of 1.200 for xo=10 and rises slowly to 1.343 for
%=190, a change of only 12%.-

Table 2 indicates that the x&;ip values of ¢ and

. arrivedh§£ by the fitting process are fairly insensitive
. to the choice of x5, even if the choice is far from the one’
producing X%bsmin'
Initial testing described above showed that the
program successfully converged to the correct parameters

when giQen an artificial data set generated from a

projected, bounded isothermal gas sphere.

ii) Comparison with results published by Taff for the

Perseus cluster and A2199

Secondary testing involved running the program-

using published data and comparing the results to those
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published for these data. Since the program was written
following the technique suggested by Taff (1975) it is
presumably similar to theione used by hiﬁ, and since the
program and Taff used the same data his results form the
basis for compari;on.

. Results for the Perseus cluster are found in
Table 3, the data used is from Bahcall (1974). Case [(a)
uses counts with galaxies brighter than 16M0 and case (b)
-uses counts with galaxies brigﬁfer than 17@5;~in_56th cases
" the numﬁer and size of the rings used for counting were the

same. For each éase there afe three lines of values: the
top line gives faff's results with the value in parentheses
. to fhg right of the *2 column being the x2? found by this
program when forced to fit the data to the model made with
Taff's vaiues for x5, @, oc, and obg; the second line gives
the xgbsmin-parameters produced by this program; and the
‘third line consists of the x&j, parameters produced by this
program using the minimizing value of xo found by Taff.

The large discrepancy between faff's x?2 and the

— 4

one calculated by this program from his parameters may be-j

s

due to differences in the fitting proceaures. However, if.
the value of %o is set equal to the best fit value found by
Taff, the values of the three other independant variables
(i.e,la, oc, and opg) are close to those of Taff, as seen
in row three of each case.

A plot of xg versus xfin is shown in Figure 3 to



Table 3

Perseus cluster results

(%
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Xmin

Xo a oc . Ihg X
(a) 10 2.89 7.28(-2) 4,24 (-3) 1.28 (22.14)
160 1.95 1.03(~1) 3.19(-3) 6.49
10 2.98 7.82{(-2) 6.37(-3) 6.78
- {b) 10 A 3.47 1.33(-1) 1.12(-2) 3.35 {(12.55}
20 2.92 1.65(-1) 1.07{-2) 3.07
10 4.28 1.22(-1) 1.14(-2) 4.36
Units: g—arcmin
c-—galaxies/arcmin2
obg-galaxies/arcmin2
7.5 ™ T T T |
Xfiin "
2. .
) Xabsmin
6-5 - ¢ . - . - - - - . - . l . v b . -
1 L ) 1 1
50 / 100 150 200
Xo
Figure 3 . :
Plot of x2. to x5 for case (a) of the Perseus cluster
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illustrate the fact that fits can be rather insensitive to
the value of X5. This was also found in the initial testing.
Beyond a certain walue of Xg f(about 40 in this case) , the
,%ﬁin values appear to fluctuate randomly, here aboug a value
of -6.5. The fact that x2pgmin Occurs at x§=160 is not
consideréd significant, that is, the minimizing value of Xo

does not seem to be well determined. This raises the

question of how well determined x3pgmin and X, are, a e

guestion that will be discussed later:”

) §/graph similar to Figure 3 for case (b) shows the
largest xZ;, for x4=10, the smallest for Xo=20, and
increasingly larger Xéin values up to x,=80, beyond which
it. fluctuates about Xéin=3'85‘

Another - indication that differences exist between
the program described in this thesis and the one used by
Taff is thgi éhis program did not find, for the Perseus
cluster, minimum x?2 values using Taff's best fit parameters
@, 6c, and opg at the values of x, cited by Tgff. In case
{a) use of Taff's parameters produced x3psmin ©f 7.91 at

X0=40 (as opposed to x2=22.14 at x,=10) and case (b)

2

Xibsmin=6°26 at Xo=20 (as opposed to x2=12.55 at xo=10).

It should be pointed out that although this

program produces a X%in that fluctuates about a certain
value for large x, values (as in Figure 3), the variations
of x% on X, found when the_prdgram uses Taff's a, Oy and

dhyg shows a pronounced minimum, as illustrated in Figure 4.
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Figure 4

Comparison of a values (in arcmin) for the Perseus cluster

Xo

Table 4

.

x? versus xo for fixed values of o, oo, and Obg-

?

mag.

case limit Taff Bahcall this program
(a) 1670 2.89 2.9 1.95
(b) 17.5 3.47 2,7 2.92
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This difference in behaviour arises from the fact that in
the latter case x5 is the only remaining variable, whereas
normally the parameters a, o, and opg are all varied for
each xg.

Table 4 compares the best fit a values found by
Taff, Bahcall, and this program. The « values for Taff and
this program have been given in Table 3, and Bahcall's
results are published with her data (Bahcall, 1974). The
case (a) résult from this program is significantly different
from the other two, but this a value occured when x5=160
(see Table 3). For xo=10, Taff's best fit value, this
program finds a=2,98. The case (b) result for this program
lies between Taff's and Bahcall's values, and so is nlt
significantly different.

Table 5 compares the best fitting models of the
;luster A2199. Data for the calculations were obtained
from Bahcall (1973). Again, the top line in each case gives
Taff's results, the second line those of this program, and
the third iine this program's results at Taff's best fit x_.
A third line is omitted when this program and Taff agree on
the best fit‘xo1 Cases {(a) and (d) use galaxy counts down
to 1775; (b) and (e) use galaxy counts down to 18T5; and (c)
and (f) use galaxy counts down to 19™0. Also, cases (a),
kb), and (c) use 15 rings out to 30° on a 103a-D plater
while cases (d), (e), and (f) use 26 rings out to 58724

from the cluster centre on a IIIa-J plate.
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Table 5
A2199 results
o) a Oc Ibg x? n
{a) 30 .897 .525 1.31(-2) 7.22 (18.07)
20 1.236 .393 2,11(-2) 7.40
30 .971 .507 2.01(-2) 7.41
{b) 20 .931 .721 8.65(-2) 3.29 (6.93)
30 1.073 .633 .8.45(-2)  4.10
20 1.233 .558 8.78(-2) 4,15
{c) 200 .135 9,84 . 3.63(-1) 50.2 (10.27)
150 1.261 .768 3.51(-1) 6.33
200 1;261 .770 3.50(-1) 6.33
(d) 200 ;262 1.85 6.27{(-3) 18.0 (68.53)
200 .455 1.12 8.35(-3) 24.11
— . -
(&) 200 ~.252 3.38  1.36(-2) 19.5 (66.48)
200 .386 2.61 1.58(-2) 24,17
(£) 200 .262 4.20 2.86(-2) 14.5 (45.39)'”:l
200 .315 4.19 3.25(-2) 19.46
Table 6
Case (e) extended from Table 5
X, a o G 2
0 c . bg X
500 .1730 5.994 1.242(-2) 20.47
700 .1564 6.567 9.293(-3) 19.90
1000 .1520 6.722 5.922(-3) 19.71

Units for Tabies 5 and 6:

a =~ arcmin
oc ~ gataxigs/arcmin?
Ohg = galaxies/arcmin?

27
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For cases (a), (b), and {(c) the xéin values begin
flhctuating at Xo equal to about 20, 20, and BO respectively.
When constrained to Taff's results this program produced
Aébsmin at xo=70 for case (a) and at xo=30 for case (b).
Case (c) has x3pgpin for Taff's parameters at 200, where it «
was still decreasing.” The last three cases show X%in for
Taff's parameters and for this program's results still
decreasing at x5=200, which implies that xgbsmin actually
occurs beyond this limit, In fact, case (e) was extended
out to-¥o=1000 and was still decreasing, but very slowly,
From xo=500 to x%5=1000 Xéin decreased from 19.98 to 19.71,

a decline of less than 1%. Table 6 gives the x2;_
parameters for the caées X,=500, 700, and 1000. For these
large x, values the parameters are changing very slowly.
Although it is possible to extend the program beyond
x0=1000, for the testing it was not deémed necessary.

Case (c) in Table 5 is anomalous in that Taff's
results differ by almost'aﬁ order of magnitude from his
resuits for the first two cases. However, the parameters
fér the last three cases found by Taff and this program)
chénge.in more or less the same manner from case to case,
as:do this program's results for the first three cases. It
appearﬁ.that Taff's resulﬁs may be in error for case (c).

For the Perseus cluster thg a values found by this
program appear to be somewhat smaller than those of Taff,

bﬁt for A2199 Taff's values are consistently smaller. It
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was hoped that a study of Taff's computer p;ogrém could be
made to determine the reason for these differences.

However it was not possible to obtain a copy of his program,

In general, fairly good agreement is found between

results from this prograﬁ and those published by Taff and
Bahcall. However, a possible problem arises because of the
fluctuations of Xéin with changing X,. Figure 5‘i11ustrates
ways in which Xéin is found to‘vary with x5 in the tests
described above.

In Figure SIthe ordinate.represents a possible

range of x2. wvalues for the range of X, along the abscissa.
min 9 o

In cases 5(a) to 5(d) the choice of ngsmin is obvious, but

in case 5(e) there are several choices since more than one
X%in have the same minimum value (within truncation limits).
. 2 - ry
It was decided to take as. X3psmin the first value arrived
at (i.e. that with theAlowest Xs value) because if there
0] - 1) . 2 -
may be an indefinite series of Xabgmin 25 ¥o 1lncreases, and
since an arbitrary choice must be made, the first will be

chosen; and ii) the o values for similar values of x%in are

nearly identical,.as will be séen later,

~
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iii) Comparison with,reﬁults published by Bahcall for

_twelve clusters

A third test of the program was made by comparing
results of Bahcall with ;hase of this program using her
data. In one of ﬂer papers, Bahcall (1975) lists ring
counts and ring sizes.é§~well as core radii for twelve
clusters. A tabulation Sf resﬁitélis shown;in Table 7.

For this table all o values were converted to core radii in

Mpc through the equation

- - Rg (Mpc)=5.25az (1+z) =2, :

In Table 7 (B) identif;es,Bahcall's resilts and

(C) identifies the results of this program. -

:; If the two éolumns °f,Rc values are compared no
systematic differences can be seen. However this prograg's
values are occasionally quite different from those of
Bahcall. Two notable examples areSA2052 and A2319. These
"¢lustérs also happen to have, probably not coincidentally,
xéin'xo relations different from the qthérs, which tend to
resemble one of the relations shown in Figure 5. Tha two:
“anomalous relations are shown in Figure 6.
For A2052 the first xéin (for x,=10) is much
- smaller ghan the rest. The corresponding R, is 0.43 Mpc.
Fgr_xo=2ﬁ through xo=206'Rc=0.35 or 0.36 Mpc, much nearer

Bahcall's value. But although the core radius is almost



Table 7 ‘

Results of fits to Bahcall's data —

Cluster z

RC (B) RC (C) *%bsmin (B) ' X-gbsmin (F)
aAl94 .0181 " - .23 .13 1.9 0.50
Al367 . ° .0205 ' ' .34 .35 1.9 1.84
A2052 .0351° °© .28 .43 3.2 1.38
oy . ‘ : . : :
A2319 °  .0549 .22 | .02 2.4 1.43
A2256 - ~.06 .20 .17 7.5 5.84 -
A401 - .075. " .24 . .19 2.3 1.43
A1775 .0718, .26 .18 1.3 0.15
Al904 .0719 .24 .24 0.3 0.18
A2065 - .0722 .29 .33 7 11,6 8.63
A2029 0777 .27 . .28 1.3 1.27
A1795 063 .25 .22 0.5 0,12
CAll3R .134 .20 .23 2.3 1.81

Both R (B) and Rs (C) are in Mpc

<RC(B)>=0.251930§ Mpc

<R (C) =0. 2_3':!:0 .11 Mpc

4
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constant for all x, values greater than 10, it is thié

. v . . - . 2 ’
first value that is used simce it produces Xjpcmin®

The xfin values for A2319 decrea;a out to x,=60,

are’nearly constant out to x =160, and decrease again at
least as far as xo=200,'where ngsmin occurs. For xo=60
and 160, R,=0.11 Mpc, as well as for most cases in between.
However, for the X;bsmin at x,=200, R.=0.02 Mpc. From

. : . . 2 .
Figure 6(b) it is expected that Xabsmin’ and possibly R,
will decrease even further if x is increased beyond 200,
but this expectation has not been tested.

It is also seen in Table 7 that the ngsmin

values as found by this program are€ either lower thamn or 7

_equal to those cited by Bahcall, at least to the accuracy

quoted by her. This means that the parameters foundiby
this program produce isothermal gas sphere models that fit
the published data better than the parameters found by
Bahcall. However it must be remembered that different
proceaures for fiéting,were used: where this program fit by
changing a, o, and‘obg, the background densities were
fixed'éé part of th; input to Bahcall's program. It is
possible that the background densities found by this
program are vastly different from the actual (counted)

values used by Bahcall, but since she did not publish her

background counts comparison is not possibie.
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Xmin .o

-

2.
Xmin

] X (b) A2319
Figure 6 Xéin_xo relations for-two clusters:
x ’ ’ =
./’ . 7
- . Table 8. ] v
. A b <
« variations with x5 for like values of x2 .
L A A e - -~ “absmin
Cluster A1367 | A2029
2 o ) :
X3bsmin 1.835 1.270
' X5 a X5 a _H\\\_ -
60 3.359 110 .8014
. 70 3.358 130 .8011
@ = arcmin 150  3.358 150  .8012
' 160 3.358 170 .8013
180  3.357 P
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Two of the clusters of Table 7 showed variationsA

of 2
Xmi

with x, which corresponded to the case shown in

o
Figure 5(e). For these two clusters more than one x5, was
, ) , _
found to produce the same value for xj,cnin+ Table 8 below
: . < . - 2
shows how a varies with x, for the same values of X3bsmin®

In each case the R, values were the same to three

. decimal places for each value of X4 shown. This indicates

that in cases such as Figure 5(e)} the decision to use results

from the lowest x5 producing ngsmin wi f1 prqbably not ,
greatly afﬁgct the cqre.raQius obtained for’the cluster.

In summary, éithough individual values for the
core radius may differ from<Bahcalf's valuqs1§§he‘average
Re values are within a standard deviation of each other.

It can also be seen thag the fgsults éf this program show a
standard'deviation over twice that of Bahcall, even,though
the models of this pfogram afe found in all but one Qése to
yield lower x2. This resﬁlt is ofydrnterest because itnis_
the standard deviation of the core radius which‘measurés N
its usefulness as a cosmological~metréstick.‘ﬁFurther work‘
should be done to determine whether'thié’difference\is
produced by the differg;t methods of treating £he Qackgrqund

or whether.,it originates within the programs’theméélves.
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Observational Material

i) Program input file . . -

To be used by the program a data file must ?? .

consist of: |
1) a line of 80 characters. This line is

reproduced by the program as entered and is placed in the

data file to ensure that the computer terminal is set at

the proper line width and is operating corgectly; o
2) the isothermal gas sphere data. The! alues,

entered in E8.5 format, correspondjto ‘the values of ww'

in equation (4) and are obtained for the ¢ valués’a.o, 0.1,

6.2, 0.3, .7., 9.8, 9.9, 10.0, 11, 12, 13, ..., 98, 99,

iOO, lio, 120, 130, ..., 580, 990, 1000. These 281 values

were produced by a BASIC program reproduced in Appendix B;

) 3) another line of characters which describés the
form&t of the next three items; This line is skipped by the
program;

4) the number of rings to_be used, entered in I2
forﬁat; _

5) the numbér of galaxies in each ring, from the
centre outwards, in F4.0 format;

6) the outer radius of each ring in arcmin, from

the centre outwardé, in F4.2 format;

7) the initial estimates of central and background

et ot e B ey e M - At R B e 2 4am
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densities in galaxies/arcmin?, entered respectively in

E5.2, 2X, E5.2 format; and

8% a line of charactefs describing the format. of
item 7). Since this line and anything following it aré
ignored by the program it may be omitted.

N.B. If the program version TAFCHEC is being
used a line ié inserted between items 7) and 8). This
contains Taff's values for a, oo, and opg for the cluster ’
under study. These values are entered respectively in the
format E5.2, 2(2X, E5.2).

The necessary data for each cluster are the
number of ?ings; number of galaxies per ring, ring sizes,
and initial estimates of oc and opg. Furthermore, each
cluster was studied to three magnitude limits: two on a
IITa-J plate and one on a 103a-D plate, all plates were
taken by Dr; G. Welch on the Hale Observatory's 48 inch

Schmidt telescope.

ii) Photographic enlargements

The galaxies were identified on the original
plates- and their images marked on an enlarged photographic
print of the cluster. All further work was perfofmed using

the print.

/x—

—
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To cobtain the prints; contact copies were made of

the IIIa-J plates of each of the four clusters studied.
The Abell radius of each cluster on the copy was calculated

through the equation given by Abell (1958)
R(abe11)=4.6%10°/cz mm =1.53/z mm,

The contact copies were used to make prints
enlarged so that the Abell diameter was just inside the
border éf the‘prints, which were 14 by 14 inches. Two
identical prints were made for each cluster, one for
marking the location of galaxies identified on the IIIa-J
plate and another for the l03a-D plate.

The 10X stereo microscope to be used for
identifying galaxies on the original plates was found to
have a comfortaljle viewing area of about 10° by 107, so the
prints were divided into areas of approximately this angular
size, AThese areas were numbered and a BASIC random nuﬁber
generator was used to determine the order in which they
would be examined. It was felt that this process would
ninimize the systefiatic effect of any time-dependant errors
in identifying galaxies. During the course of examining
different areas of the print, some of the first areas
checked were re—e#%mined to ensure the consistent use of

the chosen limiting magnitude.



39
iii) Limiting magnitudes

Fo£ each of the eight plates the objects
identified as galaxies were marked on the prints. In all
céses identification was made to the plate limit, where the
plate limit is defined as the faintest magnitude at which
it is possible to distinguish with certainty stellar from
galaxian images.

Since this thesis is attempting to augment the
work-of thcall {(1975) who couhted galaxies within 3M of
the brightest galaxy of each cluster, and since photometry
is unavailable for the clusters being studied-here, an
approximation to Bahcall's 3™ difference mugt be made.

From the relation
AM=6.001og (x) -

{from Holmberg, ;975) where AM is the magnitude difference
betﬁéen two galaxies whose absolute major axes differ by a
ﬁactor of x; it is found that an axial ratio of 3 corresponds
‘to a magnitude difference of almost 3. The use of such a
relation to approximate é magnitude difference is possible
in the'present case because the galaxies are assumed to be
at the same distance. It must be remembered that Holmberg
bases his results on an exdmination of normal galaxies,
whereas the brightest members of A2052, A2593, A2626, and

'Al54 have extended halos characteristic of.supergiant
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galaxies. It is therefore clear that aﬁplying the Holmberg
relation will allow a derived magnitude difference to be
only roughly approximated. |

The prints used for I1Ila-J counts were examined
under a 4X eyepiece with a graduated reticle and the size
of the major axis of the cluster's brightest galaxy was
estimated. All galaxies on this print that had major axes
greate; than or equal to 1/3 this size were identified.
Since the-galaxies do not have well defined edges, a cutoff
was chbsen arbitrarily where the image density 1essgﬁed
perceptibly ffom that éf its céntre., The use of the print
for this identification was necessary because ﬁo means -were
available to measure the image size on the original plates
with sufficient accuracy.

Vi83%L examination of the prints showed no evidence
of background density variations which could have arisen
duriﬁg the production of the brints and ﬁight introduce
systematic position-dependent variations in the cutoff
density. Also, as will be seen in the next chapter the
background number densities computed by the program for this
briéht limit agrees well with the background densities
“counted at the print corners, which suggesté that such
errors ére not significant. -

.

This process identifies three magnitude limits: the

faintest being that of the IIIa-J plate; the next being that

of the 103a~D plate; and the brightest corresponding’to the
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size ratio of 1:3 on the IIIa-J plate. No bright limit was
found for the 103a-D plates because the image resolution
was noticibly poorer than on the IITa-J plates, making the

establishment of a uniform density‘cutoff more difficult,

iv) Cluster centres from strip counts

The location of the cluster centre corresponding
to edch magnitude limit now had to be obtained. Since
previous work has shown that if a cluster possesses a
dominant galaxy it is usually at or near the cluster centré,
it was assumed that such was the case for the clusters‘
being studied here. 0f the four, thfee have a déminant,
wprobably cD, galaxy and the other (Al1l54) hasra dominant
binary galaxy.

“A square grid of strips 1.5 cm by 18 cm was
centred over the dominant galaxy (or between the pair of
Al54) and strip counts were taken of all galaxies to the
" limit being studied. Cogﬂts were made on the print in four
ordentations: N-S; E-W; NE—SW;:and SE-NW. The estimated |
cluster centre for each orientation was the point having
egual nﬁmbers of galaxies on either side. . The cluster
centre for each magritude limit was found by averaging the

estimates of each orientation.
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Table 9 is a partial result of strip counting.
In it is presented thé maximum difference between the
cluster centres determined from the three limits, both in
arcmin and as a fraction of the width of the rings used to

tabulate the radial density distribution.

Table 9

Separation of magnitude limit centres

cluster I A2052  A2593 A2626 Al54

distance {(arcnmin) 06.79 0.88 2,08 0.84
dist/(ring width) 0.35 0.42 1.28 0.54

Three of the clusters show all three estimates to
lie much closer together than ghe resolution of the ring
counts, but the IIXIa-J bright limit estimate for A2626
differs significantly from the other two (the IIIa-J faint
~and the 103a~D limits for A2626 are 0.31 ring widths apart).
The difference is assumed to be real and so the centres for
each limit will be taken as those found from the strip
counﬁs. The small diffe?ences amogg Sentre positions 1is

not considered likely to introduce significant differences

4
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in the ring counts and eventually core radii. Complete
.

£y

results of strip counting are presented in Appendix E.

‘v) Ring counts

After the centre was chosen for each magnitude
limit a grid of 20 concentric rings, having radii*-differing
by 7.9 mm, was laid over the centre and ring counts were made.
These counts were performed on one quadrant at a time to
check for major azimuthal density variations that might
suggest a mislocation of the cluster's centre. No such
variations were found. The ring‘count results are presented
in Appendix F.

Table 10 gives, in arcmin, strip widths and
lengths, the width of each ring, the overall ring radius
(1.e. the radius of the 20th ring), and the Abell radius for
each cluster s;gfied.

The ring sizes and number of galaxies per ring
for each magnitude limit were converted into densities and
average radii (rav; see equation 2), and a plot of density
versus r,, was made. A smoothed curve was drawn by eye to
obtain an initial estimate for o..

Thé initiall estimate for opg was obtained in a

different manner. Since the actual background density is
ﬂu
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Table 10 //

Strip width and length, ring size, and total and Abell radii
b

~

clusfer A2052 A2593 . A2626 Al54
strip width 4.28 4.04 3,12 2.97
strip' length 51.36 48.48 37.44 35.64
ring width 2.24 2.12 1.63 1.55
outer ring radius 44.80 42,40 - 32,66 31,09
Abell radius 48.96 38.95 31.16 30.60

Units: all values are in arcmin

Table 11 v

Areas involved in background counts

(see Figﬁre 7)

i~ ’ v
RN ) .
cluster I 272052 A2593 A2626 Al54
one corner area I 620.0 587.0 350.4 '317.6
Units: all values are in arcmin?
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'needed fpr the brogram BGIN, which more cloéely approximates
Bahcall's program, it was decided that the estimate sﬂould
"be the background density as obtained from counts.

" An-area about 9 cm by 9 cm was marked ‘off at each
corner of each print (NE NW, SE, and SW, the prints being
so allgned) and the galaxxe; in each. corner were_counted to
the‘l;mits previously discussed. This provided the estimate
for ?bgr the counts for these are in Appeﬁdix G.~” o

. The diagram on the next page (Figure f) is_a scale.
draw1ng of the worklng features of the prints'ﬁsed. The
concentric circles indicate the 10 and 20 ring sizes and the
four cornef squares representﬁthe areas used for background : AE
counting. It can be seen that the background areas overiap

rings out to about fifteen. This is not considered a~maﬁter

of concern since the density profiles usually reach
background levels by the 10th and almost always by “the 14th

ring.

Of the original list of required data all values
are fixed but the number of rings.v Since the backéroundiﬁas
usually just reached by the 10th ring and becahse data were
obtained for all 20 rings, it was decided to run the programﬁ

twice for each set of data, once w1th all 20 rings and once

P A TSP RISV L PR RS RIVETA APSAE Y5 S OR. SULSP

with'only the inner lb. The 20 ring case gives higher weight
to the background and the 10 ring case emphasizes the _

cluster but loses information regarding background. It is .
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. . . e
expected that if the program produces realistic fits and the
background is uniform throughout the cluster then results
from both runs should be similar. For the purpose of this
thesis nothing was done with the rings but use either all

20 or just the inner 10. At no time were rings combined

in any fashion (e.g. as done by Bahcall, 1975).:



Results
' v

1) Results tabulated 2

a table containing core radii and backgrdund
densities is pgesgnted on the next page, Appéndix H contains
the completeAresﬁits. The cémputer progrgﬁs used to pfoduce
the vaiues for the tables in this chapter do not output
:‘liﬁegr'core radii buf givéAstructérai lengths, a, in
arcminutes. - Conversion tq linear core radii is done thféughj

PV

thé relation
RG=5.250z (1+2) "2 Mpc.

In Table 12, for each cluster there are three
double.ro§s ofwnumbers. The top pair. corresponds to the
IITa-J bright' magnitude limit (the brightest limit), the
second pair to the 103a-D limit, and the third to the IIla-J
iaig&i}imit (the faintest limit). Henceforth theée limits
" are to be reﬁerréé to as the "b"‘ "D", and "f" iimits.
reséectiégly. The top line of each pair presentsq;esults
- obtained when the counts from all 20-rings are.ﬁsed and'the
eqtom line_gives€the rg;ulﬁs when the counts from the inner
10.rings.are used. |
) The columnsfshow, from Ieft to right: the emﬁlsiop{'
ML - the magnitude limii; AM - the aLproximafe magnitude ;\\n

difference between the b limit and the D and £ limits;
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Table 12

Final results

Cluster/ | - . *
.. Emulsion | ML, AM}{ NR NG Rg Rc abg abg
~ A2052:
ITIIa-J | b - 20 58 | .037 .031] 2.42(-3) 4.44(-3)

. 10 - 40| .023 .030| B8.52(-3)

-103a-D YD 1.6 .20 341} .495 .5081 4.31(-2) 4.15(-2)
10 140 | .499 .458] 8.20(-3) "

. . ' \
IITa-J { £ 2.3| 20 848 | .467 .477] 1.13(-1) 1.12(-1)
10 315 | .413 .467} 1.28(-1) " .

~ ol

A2593: Lo S :
IIIa-J | b - 20 78 | .303 .253| 1.19(-2) 6.39(-3)
10 36 | .311 .318 3.15(—3) "

103a-D | D 1.8 20 678 | .554 ,481 ] 4.52(-2) 7.75(-2)
10 312 | .656 .672| 5.74(-3) "

ITTa-J | £ 2.1| 20 882 (.829 .847( 6.34(-2) 1.13(-I)
n

. 10 359 .794 .780) 4.55(~2) , -

A2626: ~ ‘ - ¢
IIta-d |b - .| 20 91|.336 .330f 1.19(-2) 1.85(-2)
10 40/ .365 .334] 9.67(-3) " :
.103a-D |D 1.8 20 697 | .408 .299) 1.67(-1) * 2.14(-1) . !
‘ {10 228 |.268 .251| 2.02(=1) " ;
IITa-J | £ 2.3| 20 1528 | .378 .313| 3.79(-1) 4.44(-1) '
10. 498 | .280 .,250{ 5.36(-1) = " - !
_Al54 : : & g’
IITa-d |b - |20 95}.167 .178| 1.79(-2) 1.65(~-2) !
10 40 | .014 .178| 3.77.(-2)" L
, - :
_103a-D | D 1.3| 20 498 |.133 .144] 1.05(-1) 1.06(~1) - ~_
- 10 187 |.016 .146| 1.70(-1) " !
- . <
IITa-J | £ 1.5] 20 634 |.051 ,070| 1,51(-1) 1.37(-1) %
10 232 |.027 .038| 1.71(-1) " :
Units: " AM - magnitudes
Rc and RS - Mpc-

opg and °b§ - galaxies/arcmin?

e e i S hrmrbecgt nrt e e o ot
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NR - the munber of rings used; NG - thé number of galaxies
included; R, - the core radius in Mpc obt;ined when hg is
treated as a free parameter; R; - the core radius in Mpc
~obtained uging the observed background density as a fixed
value; 9pg the background density in gaiaxies/arcminzv
obtained by treating this density as a free parameter; and
dgg ~ the observed background density in galaxies/arcmin?,
a value that is the same for the 20 and 10iring cases for a
gi&én magnitude limit.‘ In addition, the cluster to which
eéch set of figures pertains is listed at the upper left.

.

The values of AM are obtained. from the relation
8M=1.666710g(N,/N,)

where N, is either the D or f background count and N, is the
b baﬁkgrqund count.> The only major assumption incorporated
into this relation is that the galaxies counted are
uniformly distributed in space. For a derivation of this
relation see Mihalas' (1968).

‘Tabl® 12 shows that in cases where the same
‘number of rings are used the greatest number of galaxies is
included in the f limit and the smallest number in. g¢he b
limit. This reflects the different magnitude limits to
which galaxies are counted.:'

The core radii alone, in Mpc, are presented in .

Table 13 in the same format as in Table 12.
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Téble 13 %
Core radii only “
|
\A2052 A2593 A2626 Al54
Emulsion|ML NR | R, R} R, RS R, RY | R. RE
IIIa~-J 20°1.037 .031| .303 .253 | .336 .330 | .167 .178
10 1.023 .030 | .311 .318 | .365 .334 ] .014 .178
iO3a-D 20 | . 495 .508 | .BB4 .481 .408 299 [ .133 ,144
10 1.499 .458 1 .656 .672 | .268 ,251 | .016 .146
IlIa-Jd 20 |.467 .477 | .829 .847 | .378 .313 | .051 .070
%0 .413 .467 | .794 .780 | .280 .250 027,038
r
Units for R. and Ré are Mpc
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N :
ii) Comparison of Sbg and Ugg

When the computer generated opg values are
compared to the corresponding- ocbserved “gg values, ig is
found that the computer program generally’produces a \
realistic background dehsity. Only a few computed values
are significantly different from the observed ones.

However, whenever the relativé difference is greatest for
each cluster (A2052-D, A2593-D, A2626-b, and Al54-b) the
combuted value is obtained for the 10 ring case. This is
probably because the counts reach background by about the
10th fing, allowing a more a;curate backgrcocund fit to the

20 ring counts. The 10 ring counts, therefore, refer ' mainly
to clustér galaxies and the background is giﬁen little
weight. As Table 10 sths, the d;ameteg of the 20th ring
is almost coincident with the Abell diameter.

These ﬁacts suggest~that if a computer program
gimiiar to the one used here is to consistently obtain a
reélistic baékground density as part of the fitting process,
galaxy-counté should be made-out to the Abell radius. This
further suggests that core radii obtained from 10 ring
counts with Obg tfeated'as a free parameter may also bé

unrealistic, a possibility that will be checked in the next

section.
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iii) Comparisdn of 10 ring core radii and 20 ring core radii

If core radii obtained from 10 ring counts when
the background density is calculated (Rc(lb)) are
occasionally unrealistic because of poorly detérmined

" background densities, then these radii should be significantlé
different from those obtained using 10 ring counts with the
observed, fixed, bsckground densities (Ré(lO)).naThese
differences would be expected to be larger than the
differences between R (20) and RZ(ZO), because using 20 rings
presumably alléws a more realistic background density to be
determined. The results of Table 13.were used to compute the
percent difference bétween the 10 ring and 20 ring core radii
usiné the expressions

|R(10) =R (10) | x100 |R¢ (20) -RZ (20) | x100

-and
0.5%x{Rc(10)+Rg (10)} 0.5x%{Rg (20) +Rg (20)}

These values were calculated for each magnitude
1imit and each cluster. Then the b(10), D(10), and £(10)
differences and the b(20), D(20), and f(20) differences were
averaged for each cluster to see if there was a sighificant
ﬁiscrepancy Qetween the 10 and 20 ring<cases.

Fofltwo clusters the 20 ring cases produced
sm;ller differences ﬁhan the 10 ring cases by factors of 2
" and 10. However, for the other two clusters the 10 ring

cas®fs produced differences smaller by factors of 5 and 2.
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The 20 ring and 10 ring average differences for
all four' clusters were respectively 12%t11% and 37%t61%.
The large standard deviation in the 10 ring éifference is
due mainly #o the Al54 results, which haveﬁaarge internal
inconsistencies. If AlS54 is omitted the 20 and 10 ring
averages become 12%:10% and 9%:8% respectively.

For iﬁdividual clusters the percentage differences

show that one or the other of the 10 or 20 ring core radii

are probably better representatives for the cluster, The -

overall averages, however, do not suggest that either 10 or
20 ring counts consistently give better results. If Al54
is omitted, these results indicate that the oceasional
inability of the program to produce realistic background
densities using 10 ring counts does not éignificantly

affect the value of the core radii.

iv) Comparison of R. and R;
S . .

Since core radii depend to some éxtent on -
backgrou£d densities it is appropriate to consideg the
efféCté of d{ffe:ences in background densities on these
radii. Specifically, consider for each magniigyde limit the

R.(10) and Rc(20).percentage differences (where each value

has a characteristic background density) to the R;(lO) and




55

R;(zo) percentage differences (where each value ﬁas the
Ssame baqurbund density). If the observed background
provides a better base for calculating core radii then the
“percentaée differences between RE(IO) and R;(zo) should be
-smaller on the average than those between R, (10) and R, (20).
For‘éach magnituae limit and each cluster the
pércentage differences,wefeVfouﬁd“through
|Rc(10)—Rc(20)|xloo |RE (10)-Rg (20) [ %100

and
0.5%{Rg (10)+R, (20)}. 0.5x{R% (10)+R} (20)}

The b(R,), D(R.), and £ (Rg) differences and the b (R3) ,
D(Ré), and f(Ré) différences were averaged for each cluster
and campared.

For Ehgee clusters the differences between the Ré
values were less than the R, differences by factors of 2,

4, and 6. In the other case the differences betweén Ro
values were smaller by avfactor of é.

The overall average of all four clusters inéluding
the three magnitude‘limits.showed that Ré differences were
lS%ili% while the R. differences were 46%158%. Most of the -
- spread in the Rg dig?érencé is again due to Al54, which has
a wide range of core radii.‘ WithouﬁAA154,'thé R; percentage
différence is‘sfill smaller {13%:11% compared to 18%+17% for
Ra), but,the disctepancy.between,the two.ﬁas shrunk
Coﬁsiderably{. These"percentdge diffgrences.suggest that

R; values may be slightly>moié consistent than Rg values (in
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that there is clbser agreement, gengrally, between R;(IO)
and RE(ZO) than between Ro(10) and Re(20)). It apbears
that, again neglecting Al54, only marginal differences in
core radii result when the background density is either left
coﬁstant or calculated with the other parameters, a result
consistent with the findings of the previous'section.

Thefe are seven cases where the differences are
greater than 30% of the average: the R.-b cése of A2052
(47%); the R-D case of A2593 (33%); the Rc-D case of A2626
(41%); the three R cases of Al54 (b-169%,,D;159%, and
f-62%); and the Ré-f case of Al54 (59%). Five of these
seven have density profiles with a first ring density
significantly higher than the rest of the ring densities,
the A25§3 and A2626 cases ére the exceptions, If the ‘high
first ring densmtles are the cause of the dlscgepanc1es, it ..
is probably because of the higher weight these points havé//
in the 10 ring case, The effect on the model is to produce
a higher central denSLty and a correspond1ngly smaller core
radius, particularly in the cases where the background density
is found as part of the fitting procedure. Table 13 supports
this conclusion, showing that for the cases where the
discrepancy is in the Rg columns, it ig indeed the 10 ring
core radius that is smaller.

To see how significant the gentral data point is,

the dafa for A2052-b were run with the inner ring omitted.

The core radius obtained for the outer 19 rings was Rét0.602
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Mpc, as opposed to 0.031 Mpc with Qll 20 rings. (For
comparison, this core radius occurs at 10,5 on the first

graph of Appendix I.)
j .
v) Individual cluster abnormalities

The Rood-Sastry (1971) classificétion for ;;:E\»

cluster is listed below. - : Vet

- .t

Table 14

Rood-Sastry classifications -

cluster R-S class -
A2052 cD ;
A2593 -

A2626 cDp

Al54 Bb

The R-S type for A2626 indicates that the
supergiant galaxy is a multiple or has some other sort of
peculiarity. What this may be is not discudsed by Rood and

Sastry, but visual inspection through a 10X stereo

bl K
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microscope shows that the deﬁsest part of the im:Le is not
located at the centre of symmetry. It is not known if this
is the peculiarity referred'ﬁb, or even if this observed -
oddity is inherent in the‘galaxy or due to a superiﬁposed
stellar or galaxian image.

The type assigned 2154 indicates a cluster with a
central binary galaxy whose components are connected by a
luminous bridge. It is not known whether binary clusters
are bhasically different in structure, which might'explain
the anomalous (i.e. very small}) f radii of this cluster.

A2593 is not classified by Rood and Sastry since
they feel it to be either an I cluster superimposed on a cD
cluster or a single peculiar I cluster. The possibility
that we view two superimposed clusteré is supported both by
inspecting the prints with galaxies identified to D and f
limits and by strip count histograms. These suggest the
presence of a small group of relatively faint galaxies about
15” south of the dominant elliptical. If this is the case, .
then the strip count centre would possibly be chosen further
south than otherwise, resulting in a larger cére radius.

To test this possibility ring counts were made of
only thé north half of this cluster, with rings centred on
the brightest galaxy. These numbers were doubled to
simulate a cluster with north-south symmetry and treated as
a cluster by the program; The resulting core radii are

presented in Table 15 with a format and notations identical
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to those of Table 13.

» These results show that the smallest changes in
core radius are those of the b limit. This is consistent
with the existance of a?background cluster which would not
have beeﬁ included in thése counts, )

The D limit ﬁore radii have changed drastically.
This is mainly because 10 of thé 13 éalaxies in the first
ring are located in the northern'half of the cluster. The °
assumption of north-south symmetry about thevbrigh;est
galaxy thus leads to a central ring containiné 20 galaxries,
an increaée of 54%.

The f limit values also decreased, as would be
expected if a background ¢cluster were present to the south.
However, an.inépection of ring coﬁnts indicates ;hét this may
be due more to an increase of galaxies in the firét ring
than to a decrease in numbers in the outer rings, a
supposition supported by the new  f core radii.

The eviéence is that the background cluster, if
it exists, becomes apparent‘betwgen the b and D magnitude
limits, and affects the corresponding core radii. But it
is also apparant that asymmetries in the distribution of
fainter galaxies within the foreground cluste:ritself can
significantly change the core radius, depending upon éhe
choice of ceﬁtre'for the ring counts. Fortunately, neither
this asymﬁetry nor the possible background cluster affect

the b limit core radii, - ,



Core radii for A2593

Table 15

“From

Units for Ré'and R; are Mpc

Table 13 N only

Emulsion ML NR R Ry R, Re
. IIIa-J b 20 .303°  .253 .212  .250
o 10 .317 . 318 .318  .349
' 103a-D D 20 .554  .481. .044 043
10 ..656. - 672 .032 . .044
IIla-J £ 20 .829  ,847 .659 .459
: 10 .794  -.780 .381 .38l

60



vi) The mass segregation question

It has been decided to use the Ré(ZO) values
hereafter as the values representing the core rédii for the
magnitude limits. These were chosen because the R values
have been found tc be poésibly more consistent than the Rg
values and because 10 ring counts generally do not extend
appreciably into the background aﬁd so possibly give
unrealistic radii at times {the results of séction iii

K .
notwithstanding). These core radii are displayed in

Table 16.
wl
Table 16 3
Adopted core radii in Mpc
ML 22052 A2593 A2626 A154 A
-

b .031 .253 .330 .178

D .508 .481 «299 .144

_ £ , 477 .847 .313 © .070

As clusters of galaxies evolve the tendency
towards equipartition of energy results ‘in the more massive
galaxies :Los:.{lg kinetic energy to the less massive ones.

.

As a reéﬁﬁ?” he less massive galaxies will move farther out

!
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in the cluster and the more massive ones will fall to the
centre;M_Equipaftition pf energy will thereforé-result in a
radial segfegatién of ﬁass. The more massive galax1es, as -
a group, would thus defzne a smaller coére radlus than a group
of less massive .galaxies, w;th a mixed group having an

Ainte%mediate core radiué. ' |
Oemlerf(1974?:has fopﬁq evideqée of mass
segregation in gll sii‘gD cluéters he studied (of a totai

of 15)." Quintana (1979) has recently found evidence for

mass Segregation by fitting isothermal’ 'gas sphere models to

«

galaxy counts of the Coma and CA0340-S38 clusters. Dressler-‘

(1978}, on the other hand has studled 15 rich clusters,
1nclud1ng ‘five cD clusters, and has found eV1dence of mass

segregation in only three. cases, only one of which is a cD

Il

cluster. The-obher “four’ ¢D clustert display somewhat large;
core fadii for the prigh;e;fkmﬁ;e massive) galdkies thag

for fainter ones. TﬁiS'phénonenon is attributed to a further
stageﬁof cluster evolntidg in which bright galaxies near'the:
clué£er.centre are accréted by the central cD <_:;‘e.§.‘laxy.,~ The_;

resulting lower central number density is reflected in a

Y

larger core radius. ) N
From the values in Table 16, only A2052 and A2593
ﬁiéerevidenceggf maés éegregatién.' Both df these ¢lusters
'havé:pPSSible anpmalies,{however. The extremély léw éére
radius for A2052-b seems unlikely (as do othéz core radii

near this size) despite th#’goodness of fit, especially wheﬁ

~

D da T toain e caes eanm =
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the core radius obtained.through omission of the inner ring
is considered (see seption iv of this chapter). BAlso the-
A2593—D and f core radii may be too large because of the
presence cof a superimposed cluster. )

A2626 shows no evideﬁce for mass segregation and
the Al54 values suggest that the fainter §alaxies are more
centrally concentrated than the brighter ones, a siguatioh
which is consistent with the accretion process described by
Dressler. The Al54-f result is probably due mainly to a
grouping of faint galaxies observed arqund the central
binary, a phenomenon no£ believed to be associated with
accretion but merely a chénce positioning on galaxies.*

1f the.four values for each.maénitude limit are:
averaged, the ratio R&(b):Rg(D):Rg(f) is .20:.36:.43,‘ which
taken at face value implies an ovefall tendency towards mass
segregation. However the scatter is so large that these .
averages are probably not significant. Although augeﬁeral

trend can not be cited, two of the clusters studied do show

signs of mass. segregation.
_ : ~
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vii) Compariscon with published core radii

Core radii have been published by Bahcall (1975)
for A2052 and by Dressler (1978) for Al54, allowing
‘comparisons Qith the values found here.

Bahcall's data for A2052 indicate that her éounts
ocovered 12 of the 20 rings ‘used here. Furthermore, instead
of using rings of uniform width, Bahcall used four central
rings 2:24 wide and four outer rings 4.48 wide while this
investigation used rings-2.24 wide. Therefore, the data
found here were combined to simulate wider rings in order °
éo determine if regults similar to those of Bahcall would
be obtained.

| Table 17 shows in column 1 the data source of the
ring coﬁn;é. Column 2 indicates the magnitude limit of the
-present datav the b limit was chosen because it is closest
to. Bahcall's magnitude limit. ColhmnHB gives the number of
rings used, either the innerrlo, the inner 12" (B), or all
'20. The last two columns give, respectively, the number of
galaxiés used in fhe calculétions and the core radii
obtained in Mpc.

The toé three rows present results using the data
from thié thesis. The bottom rows give results produced by

- Bahgall and by this program using Bahcall's data..

The results show that analysing the predent data

psing rings having the same width as those used by Bahcall
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Table 17

Core radii for A2052

s ML NR NG Re
Thesis data: b 10 40 .023

B 46 .025
20 58 .037

Bahcall's data:
her results - B 73 .28
this program - B 73 .430
Fl

produces no appreciable difference in the core radius

" compared to others found with this study's data. The

bottom lines show that uéing Bahcall's data this program °
produces a much larger 6ore radius than that found by
Bahcall, a result which has been discussed in Chapter III.
Comparison with Table 13 shows that this coré radius is
similar to the value found with the £ limit data for this
cluster. This result is probably at least partly due to
mass segregation. This'possibilify presents itself because

Bahcall counts 60% more galaxies .and 8o presumably reaches

“a fainter magnitude limit than the b limit used here. Mass

segregation in this cluster is strongly suggested by the
values in Table 16. The possibility exists that the
disparate results are due to the two sets of data (Bahcall's

and those of thié-study) being ceqtred differently.  This
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seems /anlikely to give the large differences, however, as the

centres are the same to within 0™1 and ;:

Dressler used a method similar to that of Bahcall
to obtain the core radius of A154; He found a core radius
of 0.19 Mpc wifh counts out to aboutithe eighth ring used
here. This area wag apparently diQided into 11 rings of
the same width. Unfortunétely,.neiﬁher :ing counté nor

limiting magnitudes are given by Dressler so a detailed

comparison is precluded. However, his reshlt is close to the/

Al54 core radius obtained from the b counts fsée Table 16).

¥4

viii) Combination of present core radii with those of Bahcall

Bahcall (1975) has published core radii of 15
Abell clusters and has obtained san éverage value of
0.25+0.05 Mpé (the 0.05 value is the standard deviation of
scatter, and has no bearing on errors inherent in the
individual core radii). The b limit core radii of Table 16
will bé combined)with Bahcal%:s results to obtain a new
average and standard'deviatidn. Bahcall's results.may have
been influenced by the fact tﬁat she only once couqtéd out
to near the Abell radius; gn Nthe average the distance to which

she counted from the cluster centre is only 53% of the

Abell radjus, as opposed to an average of 102% for this

F O VL
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thesis.
A
Using the core radii specified above from Table 16

and Bahcall's results, the combined average is
<Rg>=0.2420.07 Mpc (Ho=50 km s~ IMpc~1)

Bahcall's valué is not changed much, mainly
because of her largef sample. For comparison, the averagé
of the four core radii from this thesis is 0.20#0.13 Mpc.
 (If the core radiu; of A2052 is neglected tﬁe average core
radius:for the remaining three clusters is 0.25+0.08 Mpc.)

To see if the number of core radii averaged is a
significant factor, four random groups of four core radii
were taken from Bahcall's results and averaged. The averages
found were 0.28%0.07 Mpc, 6.2310.02 Mpc, 0.24%0,07 Mpc, and
0.2410.06 Mpc. This implies that the large staﬁdard
deviation for the average of the four core radii of this
thesis has little to do with the number of values averaged.

The fact that the clusters studied here tend to
be cD clusters as opposed po spiral rich or spiral pbor
clusters is not an influential factor. An inspection of
the clusters used in Bahcall's paper show six cD, four B,
two L, one F, one C, and an unclassified cluster. No type
shows a significantly iarger'or smaller mean core radius.

If the spread of core radii is as large as Table
i6 (or worse,yét, Table 13) implies then the validity of

using this radius as a cosmological metrestick may be
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questioned. Calculations can be made to determine how far‘
‘away in z clusters would have to be before the spreéd of
standard deviation is overcome by the changes in radius
caﬁsed by the value of gq,. For example, in universes with
decelaration parameters 0 and +1, a 0.25 Méc object would
differ in size by 0.05 Mpc (Bahcall's standard deviation)
at z=0.43, and the same object would differ in size by 0.13
Mpc (the standard deviétion for all four clusters from this
thesis) at z=1.17. It is obvious that if the value of the
standard deviation is near the value found for the four
clusters of this thesis the probability qf detérmining qé
from core radii is low._

Also, i€ there is mass segfegation present-in
some c¢lusters of galaxies further problems arise, na@ely
that the core radiué will be a function.of the 1imitin§

magnitude.

1x) Conclusions \

1) Results>in the'bbttom‘two‘rows of Table 17,
as well as those in Chapter III, inaicate that the same data
can_éroduce w;dely differing results depending on their
treatment. Even when the general hethod of anélysing the’

data is supposedly the same (see Chapter IIXI, section iii)

e amemadide T ek e
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different results are obtained by different programs for
individual clusters, ‘

This suggests that a gtudy should be madé of all
programs used by researchers to determine which is best,
however that may turn out to be defined, for a given method
of finding core radii. This.program should then be used by
everyoné in this line of study to ensure consistent results.
Or, if it happens that no one.prog;am is- any better than
anétheri to maintain consis?epcy one program should be
chosen. to be used exclusively:‘ Then the comparison of
results would acquire ‘a greater significance. (This
obviously does. not exclude further work at attempts to

devise an improved program for core radius determination.)

e st Auame mTie e T

2.) More cqnsisfent results seem to be found in
the present investigation when the background density is
counged, rather than calculaféd as a free paraﬁeter in the
fitting process.  .

3.) Care should be‘taken to include a large
background sample in the data by counting out sﬁfficiently :
far from the cluster centre. The Abell radius seems to
contain a large enough area for this purpose. This procedure.
seems to be of greater importance when the background
density i; to be calculated rather thaﬁ counted directly.

4.) Two clusters show evidence of mass
segregation but a general trend is not evident in the small

sample studied here. 1In at least one of these clusters, . ~
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A2593, this effect may be caused by the presence of a second
cluster in the field.

5.) The spread of core radii appears’to be
larger than that in the sample studied by Bahcall. This
raises new questions concerning the use of these radii as
standard metresticks in attempts to determine the value of
the deceleration parameter.

If the spread of core radii is as great as/;s
suggested by this thesis, Eggg only very large z (greater
than about 1) clusters wili be usable in determinations of

d5. The lack of rich clusters ;t these distances could

prevent the determination of the deceleration parameter.

/ Part of this spread may be due to mass segregatioﬂﬁ\lxa'

If this is so, then establishment of a suffiéiently accurate

maénitude limit would be required before a large sample of . .

such clﬁsters could be used for this purpose.
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Appendix A

Program listing

A listing is provided of the program version
(named YAHOO) that finds the beét fit values for x4, a«, g,
and ohg. The listing should contain enough comment cards
to enable a usexr to follow procedings; if these are
insufficient an extensive explanation is presented in
Appendix C. These, combined with the description of the
type and format of ;equired input data provided at the
begihning of Chapter 1V, fully explain the workings of this
program. .The first page of a typical output run of YAHOO
is presented in Appendix J with sample outbuts of two other

programs.



= FORTRAN IV ——— V02 b=t TUE-O0B=JUN=T9-£ 31426306 ————

—————PAGE-—0014

c
e C - B - - - e e mam e e em—— - ha ————— - —
¢ INPUT
¢ c DATIO()) PRINTER CHECK
> € 5?8¥+lé———!ﬂE—SER}ES—GF—¥&Lus&~{s!P{ PEI}*PBIL) -
( c TOTAL NUNBER OF RINGS (NOT NECESSARILY ALL OF SAME WIDTH) o~
c nons(!) NUNBER OF NBSERVED GALAXIES IN RING I
- € - - - ROUT(I)- - QUTER RADIUS -OF RING-Y—-—-——-= —— = ~oo oo = o = oo - — e
c sC1 INITIAL ESTIMATE OF CENTRAL DENSITY
c SBG1 INITIAL ESTIMATE OF BACKGROUND DEWBITY
c MAJOR ARRAYS AND VARIABLES
c 31¢3) THE SERIES OF XI VALUES CORRESPOKDING TO EPSI(I)
c - - -8IG0B(I1) -GALAXY DENSITY IN RING I—- - S - memme e s
¢ SIGISO(I) CALCULATED GALAXY DENSITY AT SAME DISTANCE FROM CLUSTER
c CENTRE AS SIGOB(I) .
e € NEALE {1 —FHEORETHEAL—VALUE—FOR—NOBS (T )7 CALEULATED-FROK—BIGI80 €1
c INTOI{I) STORAGE PLACE OF INTEGRATION RESULTS, REQUIRED BY
, c INTEGRATION SUBROUTINE
‘ —= - - = --RAVUI)- -AVERAGE (I;E: EQUAL-ARER) ‘RADIUS BETWEEN ROUT(I) AND:- — - - e e e
c ROUT(I+1)
‘ ¢ AXXA(I)  STORAGE BPACE FOR ALPHA, S1GC, SIGBG, AND CHI50 BEFORE
- ————¢ RINTING
c XIEPS{I) ARRAYS 70 8 INTEGRATED; FED INTO SUBROUTINES
c sc(1) SERIES OF CENTRAL DENSITIES FOUND ITERATIVELY BY THE
: ¢ - ————-= = -~ NEWTOH~-RAPHSON -METHOD - < T SRR
- c SBG(I)  BACKGROUND DENSITY ANALOGUE TO S€(I) .
c X0 UPPER LIMIT TO ISOTHERKAL GAS SPHERE INTEGRATION
L C  LOGAL  MAXIKUM_ALRHA FOR—A—GIVEN_XD -
¢ LOGAY LOGCMAXIMUM ALPHA FOR A GIVEN ALPHA) '
, c LOGAL INCREMENTAL BASE FOR LOG(ALPHA) ‘f
- ¢ DIVN -~ ——--J60THERNAL- GAS- BPHERE -VALUES ‘TOTAL INTEGRAL FROM 0 TD X0 — - - —- - gy
c s16C WENTON-RAPHSON YALUE FOR CENTRAL DENSITY FOR A SPECIFIC
( c XO=ALPHA COMBINATION
c $1GBC——SACKCROUND- DENSITYMALOGUE-TO-$166C
c CH1sQ CHI-SQUARE VALUE FROM COMPARING CURRENT MODEL TO DATA
c IAN ERROR MESSAGE MARKER
c Gs Fy FCy~FBGy GBG ---— -—-- - 5 - -
¢ SUMS USED BY NEWTON-RAPHSON NETHOD TO GET 81GC AND SIGBG L
] c c2 NINIMUK CHI=SOUARE FOR AN X0
ol A2—52,—882
¢ ALPHA, SIGC, AND SIGBG ASSOCIATED WITH C2 _ -
. c IND MARKER: IND=5 ALPHA BEING INCREMENTED IND270 LOWEST
. c ~—  —~CHISQ ALPHAB -BEING- AVERAGED :
¢ I0D COUNTERS ND. OF TIMES ALPHA AVERAGING HAS OCCURRED
c
ol . SUBRQUTINES
¢ 5161 CALCULATES AN INTEGRAL FROM X TO X0 FOR AN ISOTHERMAL -
c DENSITY AT RADIAL DISTANCE X
c DIVIN-- - CALCULATES AN INTEGRAL FROM 0 TO XO FOR ISOTHERMAL DEKATTIES -
c USING THAT SPECIFIC XD g
c 105F CALCULATES INTEGRALS DVER RANGES WITH EQUALLY SPACED .
N —FUNCTION—VALUES — — e - <1
c R w

b 'Faame ar gt e
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r—FGR!RﬂN—*¥——————¥O?r!Of——-—!UE—OS-dUN079—}3r?GfOG————————~—-————PAGE—OO?
&
e O .. . ~
0001 REAL N083(40) ROUT(41) ,RAV(40) )
0002 DOUBLE PRECISION 51(40) S51G1SD(40),NCALC(40),SIGOBC40) )
oooa————————asnb—spsafae}+7*++ee;e1aucabTbosa+7axxa+*a;
0004 DOUBLE PRECISION INTDI(281),XIEPS(261),CHISQ,DIVN,8IGC,B81GBG,
, 85C(20),8BG{20),XX1,XX2,G,F,FC,F8G,GBG,DNOM, 21,22, zx E2
—0005 — - ——-INTEGER-XO;DATID(40)- - S e e = -—
c
c DATA READ INp SCi, 8BG1, AND J PRINTED
— €
0006 READ(1,888) (DATID(I},I=1,40)
. 0007 800 FORMAT(40A2)
0008 -—— —-—WRITE(6;889) (DATIDCI)FI=g740) —— = ~-—— —r-owm-mro oo oo e -— -- -
0009 889 FORMAT(5X,40A2) _
00t0 . READ(1,225)(EPSI(I),I=},281) -
1 —0041-—225-FORMAT(LOCES TS .
0012 READ(1,222)0
( 0013 222 vonnnr(/,xz)
-0044-———— READCS;223)(NOBS(I);Iz1;0) - ———-—j————m——-mms— o e o — -~
, 0015 223 FORMAT(20(F4,0))
0016 10K=J+1

0047 AEADE, 243 CROBTCI )02, 1K)
0018 224 FORMAT(20(F4.2))

, 0019 READ(1,230)8C1,88G1

' -0020 -————3C2=2%5C4 - - e R E e
0021 88G222,$88G1
0022 - WRITE(6,080)5C1,5BG1

¢ 0023 — 880 FORNATALy S8y LINFFIAL—CENT—DENG Sy 4PE by dy sy 5%, LINITIAL—BG—DENEL -

$ta,1PE11,2)
0024 230 ronnur(es,z,zx.ss.zl '
-0028 — -~ ———-IF(JsLE40)GO-PO— 18-+ —— —— ooor — - - = - - - G e e e

0027 WRITE(6,803)J ’
( 0028 803 ronunr(// 10X, 'CHANGE LINE 1 AND 2 ARRAY SIZES FROM 40 TD',I4,//)
. ___0029 "n ,h ona
0030 1S TJK=0 . -
; 0031 WRITE(6,0883}J
0032 - - 883 FORMAT(/;5X; 'THERE-ARE', I3t RINGS®,/)} e e
c . -
c VALUES OF XI CALCULATED IN THREE RANGES: BY 0,1 FROM 0 TO 10,
c a:_4-sagn_4o-;o_4oo,-aup_a:~;o~raou~aoowto—4ooe -
c -
0033 DO %0 ral.xoo
0034 - Xmlefg - - - - e e
0035 ‘Xs3x/10,
0036 S0 XxICI)sx
0037 ‘Ix=240 ,
0036 , b0 S1 I=101,190
10039 XTCI)=JX -
0040 - 51 JXmJX41—- . - - e e e
0041 _ JX=100 b
0042 DO %2 I=19t,281

10043 X3(1)3I% - U
0044 $2° JX=3JX+10 . ’

—y
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—FORTRANEIV—VO0Rri=t——FE--O5~gUN=79-13126106

0140 . GO TO 444 e T
~BI4L —-- 204 IXYRO - - e — —— - - - - e e
142 SC{IP+1)=8C(IP)I+(G¥FBG-F*GBG)/DNON
0143 SBG(IP+1)sSAG(IP)+(F*XrBG=FC#G)/DNON g
W{am»» —202-CONTINUE <
c
c END OF S1GC=81GBG LOOPy LOOP TO CHECK FOR CONVERGENCE OVER THE ‘ N
cmmerem G -~ GASYT -SIX ~VALUES—~DP--SC-AND ~8BG—== NO-CONYERGENCE S MESSAGE—— —- -~ - !
c _ AND GDES TO END OF XO LOOP v
c
--0145——DO-20F-Lwt6719 -
0146 XX1=ABS(SC(L)=5EC(L=1))+ABSY8C(L))*0,00%
0147 XX2=ABS(SC(L+1)=SC(L))
0448 - ——— - IF(XX2,LE:XX1)00 - TO 807 — — + — ————m=r = o oo e s e — e - -
01%0 TAM=] .
0151 ' GO TO 444
—0152— 807 XX4wABS{EBEH 6861 ) ) +ABS{BBGLL IS 05005—
0133 XX28ABS(8BG(L+1)~SBG(L)) - -
0154 IF(XX2,LE,XX1)GD 70 207 °
0156~ ~~-————FAMRY - —— - - Ce—— C e e v e — K - - F T —— e e -
0157 GO TO 444 .
0158 . 207 CONTINUE . xwz,
c END OF CONYERGENCE LOOP) CHECK TO SEE IF LAST TWD VALUES OF BC x/f:\ ‘
c AND SBG ARE WITHIN 0,018 OF EACH OTHER, IF NOT, THE LAST SC AND .
<= meem Qe - ---§BG -VALUES-ARETAKEN “TO BE-THE INITIAL ESTIMATES ‘AND NEWTON=-— - -~ - e eme e - -
c RAPHSON CONVERGENCE IS AGALIN USED, TO A NAXIMUK OF FOUR TIMES, .
c INSUFFICIENT AGREEMENT PRINTS A NESSAGE AND GOES TO END OF XO LODDP
i od
01%9 XX1=ABS(5C(20)=SC(19))/AB5(8C(20))
0160 XX22ABS(ABG(20)=8BG(19))/ABS(8RG(20)) ’
~0161 —- — - IFCIXXE 4 LE;0,0001)4AND,; (XX2,LE;0,0001))G0 TO 209 - C e - B TR T R TN
0163 IFCIT.LE,4)GO TO 810
0165 IAM=S
| _ 0166 CO_TO 444
0167 810 ITaIl+l
0168 SC(II)=5C(20)
0169 - -~ - BBG(IIIWEBG(R0)—~--—- -~~~ -~ - - - - - - S
0170 GO TO 2%t :
n -
e iF CONVERGENGE AND--AGREENENT_TESTS ARE—-PASSED-SC(20 AND—5BG(20)
¢ ARE ACCEPTED AS SIGC AND SIGBG. IF THESE ARE LESS a:»z TWICE
c INITIAL nau~x>amm THESE ARE THE _znqu>e mmn~z>»mm FOR THE
- € -~ ———HEXT ALPHA; - - - e - e - - -
¢
0171 209 munn-mn.nov
Dmlﬂb’ ﬂ.—.\oﬂ-l!,m--uﬂmwm@w >
0173 IF(816C,GT.3C2)G0 T0 700
0178 8C(1)=8C(20)
,0176 - GO TO-70% - . -, S e ~
0177 700 SC(1}=SCH ~
0178 701 IF(SIGBG,GT,$BG2)GO TD 702 .
 0190—— SBG{IIESRGLA0} ——— e ———————
0181 GO 10 703 . .
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0261 - GO 10 10

0200 342 WRITE(G6,343)A2,82,8B2,C2
-0281--—-343 -FORMAT( 25K NINIXUN ‘NETHOD--3---— '3 4(1PERE;Y)) - -
0282 100 CORTINUE

—-———— - c - —— - N —— . P .
¢ AFTER CHISG 18 FOUND AND IF IND=70 OPERATIONS ARE SENT -HERE
L ¢ IF WEM CHIS0<C2 APPROPRIATE VALUES ARE RESET '
(0262 316 IF(CHIS0.GE,C2)G0 TO 340 - 5
| o264 C3a2C2
~ 0265 - ———— A3TA2 - ——- e s —
0266 C2aCHISO :
0267 A2=ALPHA
| 0268—— 82mBIGE
0269 382281GBG 4
0270 GO 170 341
v--’..c—.. —— et o o —— — - JRp—— —— ———————m. aa B R e ——— —— — e e e e o
c IF NEW SWIS0>C2 BUT <C3 APPROPRIATE VALUES ARE RESET
C¢
0274 340—FFEEI LT OHIE0) GO—T0— T4+
0213 C3xCH180 s .
0274 A3=ALPHA )
AP O .
¢ IF AVERAGING HAS NOT OCCURRED 20 TINES IT CONTINUES AND
¢ PROGRAN RETURNS TO START OF SIGISO LOOP
od
0275 341 IF(IDD.GT.20)G0 Y0 342
0277 ALPHARO,S5#(A3442)
- 0278 - ———-1DD=IDO+1 VS T - - -
0279 G0 10 10
c
e IF- 20 AVERAGES FOUND,—NENINUN—CHISO-PARANETERS (2, A2,—ETC)—PRINTED
¢

C
|———C———— END-OFX0-100P
c
0283 999 MRITE(S,559) ks
0204 - 835 FPORMAT(//7/)— - - —— — = -——= - —— o= — - - - - e -
0288 CALL EXIT
0286 €MD .
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I8 FOUND BY LINEAR INTERPOLATION

e — o e e —————— e — e e

.

- - o p ik A v et i o s
R Db 4 g P g e e i+ 4 e, i Sk -

R i T PULINL U S

0001 SUBROUTINE SIGI(EPSI,IXC,X,XI,INTDI,TJK)
Y . S J S R o
c CALCULATES INTEGRAL FRON X TO IXO
c EPST  THE RANGE OF VALUES TO BE INTEGRATED OVER
N : I OF INTEGRATION
> c X LOWER LIKIT OF INTEGRATION
c 3 SET OF HORIZONTAL AXI8 VALUES CORRESPONDING TO EPSI
Tt € _INTDL1_ 8TORAGE.SPACE OF INTEGRATION. RESULTS . . ._ .. ... U
c 10K ERROR MARKER
c :
0002 pPOURLE PRECISINN _EPSIf1),INMTDIL1),8UN
0003 DIMENSION XX(1)
0004 1JK=0
0008 . _IKK=0. ... e — S ——e -
¢ :
¢’ X 1S CHECKED TO ENSURE IT IS BETWEEN O AND IXO
[od
0006 1F(X,LT,0,0)C0 TO 100
0008 IF(X,LT.IX0)GO TO 101
0010~ MRITEC6,2000K, IX0 oo o i e e Ao — _
0011 200 FORMAT(//,SX,'TROUBLES,.. X=',F1,2,' AND IXOx',16)
0012 © GO TO 198
c
c STORAGE BPACE FOR INTEGRATION RESULTS BET 70 0
c POSITION OF XI VALUE EQUAL TO OR GREATER THAN X FOUND
€~ IF.X2X1(201) ERROR-NESSAGE PRINTED.._ — . .. e et sl -
c
0013 101 8UN=0,0
_0014 DO 102 Ix4,281
0015 IF(XI(1)=X)102,103,104 .
0016 102 CONTINUE
0017 . 100 WRITE(6,201)X __ ____ —— e e
0018 201 FORMAT(//,5X,'X 15 00D, IT 181,F7,2)
0019 GO TO 198
< &
¢ IF NO XI VALUE=X MARKER SET; PDSITION OF XI VALUE EQUAL 70 OR
c GREATER THAN IXO FOUND! IF IXO3XI(281) ERROR NESSAGE OUTPUT
- - Kol e —— e e - - —- . —— e e e
0020 104 1JK=23 -
0021 103 DO 105 Kai,281
0022 IF(XT(K)~1X0)10%,106,107
0023 © 105 CONTINUE
0024 WRITE(6,202)IX0
0025 < 202 FORMAT{//,5X,'IX0 15 OPD, .IT_IS',I6) _ N S - o
0026 GD 10 198 \
c .
< IF_NO YALUE OF XI=I1X0, MARKER SET
c
0027 107 IKKs30 ®
0028 GO TO A0& . .. ... ... . e P
[of -
c IF IKKz30 TRAPEZOIDAL AREA BETWEEN IX0, EPSI(IX0), THE
c CLOSEST XI, AND ITS_EPSX_XS_FOUND AND_ADDED_TO_SUM, ERSICIXQ)__ _
c .

>y

\
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c

0029, _ 147 XAVS(XI(K)4+XI(K=1))e0,5 _____ . e e —

0038 108 XFRACE(XI(K)=IX0)/(XI(K)=XI(K=1})
_0039 = XXoXFRACX(EPSI({X)=-EPSI(K=~1))

0030 IF(XAV,LT,1X0)GO TO 108 -
0032 XFRACE(IXO=XI(K=1))/(XI(K)=XI(K=1))
%_Qﬂl = % - ~1))
0034 XX2EPSI{Kel)+XX%0,5
0033 SUR=SUR+(XX*{IX0=XI(K~=5)))
0036 . .._. KmKel .. ____. e ——
0037 GO TO 106

0040 XXzEPSI(K)=XX*0,5
0041 SUN=SUN=(XXS(XI(K}=1XD))
0042. .. _. GO TD 343 __ . _d__ e e e e e
C c
c THE NUNBER OF XI VALUES BETWEZEN X AND IXO 18 FOUKND, IF IT IS
C ZERO, SUN XI5 FOUND USING A TRYANGULAR AREA
c

Q043 106 NDIMBK=1+1 : '
0044 _ __ __ IF(NDIM-1)109,440,0%%¢ . __ . . . . . e
0045 109 XX=(IX0=X)/(XI(I)=X)

0046 SUN=O,SEXXSEPSI(I)#(IXO=X)
| 0047 GO 7O 110 a
. c '
c IF NDIM=0, BUN 15 FOUND USING A TRIANGULAR AREA
c e . -

0048 140 IF(SUN.LT.0.0)8UM=0,5%(((IX0=X)/(XI(I)=X))SEPSI(I))S(IXO~X)

0050 IF(SUN,GT.0,0)8UNSSUM+0,5%C(XI(I)=X)SEPSI(I)
0052 G0 TO0 410 4
(] Y
C IF NO XInX, AREA FROM X TO NEAREST LARGER XI I8 FOUND TRIANGULARLY
- .g _IF RO _XInIXQ, AREA_FROM._IX0 TO MNEARESY XX I8 FOUND (SEE 29-42 ABROVE) . . e e
0053 111 IF(IJX,EQ,25)8UN=0,58(XI{X)=~X)%EPSI(])
005S IF(IKKL,EQ,30)}G0_TO 147
C .
C CHECK TO SEE WHICH RANGES OF XI HOLD X AND XI, IF NOTHING
Cc MATCHES, ERRDR KMESSAGE PRINTED _
c . ,
0037 141 IF(CIL,LE,101) ,AND,(X,LE,101))GO TO §12
00389 JIF(1,LE,100)G0 TO 133
0061 IFC((I,LE,191),AND,(K,LE.191))GO TO 114
0063 IF(1.LE.190)G0 TO 118
..006% L IF(X.LE.29%1)GO0 %0 816 . . __ . ._ . e
. 0087 WRITE(6,205)
0066 205 FORMAT(//,%X,'TROUBLE IN THE *'IF'' SECTION')
6069 GO 10 197
(o4
o IF X AND IXO ARE IN THE FIRST RANGE SUM INCREMENT AND TOTAL
- c ARE_FDUND, IF _NDIM=2 INTEGRATION SUBROUTINE WON'T WORK 5Q. . e e —_—— gg
< SUM INCREMENT CALCULATED AS A TRAPEZOIDAL AREA,
¢ IF INTDI=2 OR THE DISTANCE FROM X OR IXO TO THE END OF A RANGE

| C 16 LESS THAN 3 STEPS ANYWHERE IN THIS SUBRQUTINE _OR THE NEXT__
ONE, THE SUM INCREMENT IS FOUND TRAPEZDIDALLY (FOR IXO0) OR

a
(g}
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0072
0073

nona

TRIANGULARLY (FOR X), FOR NDIM>2 DR MORE THAN THREE STEPS
ARE AVAILABLE, THE SUM INCREMENYT 15 FOUND BY THE e
SUBROUTINE IQSF,

N 10 117
SUN=SUM40. 1 *(EPSICI)+EPSI(K))*0,.5
GO T0 110

0074, _ 187 YI=t___ ._. - s

0075 DO 118 J=I,281
0076 EPSI(1J)=ERPSI(J)
‘0077 118 Lieltet
0078 CALL 10SF(0,1,EPSI1,INTDI,NDIN)
0079 SUN=SUMSINTDI(NDIN)
0080, __ . .GO.TO 480 e .
C .
c IF X I8 IN THE FIRST XI RANGE AND IXO ISN'T, THE AREA (INTEGRAL)
c FROM X TQ THE RANGE'S END Y8 FDUND
c
0081 113 IF(I,LT,100)GO TO 119
0083 SUN«SUMFO,1%(EPSIC100)4EPBILI0NIINOS — . ... N
0084 NDIN®1Q1
0085 GO TO 120.
0086 _ §39 NDIM=}1032-X
0087 10=1
0089 DO 121 J=I,281
0089 . . . EPSICIJYREPALCIN _ o il _ e
0090 121 IJ=1J+}
0091 CALL IQSF(0.1,EPSI, INTDI,NDIN) .
0092 SUMBSUNSINTDT{NDIN)
0093 120 IF(K.GE.J91)GO TO 122
c )
€. _.__ 1F.X_18 IN_THE FIRST RANGE_AND_IXO IN THE BECOND, THE AREA FROM. _ _ _ . ___._ . __ _ I
c THE BECOND RANGE'S START TO IXO IS FOUND AND THE TOTAL INTEGRAL
C FOUND
c
0095 TF(K,GT,102)G0 TO §23 :
0097 SUN=SUK40,58CEPST (NDIN) +EPSI (NDIN+1))
0098 . GO TQ 110 , R ) -
0099 123 1dsi
0100 _ DO 124 ‘J=NDIN,281
| 0101 EPST(TJ)=EPSILY)
0102 + 124 IJnld+d =
0103 NDINEK=100
0304 _ CALL. losrcx.o,spsx.1nrni.noxn)A"__,__;. o )
0105 SUNSSUN+INTDI (NDIN) -
0106 GO TO 110
¢ N
¢ IF X 15 IN THE FIAST RANGE AND IXO IN THE THIRD THE SUN INCREMENT
c OF THE INTEGRAL OVER THE SECOND RANGE 15 FOUND °
T - S e
0107 122 1J=1 - w
0108 DO 125 JeNDIN,281
0109 EPSI(I0)cEPSI(J)

0130

125 IJ=IJ+1

o e e ] e o it




P e L S ——

- P e o e

. . S\
: x>

g

) 182’ MION=r SET 0Q €510
=T ¥¢7 134 4]
0F¥T 0L 09 1530
CCT+NION) 19d3+(NIAN) I8d3) 80 S+NNISHOS 0st0
Tt s rr oo mTme e s : e T #ET 01 09(TET IO°NIIT ZET 89710
A (KIaW) TQLNT+NNZ2NNE L¥10
(WIGN'IQIRI*ISd3°0°1)4801 19¥D 9¥10_|
T+CI=C] CET S¥io
(r)15d3=(r1) 1943 ¥i0
_ §8Z°I=r £€1 0C 121}
St s T T T T REpIL T tvio
' : I=Z6¥=NIaN "m* 1210
Y TET Ol 09 o¥io |.
7 . TéY=NIGN 6E10]
(C(T65)I943+(061)I8d3)eG 0+uNS=NNS 8ET0
$€1 03 09(063°37°1)41 ST 9ETO
e N b St hid i 5
di 430aY $1 TY¥OIINI V06 IHLI GNY b
. GNNOA 38V OXI 183HVAN 3INIVA IX 28I Ol ONDD3S IHE J0 QN3 b}
FHT WO9J aNV ITAVH aNODJY JHI JO ON WIEON
IVYOIINI IHL QUIHL 3HI NI OXI ONY 3ONvY ONOD3I® 3IHI NI 91 X J4I b}
2
il TS T T e e e P TTem e, o, T : T A e ('3 % 9 o.n]oulli!.,nnuol
(NTON) IQLNI+NNESKNS 114 ()
(NION‘IQLNI‘I943°0°3)4S01 11V €€to
T+0YE0T O¢Y TE10
. (P)I8dIA3(rI)IS43 1€10
N t180Z'1x=p 0£3 0Q
e e e e e . 1E0T 621"
ott ol 09
(NI 1842+ (T)ILdI) S 0+NNT=NNS
STV 0% 0DTT IO WIANIAY
\.l\l
- aN004 81 TYHDIINT 7IVIOL IHL AINVY axcuuu AHI NI auv OxI ONv X 3T
, . OfT 0L 09
(HION) IQLNI+KNSSHNNS
INITURTTUINITISdI U OV J4ASOT TiYJ
. 065=X=NION
. T40I=0I 82} 0zto
- - et - —Cr}I9dA=PIIISdd T T T 6110
¥8Z’16=r 823 0d 8110
’ : IEpE ALY LT110
OYY OX 09 —STT0 |
0°GaC((T+XIGN)ISAA+(WIAN)I19d2)+NNTENAS 9TT SIT0
) .
- T s e i e s e YL 0L TYHOIINT CTYRTd ARI QN ORNOdT T T T
. \\ e - 91 ‘0XI 1SAUYIN IX FHI O JUVIS B.QUIHL IHI WOHJS ‘INIWNIYINI b}
L / WNE 1SV IHL ‘CGUIHI FHL NX OXI ONY IONYYH 1SHId 3HL NI SI X 41 2 J
e 7 K 9 Y
LTT'YTLOVE(T6T=N)AT *110
. _ (MION) IQLNI+RNASENNE £110
o . : - T ’ v ’ CTTTITTT T T (WIANT ITINTYYGAIT0C TSI V) T T TIT0
16=NIQN 138 1)
— g ¥00 39vVd SYISTIEY BL-RIN=56 4nl T=Y Y0A LY mqmumqul\



(_EORTRIN 1Y _¥02.4=4 TUE Q05=JUN=79 13226245 PAGE 008

0154 EPSI(IJ)=EPSI(J) ,
_ 0155, . _135 IJsIJd+f_ . __ e e —— e e = -
0156 NDINZK=190
0157 CALL IOQSF(10,0,EPS1,INTDI,NDIN) o
px 2 TDI(NDINM)Y
0159 GO 10 110
(o - .
o L C . IF X _AND_IXO_ARE_IN THE THIRD RANGE THE _REMAINING INTEGRAL . . _ . . e ..
c INCREMENT (FROM X TO THE XI VALUE NEAREST IXD) 18 :
c OBTAINED AND THE INTEGRAL TOTAL CALCULATED
[od
0160 116 IF(NDIN,GT,2)GO TO 136
0162 SHUH=5UR4SS, 0¢ (EPSIC(I)+EPSI(K))
_ 0163 .. _.GO.10.110 e - . : I
0164 136 IJ=t '
0163 DO 137 J=I,281 -
__0166 EPSICXJI=EPBI(.])
0167 137 1JalJ¢)
o168 CALL I08F(10.0,EPSI, INTDI,NDIN)
0169 _ .. ____ BUMWSUM+INTDI(NOIM) __._ . ._.__. . O — .
¢ ;
c INTEGRAL TOTAL IS REASSIGNED, ERROR MARKER 15 RESEY, AND IF
C INTEGRAL<O FRROR MARKER IS RESET AND ERROR NMESSAGE PRINTED
c RETURN TO MAIN PROGRAN WITH INTEGRAL
c -
0170 ___110_INTDI{1)}=8UM , R e e e e
0171 IJK=0 1
0172 IF(BUK,GE,0.0)GO T0 199 .
~0174 197 MRLTECG,204)) , K X, XXO, XXX XXCK)  EPSXC(I),EPBIAK) . BUN
$,NDIN,EPBY (K=1)

017S 204 FORMAT(///,' CONFUSION IN 8IGI AT 110t 1=',X6,/,29X,
PO, J.’K!!.16.1,293;38.'_.12515.6.1_.2'“,!.IXQB.',17.1.25&.'!!(1)5.'.# e e e — e e e e i e e e e
$1PE15.6,/,2%5X,'XI(K)=! ,1PE15,6,/,23X, 'EPBI(I)=',1PE15,6,/,

$23X, 'EPSI(K)=',1PELS +27X,'8UN=Y ,IPEL15,6,//, .
TNDI Mt I(K=1)=", SPESS.6,/2) f
> 0176 198 IUKu=iil :

0177 199 RETURN e .
o178 END ... __._._ ... _ S - . : e

o I
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0001 SUBROUTINE DIVIN(XIEPS,IXD,INTDI,XI,1JK) N
el € S _
c " CALCULATES INTEGRAL FRON O T0 IXQ, INTEGRATIONS IN THIS SUBROUTINE ‘
C ARE SUBJECY TO THE BAME LINITATIONS AS IN THE PREVIOUS BUBRDUTINE
,_s_auusumuﬁumuwuuLnnx ’ J
[o XIEPS THE RANGE OF VALUES TO BE INTEGRATED OVER “ h
c 1XO  UPPER LIMIT OFf INTEGRATION
. € —w————..INTDI . STORAGE SPACE.OF_INTEGRATION RESULTS - ... . I, . e
c . XI SET OF HORIZONTAL AXIS VALUES CORRESPOMNDING TO x!BPG ‘
c 10K ERROR MARKER . ,
< .
c -
0002 REAL XI(1)
0003 _ . _ _ DOUBLE PRECISION -INTIDI(1),5UM, XIEPS(1) — o e e e - —— —
c 1
c INTEGRAL STODRAGE SPACE 8ET TO 0 AND POSITION OF XI VALUE
AN I1X0 FOUND
C .
0004 SUN=0,0
0005 . .___. DO 60.1w1,281 . e N N S e
0006 IFC(XE(1)=1X0)60,61,67
0007 60 CONTINUE <
c .
¢ IF IX0<XI(261) ERROR NESSAGE PRINTED
c
0008 .. __ WRITEL6,65)IXQ___ ... _ . __________ ___._ e
0009 65 FORMAT(///,' 1IN DIVIN 60 LOOP 1XOs',I7) :
0010 10K=111
0011 GO 70 999
c ;
C IF IXD DOES NOT EQUAL A YALUE OF} XI THE AREA BEYWEEN 1XO AND
. € ___ _THE NEAREST. XL YALUE 15 FOUND TRAPEZQIDALLY. AND ADDED TQ.SUM.. e - —— .
c
0012 62 XIVS(XI(I)OXI(l 1))/72.0
0033 - JF((XAV,GT.IXD).AND,(1.GY.2))GO_TO 64
0015 XFRACE(XI(1)~IX0)/(XI(1)=XI(I=1))
0016 XXa(XIEPS(I)+XIEPS(I=1))SXFRAC
0017  _  XXa(XIEPSCI)#XIEPSCI)=XX)/2.0. . . . . _ .. . SRR
0048 SUN=SUN=(XXB(XI(1)=1X0))
0019 GO TO 61
" 0020 64 XFRACE(IXQ=XX(I=1)2/CXIC(I)=XI({I=1})
0021 XXz(XIEPS(2)=XIEPS(I=1)) *XFRAC
0022 XX3(XIEPS(I=1)+X1EPS(1=1)4XX)/2.0 .
0023 . SUM3SUM+C(IXD=XICI=1)3®XX)_ ___ . o ) . _
0024 121-1
¢
[ IF IXO IS _IN THE FIRST XJ RANGE THE_ TOTAL INTEGRAL_JIS_FOUND, .
[ IF IT IS NOT THE INTEGRAL PART FROM O YO THE END OF THE FIRST
c RANGE IS5 FDUND AND ADDED TO SUM
€ R el ©
002% 6% 1F(1.GE.: un)co 10 3 o
0027 NDIMnT
| 0028 IF(NDIM,GT.2)G0 70 % =
0030 SUN=SUN+(0, 1% (XIEPS(EI4X1EP5(2))/2,0)
. y

L CRU IS PSR
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- 0031 GO 70 998 -
0032 3 NDINM=101 __ . I e L
0033 $  CALL 108F(0.1, xu:Ps LINTDI,NOIN)
0034 . SUM=SUM+INTDI(NDIM}
}jmj___xm.lonao 10 998 <
c .
c IF IX0 I8 IN THE SECOND XI RANGE THE INTEGRAL PART
. C _._____ FRDOM_THE START. OF THE SECOND_RANMGE TD _IXO_XIS_FOUND.AND ADDED . _____ = O
c TO SUM FOR THE TOTAL INTEGRAL. IF IT I8 IN THE THIRD RANGE
c THE INTEGRAL PART COVERING THE SECOND RANGE I8 FOUND AND
c_ ADDED TO 8UM
. c
0037 IF(X.GE.191)G0 TO 4
0039. __ __NDIM=I=fOO__._ .. . - e e — e
0040 IF(NDIN,G?,2)G0 TO 8
0042 SUM=SUM+( (XXEPS(101)+XIEPS(102))/2,0)
_ 0043 GO_TOD 998
0044 4  NDIK=91
0048 8 1J=101i
0046 ... ___DD.9 Jsl, 81 . . .. ... .. U e e
0047 XIEPS(J)uXIEPS(IJ) .
0048 9  IJslJ+l . :
SE(1.0,XIEPS,INTDX,NDIN} !
0080 SUN=SUM+INTDI(NDIN)
0051 IF(I,LE, 19!)60 10 998
. G e e e e e e e e e e
c FOR Ixo IN THE THIRD XI RANGE THE REMAINDER OF THE INTEGRAL
c . (FRON THE BEGINNING OF THE THIRD RANGE TO IX0) 18 FOUND
¢ AND ADDED TO SUM FOR THE TOTAL JINTEGRAL »
c .
0053 ‘NDIM=X=590 ]
_QoSe__ . IF(NQIMLGT. 2060 .70 12 e e e -
0056 SUM=SUN+(10,0%¢ cpstsl)oxnvswz))/z .0) )
0057 GO T0 998
0058 $2 19391 -
0059 D0 13 J=21,91
0060 X1EPS(J)=XIEPS(1J)
0061 13 _1JsiJel. R
0062 CALL 1QSF(10,0,XIEPS,INYDX,NDIN)
0063 sun:summrouumn)
0064 998 INTDI(])=5UN
006% 999 RETURN
END

0066

O 5

L8

e




anonconpan

RAN IV __ V02,11 _ TWE 05=JUN=79 13 S 1
_—LORT 9 126124 PAGE 001

9001 SUBROUTINE IQSF(H,Y,Z,NDIK),

T @ 77777 1H1S SUBROUTINE WAS LIFTED BODILY FRON IBM'S B5P WHERE IT WAS
CALLED “aSF", HERE THE INTEGRAL 18 FOUND BY SIMPSON'S RULE

H ~ THE INCREMENTY OF ARGUEMENT YALUES (L.E, A CONARTANT}
Y THE INPUT FUNCTION VALUES, SEPARATED BY H
Z THE RESULTING INTEGRAL YALUES

el L ._NDIK —THE _NUMBER DF YALUFS T0 _BE INTEGRATED.OVER . _ . __ .
DOUBLE' PRECISION Y(f) '1(1 },8UME,BUN2,AUX,AUXL 'AUiZ

C

C . __NOIM XI5 GREATER THANM_5, PREPARATIONS_OF. INIEGRATION.LOOP - — . — - .

\ €
ovt} 1

0002
|__0003 HT=,3333333¢H
0004 L1l , .
000% L2=2 v = -
0006_ _. ___L3®3y _ . — Q B _— _
0007 Léxd . . S
0008 LS=% .
0009 L&=6 =
0010 IF (HDIM+S)7,8,1

SUM1IsY(L2)+Y(L2)- .
0012 SUNI=SUMIISUNL .
0013 SUMIEHT®(Y(L1)+8UNL+Y(L)))
0014 - AUXEI=Y(L4)+Y(LA)
1 D §- — AUX12AUXL¢ALXS 0 VO U —— -
0016 IUXI=BUNlﬂﬂ‘(!(ld)’llﬂ!#'(lﬁ))
0017 AUXZ3HTO(Y(L1)43,878$(T(L2)+Y(L5))+2, 6?5‘(!(&3)07(&‘))47(56)) .
0018 BUN2=Y(LSY¢+Y(LD) 2
0019 SUN2=8UN2+SUN2
0020 80!2’!0!2-“!'(1’([‘4)OBUNQOY(55))
L9028 __Z(L1)=0, U e e
0022 AUX=Y(L3)+Y(LI) -
0023 AUX=AUX+AUX . ’
0024 z(b?)’SUl?ﬂ‘(ﬂb?)*lUXQY(Lj))
.002% Z(L3)=30N1
0026 © T(L4)I=SUN2 ’ .
0027 _ . _ _IF (NDIM=6)3,5,2___ _ . ... ... . oo J -
- c . ’ G
c INTEGRATION LOOP
c
0028 2 00 4 I=7,NDIN,2"
0029 Sﬂﬂlllllxi ~ .
0030 SUN2aAUX2. | . _ e - S
0031 CAUXI=T(I= I)OY(I-I) ’ .
0032 AUXi=AUX14AUXYE
0033 AUX!'SUEl’mLm-ZLAUMO!(I)) L —_
0034 Z(X=2)=BliH1 - "
0035 IF(I-NDIK)23,6,6 )
0036 3 IUXZSY(I)OX(I) S, e . . - e e w
0037 ' AUX2=AUX24ALX2 . . 3 @®

0038 X2=SUN24HTR (YL T=F)+AUX24Y(2+41))
_hgoagAAAAJAff;gx-l)zsun14
"8  SANDIM~1)=AUX1 .

S

WJ
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Appendix B

Auxiliary listings

N

A listing<is provided of the BASIC program th?F
produces values of E)el¥, ', and e_iw'(see equation 4,
page 7). The last set values are those entered as
isothermal gas sphere data fdr the appropriate £ values as

.page 36. ' Fal

specified

! < . ‘
-  To\obtain values used in this thesis for the first
!

range of ¢ 9.0 .to 9.9 iﬁ increments of 0.1l), the step size
. o
to enter is 0.001 and the number of steps is 100; for the

second range of £ (10 to 99 in increments of 1) the step

" size is 0{61 and the numbet of steps is 700; and for the

third £ range (100 to 1000 in increments of 10) the step

‘'size is 0.1 and the number of steps is 100. .

As can be seen for the,porﬁién of an outpﬁt run
included in Appendix J, the values of £ are not exact, but
the small difference iB not consi@ered significant and so
is ignored. @Also, when the program is run for the second &

¥

range, values for eV, p*, and e Vy' are calculated for

rg=1, 2; 3, ..., 9. These e-ww' values were not used since

‘values corresponding to the fifst nine £ values were

provided by calculations' for the firsgfs range. Siﬁiiarly,

the first nine sets of numbers produced in third range
calculations were ignored sinée,secpnd range calculations
had included them. \ <

-

P
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The BASIC program does not give a value of e—ww'
for £=0 a necessary value, but since for this { the product

e Vy'=0 this is not a problem.

v

r

Also included in this Appendix-are the‘modifica;ions
performed on YAHOO to get the programs BGIN and TAFCHEC.
.BGIN is the variant that reads the counted baékground density
as a constant and only makes best fit determinations for x,,
a, and o.. fhe first page of a typical output'of‘BGIN.is‘
also prévidéd tn Appendix J.
-
TAFCHEC was used for éie program'testing';n
Chapter III, section ({(ii). The onl? differénce between
TAFCHEC and YAHOO is that the former also calculates the x2
found for each x, when comparing the data to the model made
using the current X, and Taff's values of .a, g¢, and opg.
" _fhHis provides the bracketed numbers of Tables 3 and 5

7/ (pages 23 and 27 respectively).

N .
Detailed explanations of the modifications. done

— ~

" £o YAHOO to obtain BGIN and TAFCHEC are given in.Appendix C.




NEThE Lbat .

-

10 DIM Y(2)2ZC(2)sF(2)7A(2) e B(2)rL(2) e D(2)

e 207 X=0
30 Y(1)=0
. 40 Y¢2)=0 . , .
50 PRINT "ENTER STEP SIZE» NUMBER OF STEPS’
o 60 INPUT HeN
70 PRINT HsN )
“P1PRINT —~— = -~
72 PRINT “XI’»”EXP(=PSI)’*PSI‘* "y EXP(~PSI)EPSI" "
< 73 PRINT
75 FOR K=1 T0 100
80 GOSUR 110
s g5 XI=EXP(-Y(1))
04 XA=XIRY(2)— " -
90 PRINT XeX3rY(2)rX4
TL 95 NEXT K .
" 100 STOP - S . .
110 FGR J=1 TO N ‘
120 Z(1)=Y(

. T T30 (Z(2)=Y(2) g
140 GOSYB 340

150 A(1)=F (1)

160 A(2)=F(2) -
170 Z(1)=Y(1)+H$R(I)/2
180 Z(2)= Y(2)+Htﬁ(2)/2

“190° X=X4+H/2 0 0
200 GOSUB 340

210 B(1)=F(1)

220 B(2)=F(2)

230 Z(1)= Y(l)thB(I)/Q
240 Z(2)=Y(2)+tH*B(2)/2 ) -

([ 230-00SUB 340-—— —————"""
260 C(1)=F(1)
270 C(2)=F(2) Q

300 X=X+H/2

., !} ---310 008SYR 340~ - - - - -
312 D(1)=F(1) -
315 D(2)=F(2) '
320 Y(1)oY(1)+(A(1)+2RB(1)422C(1)4D(1) )1/

330 Y(2)=Y(2)+<A(2)+2!8(2)+2tC(")+D(2))#H/é

' 340 NEXT J

200 ZCI=Y(DHHEC(L) - -~ — o e eme ST e
290 Z(2)=Y(2)+HXC(2) -

-~ 330 RETURN "~
~ 360 F(1)=2(2)
3 370 IF X>0 THEN 400

380 F(2)=1/3 - - -—-----

370 RETURN

. 400 F(2)=EXP(~ Z(I)) °xzza>/x

A0 RETURN —— - o T T T s e
420 END
Ready

= : . A e,

26
Al

Vo




: - 93
8 -

Modifications to YAHOO to get BGIN

\ .

N * L
~ The line numbers referred to are q\gif of YAHOO
o N
as it is found in Appendix A. All changes are' in the MAIN

program; the subroutines SIGI, DIVIﬁz and IQSF are left

unchanged. S . .

Change line 4 to:

N M >
DOUBILE PRECIS}ON INTDI (281), XIEPS(281), CHISQ, DIVN,

SIGC, SC(20), XX1, XX2, SUM1, suM2

? z1, 22, EI, UI

Changé line 19 to:

READ (1,230) SC1, SBG

Delete line 21.

Change line 22 to: )
' : WRITE (6,880) SC1, SBG -
W

Change line 23 tb:
\

~
L4

880 FORMAT(/,SX,'INITI?L CENT DENS=',1PEll.2,/,14X,

'BG 'DENS=',1PEll.2)

Delete line 61. * -

e
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T 94 .
Change line 69 to:
25 FORMAT(4(4X,'ALPHA CENT DENS CHI-SQ '))
- h‘ .'
Rép%aéé lines 111 through 115 inclusive: by: o
/ SUM1=0.0 '
SUM2=0.0 ™~ ‘.
Change line 117 to:
21=SC(IP)*SIGISO{L)+SBG
; N t
» .
Replace 1i3es 123 through 132 inclusive by:
EI=Z2/21
\UI=(1./Zl)+((2.* 2/Zi)/Zl)+(((ZZ/Zl)*ZZ/Zl)/Zl)
* SUM1=SUM1+BI (L) STGIS0 (L) * (2. *EI+EI*ET)
203 SUM2=SUM2+BI (L) *BIGISO (L) *SIGISO{L) *UI
-
-7 -IF (ABS (SUM2) 1.0E-12)GO TO 204 )
. | S\
' . {
Delete ,line 135. 7N
4§ '/
Change line 142 to: - f
- ]
SC (IP+1)=SC (IP)+SUM1/ (2.*SUM2) <
: ]
Fe
Delete line 143. \\\\ p
. N / >
Change line 148 to: N~ T :

IF (XX2.LE.XX1)GO TO 207



Delete lines-152 through 157 inclusive,

Delete line 160.

Change line 161 to:
. IF(XXl.LE.0.000l)GO'33/;09
A

ﬁeleté line 169.
-

Delete line 172.

~7

ge 1li 176 to:

GO TQ 703

.

Delete lines 178 through 182 inclusive.

Change line 184 to:

310 SC(IR)=0.0
Delete line 185,

Change line 1B8 to: ‘ C

'NCALC (1)=3,141593*BI (I)* (SIGC*SIGISO(I)+SBG)

Delete line 207.

95
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Replace lines 211 through 214 inclusive by:

’ B
AXXA (IZ+2)=CHISQ _ /f
12=12+3 x
IF(IZ.LE.11)GO TO 29 ' . o

Replace lines 227 through 232 inclusive by: !
I
IF(IAM.EQ.I)WﬁITE(6,805)SC(IP), SIGISO(L), ip, L

805 FORMAT (10X, 'scC(Ipr)=',1PEll.3,4X,'SIGISO(L)="',1PE]1l.3,

g

v
IP=',I3," “L=',I3,/,lox;'PRQBLEMS %y THE
203 LOOP') o ’
. " IF (IAM.EQ. 2) WRITE (6,806) DNOM, sc(Ip)
806 FORMAT (10X, 'DNOM=',1PE1ll.3,"' AND NON-ITERATION

OCCURRED TOO OFTEN °© SC=',1PEll.3)

o Delete lines 236 and 238.
] T
Change lines 250 and 251 to:
318 WRITE (6,322)A2, S2, C2

322 ‘FORMAT (13X, 'MIN ‘*ROM PROGRAM: ', 3(1PE11.3))
Delete line 258.
Delete line 269.

Insert between lines 277 and 278:

\ X1=ALPHA
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«
X2=81IGC

X3=CHISQ
Y

~

Change lines 280 and 281 to: .
342 WRITE (6,343)A2, S2, C2

343 FORMAT (14X, 'MINIMUM METHOD: ',3(1PE11.3))

-

.

Modifications to YAHOO to get TAFCHEC

B — - % .
Again line numbers refer to those of YAHCO as it

appears in Appendix A and all subroutines are unchanged.

Insert between linés 24 and 25:
READ (1,235)TAL, TSC, TSBG
235 FORMAT (E5.2,2 (2X,E5.2))
WRITE {6,236)TAL, TSC, TSBG
236 FORMAT(/,' fAFF!'s VALUES: ALPHA=',1PEll.2,/,18X, ,<3

'SIGC=',1PEll.2,/,17X, 'SIGBG=",1PE11.2)

Insert between lines 56 and 57:

~ ITAFF=5 .

Insert between lines 102 and 103:

IF (ITAFF.GT.100)GO TO 820



Insert between lines 107 and 108:

IF (ITAFF.GT.100)GO TO 820

Insgrt between lines 281 and 282:\\ .
ITAFF=500
ALPHA=TAL
GO TO ld
820 CHISQ=0.0

DO 821 I=1,J

NCALC(I)=3.l41593*BI(I)f(TSC*SIGISO(IY+TSBG)

821 CHISQ=CHISQH ( (NOBS (I)~NCALC(I))**2) /NCALC(I) ..

WRITE (6,882)ALPHA, CHISQ

. 882 FORMAT(/,26X,'TAFF''S VALUES : ',1PE1ll.3,22%,

1PE11l, 3)

98



Appendix C

Detailed progeam explanations

A detailed explanation of the program YAHOO ié
provided. Also given are explanations of the modifications
of YAHOO needed to obtain BGIN and TAFCHEC.

In all cases in this Appendix, line mumbers;refer
to the line numbers of YAHOO ‘as they odcur in Appendix A.
The insertions, deletions, changes, and replacements

referred to in explanations of the modifications for BGIN

and TAFCHEC are those listed in Appendix B,

¢

*YAHOO

MAIN Program

Lines Function and/or relation to theory
1-5 Declaration statements
6—-9 Read in and rewrite a message at the beginning of
the q§ta deck. This‘che?ks to make sure that the
proper type of data is being used and to make sure
the print;r is on the’i32 line width mode (item 1
on page 36). |

'10~11 Isothermal gas sphere density data is entereg*(data

is from the BASIC program; item 2 on page 36).



12-19

20-21

22-23

24*.

25-29

30

31-31

33-44

45-46
47

[%

48-55

100

J, NOBS, ROUT, and initial estimates for o, (SCl)
and opg (SBGl) are read in (items 4 to 7 on page
36). The comménd to skip a line in line 13 allows
the program to jump over the line describing thé
format of items 4 to 6 (item 3 on page 36).7 ‘
Values two times those of the initial estimates
for oc and opg are put aside for future use (lines
173 and 178).

The initial estimates for 0c and opg are printed
out, |

Format for line 20.

If there are more fings than the necessary array
sizes permit, a proper notice is printed ané the
program gtops.

IJK, an error marker needed later on, is set to
ZeXo.

The number of rings being used is printed out.

The series XI (¢ in equation 4, page 7), the
unitless radius of the isothermal gas sphére, is’
calculated for the corresponding densitied entered
in line 10.

Table titles are printed.

ROUT (1) =r =0, see explanatisn of equation (1),
page 6. .

A series of val is calculated and printed.

BI({lEBi;(r% l-ri), ee eqyation (1), page 6,
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and series of equations defining the Newton-
Raphson terms, pages 10 and 11. NOBSand ROUT are
reprinted to ensure pﬁoper entry; SIGOB and RAV
are printed to enable the drawing .of a radial
density diagram for the cluster, ’

56 Start of the XO loop. XO=xq in equation (4), page
7, and is the upper limit to integration of the
isothermal gas sphere. As can be seen.from.XI,
data are sufficient to allow a maximum XO of 1000

/ (lines 33-44). “

N
57 IND is a marfér used to determine whether the
program is calculating.values by (I) increasing «
or by (II) averaging the o values producing the two
smallest x2.

| IND=5 + (I)

IND=70~+ (II)

For case (II) storage spaces are needed for the
smallest y2 values and their associated « values,
they are Cl, C2, Al, and A2. Intermediate values
are stored in C3 and A3. For the current'minimum
x2 in cgg; (II), the associated values obtained
f°§’°c and Opg are stored in S2 and SB2 respectively.
58-59 C2 and A2 are set abnormally high so as to allow

7 < the first value for x2 obtained to become the

current minimum. It is ﬁecessarf to set them high

because finding minimum values works by comparison.
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(An alternate methq§ would be to assign Cl ana Cc2
(and Al and A2) the first two x? (and o) values
calculated in the lbdp starting at line 79, but
counters, etc. would have to be added making this
method more cumbersome.)

60-61 Since o, and Opg .are solﬁed’iteratively, the
iterated solutions are stored in arrays for later
testing. These arrays, SC{I) and SBG(I)
respectively, start with the estimated values that
were entgred as data. ~

62 An initial a is calculétéd}

63 log(a) is stored. Since a is incremented in steps

of log(a)+0.08 this valﬁe is neﬁessary.

64 LOGAlz1log (a )+4. When (or if) a reaches

initial
this value, the program moves to gase (II).

65 IZ is a counter needed f;r storing a triple row of
results before printing; see lines 209-219.

The curreht value of X0 is printed.

Headings for the results are printed.

page 7) as XIEPS(I).
72 The integral
X
[P eV yroag
0 .
i\

is calculated in subroutine DIVIN,

73-77 If there is an error somewhere in the subroutine,

The values Ee"w¢' are calculated (see eqhation 4, k\/\



e

78

79

80

81

83

84~85

87-89

90-92

93
94-95

96

103

IJK=111. This cawses the printing of the message
and the choosing of the next XO.

The integral is returned to the MAIN program as
iNTDI(l). Since the array INTDI is needed later,
the integral is stored as DIVN.

An important loop is started. This one calculates
ﬁhe density of an isothermal gas sphere at the
distances at which observed densities are found.
X=x; in equation (4). It is the unitless distance
of the observed density. N
If X is greater than the upper limit of integration
this loop is exited. Go to line 104; calculation
is impossible qnder these cpnditions.

X% -8 calculated for later usage.

The array XI is searched to find the pos%tibn of
the value 3 X. \\‘//f”"

If no value of XI suits, a message is printed and

the progfam stops.

The values e_mw'/§2~x2’are calculated as XIEPS (see

equation 4, page 7).

" The position of the first XI X is decreased by one

and ®

all XIE{f values up to the first XIx X are set to
zZerxo.

¢

The integral



) ' ) 104

x
[ OVeTx? e ¥y ag  *
X

is calculated in the subroutine SIGI; the reiult is
stored in INTDI(1).

97-101 Check for errors in the subroutine, if there is one

" the message is printed gnd the next XO ié chosen.

If there are no errorse continge,

102 End of the isothermal density loop. The isothermal
gas sphere density value for this value of RAV is,
calculated. The operations return to line 80 to

. ”
calculate the 0ij50 for the next RAV. -

LN

103 wAfter %iso is calculated for each RAV the program

goes to line 108, .

104 - Operations go here if conditions gn line 81 are met.
If I=1 (i.e. the initial X»> Xb) then the operations
are sent to line 220 to increase a and so decrease

X. » .

106-107 If I>1, then the values for ojg, not yet

—
calculated, and so unable to be calculated, are set//’
to zero. - w (

108-109 After o;., is calculated two counters are set. Th

loop to follow ruﬁé 20 times, but can go to 4?4’“\\
60, 80, or 100. The countei II indicates how{many
groups of 20 times the loop has run. The counter
IXY will be explained later;

110 Start of the iteration loop for the Ne&ton1pé;h§on




111-115

>

116

117

1l1l8-121

122-125

105

method. The iteration runs 20 times, which has

been found through tests to be suffigient to get
i {

;
Na

.convergence to within 1073, Tests are done later

to check for 10~" interior convergence and the 20
step iterative procedure can be repeated up to
four times if necessary: ?FD

Summation terms to be used in the iteration are
set to zero initially.

an interior loop which is used to.perform,the

necessary summations is started.

2120058 (Xj)+opg. This is the density of an

isothermal gas sphere model at the distance xj

using the qgrreht density values of o, and Ohg*

Z1l i; tested to see if it equals z%;p. If so,
IAM, ‘a printing command, is set accordingly and
the operations move to line 225.

If 2150, éontinue setting up sub-components of the
suﬁmations. Referring to the equations of‘bages

lQ\and 11, El=2£i—ei,

% ?  and E2=p;

126-130

131

132

Fzf; FC=f; GBngy;.
G=g; FBGEfy 9y 7 . see pages 10 and 11
Line 130 is the end of the summation loop.

The denominator term from the equations of pagé 12

(i.e. £ -f§) is calculated.

x9y
The size of DNOM is checked. If it is too small,



134-135"

136

137

139-140

141

142-143

144

145-147

‘ ' T 106
the size of the calculated value using DNOM wéﬁld
probably exceed the computer's capacity, and so no
iteration is performed. If DNOM is not too small
operations proceed to line 141,

Instead of iterating, the next values of o, and
Ohg are set to the previbus values.

Also, counter IXY is increased by 1.

If this has happened less than 6 times in a row o
i.e. IXY<5) and the loop is at less than the 19th
ﬁferative step (i.e. IP<19), then operations

rétu;n to the beginniﬁg of the iteration loop,

line 110, for the next iterative step.

If-this has happened's or more times and IP=19,
then an error messége counter is set and the
operations go to.line 225.
If the valué of DNOM 1is sufficiently large

iteratio‘ can be performed and the valué of IXY is
reset to zero.

The iteratiue steps are performed (see the éqﬁations
on page 12§,

JJAfter the steps are performed, return*to the start
of the Néwtonr;abhson loop, line 1l10.

After 20 iterations a loop is started to check the
last 6 oc and opg values, in groups of 3

consecutive values, for convergence, with some-

leeway for slight nonconvergence. This is done by
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150-151

152-158

159-161

lée3

107

qomghring the size differences between the L and
L-1 terms and the L and Lfl‘terms; If the
 difference betweeﬁ L and -1 is greater than the
difference between L and L+1l, then the series is
converging. Leeway is built in by adding 0.005 of
the L term to the ﬁ;(L;l) difference. XXl is the
L-(L-1) difference with the leg@%y term, and'xxz
iis the (L+1)-L difference.
If convergence occurs for ¢,, the same test is
used for Ohge
If o, convergence does not occur, the error
message counter ig.se§\i?d operations go to line
225,
Convergence for.obg is tested. If it is found,
operations/;;Qan to the loop's start, line 145,
and if convergehce is not found the error message
éounter is set and operatioqs move to line 225.
"After convergence for the last 6 iterations of Oc
and Ibg has been confirmed, the degree of
convergence is tested; 'If the difference between
the last and second last iterated values for Soth-
og and opg is less than or equal to 107% of the
last iterated value, the values are satisfactory
and operations proceéd to line 171. In this check
XX1 refers to o, and XX2 to opg.

If the degree of convergence is not sufficient and

a
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165-166

167

168-169

170

///jfi;> 171-172

173-182

lo8

the iterative loop has been run less than 5 times,
operations proceaé to line 167.

If the deqree of convergence is insufficient and
the loop has run 5 tiyé; an error message counter
is set and operations move to line 225.

From line 163. The countef which keeps track of
the number of times the iteration loop is run is
incremented by 1. ‘

The last iterated value for o, and Gbg from the

c
last run through the iteration loop is moved to a
lower place in the SC and SBG arrays and will be
the initial vaiue for the next run through of the
iteration loop.

The program is sent to the start of the Newton-
Raphson iteration loocp, line 110.

From line 161. If convergence standards are met,
the final values obtained from the iteration loop
are acceptedAas the best dc and opg for the xg-a
combination used,

This section checks to see if the accepted values
are greater than twice the initiél estimates which
wére fed in. If they are, the initial estimates
are used as the first vélues in the Newton-Raphson
iteration loop fof the next a value. If the

accepted values are less than twice the initial

estimates then the accepted values will be used.



183-185

186
187

188

189

190

192

by several times, the loop usually converges: to

This is done because tests have found that if

initial values in the iteration loop are too large

the wrong root of the set of equations. However,
if the initial estimates are too small, but still
positive, this will not occur.

After the initial values for the next run of the
iteration loop have been set, the rest of the og
and Ihg agfays are set to zero as a safety measure.
Since the 2 test involves a summation, the space
used to store the x2 walue is initially set to 0.
The loop to calculate x2 is started and runs once

for each ring.

The theoretical number of galaxies for the specific
ring is calculated from the ring area and the
density in galaxies/arcmin2, This density is
calculated from the o, and Ihg values (obtained
from the iteration 1§op) and from the isothermal

gas sphere densities previously obtained for these

rings.

The x2 is calculated.

If IND=5 (see line 57) the program is still
operating in method (I). If IND=70 the program is
operating by method (II). If the program is in
method (IX) operations procedd to line 262.

The value of x2 is checked. If x2<0, then at
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194-208

209-212

213

T4

110
N

ol

least one of the values found for g, and by is

large and negative and so physically unreasonable.
, In this case the present x2 is not\to‘be compared
\E;\Eﬁé current minimum x? and operations go to

line 209.

This section preserves the minimum x2 and

associated a, o, and Opg as C2$rA2, S2, and SB2.
The x? and o values preceding and following the
minimu& x? are saved,'respectively as Cl, Al and
C3, A3.: This is done so the minimum x2 and
associated values are isclated from the rest of
the results found for a given X0 and may be
printed separately and also so that the three
smallest x2 and associated a values are available
for method (II).
The current x? and associated values are stored in
part of an array, AXXA, in groups of 4.
The array index, IZ, is incrementeq by 4 to allow
the next group of 4 values to be stored the next
time operations reach line 209. This means that
consecutive groups of results, with 4 numbers per
group, are stored linearly in larger collections
of 3 groups. This is due to the results being
printed in the same manner in which they are

stored and papef width only allows the printing of

12 numbers. The output, to be read sequentially,




216-219

220-221

222

224

225

227-243

244

111

.

must be read as 3 groups of 4 numbers from left to
rigut across the page before proceeding to £he
ngxt line. '

Since AXXA has only 12 spaces, when they are
filled a line of results must be printed before
more can be stored. If it is filled by now IzZ=13,
so this line checks to see if AXXA is filled. If
it is not, proceed to line 220. .. N
Because AXXA is filled, its contents are printed

and IZ is reset to allow values to be stored in the

array again.

From lines 214 or 104. a is increased by (_\\\m-,

“incrementing lqgéa). \ N
- U~

log(a) is checked to see if it is too large (see ~

lines 62-64). If 1t is not too large.a best Sq
and opg will be found for the new xgp-a combination
starting at line 79.

Since o is now too large, go to line 245.

From lines 121,;140, 151, 157, or le6. If the
program is in ﬁéthod (I) it proceeds to line 245.
Since the program is in‘method (IE) the pfoper
message is printed to exélain why the proggam
cannot operate properly as indicated by the error
message counter IAM.

The program goes to line 282 to choose a new XO,

and reverts to method (I).
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245-249

250-251

252-258

256

257-258

259

260

261 .

262

112

From-line 225. Since the program cannot operate
any further in method (I), the last of the results
stored in AXXA are printed and IZ is reset fof the
next run of method (I).

The minimum x2 and associated values as found from
method (I) for the current XO are prinﬁed.

The program is about to commence operating in
method (II). In this method the smallest x2 is
still called C2, but the second sﬁallest x? is
called C3. These lines check the x? preceding and
following C2 as found in method (I) th see which
is smaller. If C3 is already smaller than Cl the
program procedds to line 256. If.Cl is smaller,
C3 is assigned fbs value and A3 is assigned the
value of Al.

IND is reset to indicate the usage of method (11).
The initial oc and opg to be used in the Newton-~
Raphson iteration loop aré set to be the values
producing the minimum y2.

A new a is found by averaging the o values producing
the two smallest x? values. | J

A counter to indicate Row often method (II) has
run for this XO is set,

With the new a, new values of oy, opg, and x¢ are
to be found. Procecd to line 79.

From line 190. The x? found from the new o as
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271
!
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273-274
275
277
278
279
280-282
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obtained by method (II) is compared to the previous
minimum x2. If it is not smaller, go to line 271,
Since the new x2 is smaller than C2, values are
reassigned accordingly, with the new x? becoming
C2 and the o0ld C2 becoming C3, the & values being
reassigned similarly, and the o, and'crbg producing
this new minimum x? being stored.

From line 262. Even, though the new x? is greater
han C2, it is‘checked to dee if it smaller than
the second smallest x2, If not, operations go to

line 275.

Since the new x2 is smaller than the previous
second smallest x2, C3 and A3 are reassigned
accordingly. (_

From lines 270,)271, or 274. 1IDD is checked to
see if méthod (IX) has averaged a values the
required number of times. If ;t has, go to line
280.

A new a is obtained from those associated with the

two smallest x? values.

‘The method (II} frequency counter is incremented.

With the new a, procedd to line,79;

From line 275. Sigce method (II) had been run the
appropriate number of times the results obtained
are printed. Then the program chooses a new XO

and returns to begin method (I) again.

‘s
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9, or 282. Either a fatal error

283-286 From lines 29,

has occurrdd or the program has operated over the
required range of XO values. Several lines are

- ' ' J
skipped on the ocutput and the program ends.

Subroutine SIGI

This subroutine is called from line 96 in the MAIN.

program and is used to calculate the integral

fxoVEZ-xz eV yr ag
pd
, The factors transferred to this subroutine from
the MAIN program are the values x and-xo, the series of
values of £ from 0 to lOOQj and the series of values for
/e2-xZ ¢~V y' corresponding to the £ 'values. These factors
are represented dm this subroutine as X, IXO, XI, and EPSI
respectively, with Fhe last two being arrays. The values of
EPSI from XI=0 (i.e. XI(l)) to the value of XI nearest but
still smaller than X are all equal to zero (see MAIN, lines
84-95). |
The major facet complicating this subroutine is

that while XI increases in three ranges with different

incremental step sizes in each range (i.e. in the first

b i b _ PP Sy
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range XTI increases in steps of 0.1 from 0 to 9.9; in the °*

second XI range the increment size is 1 from 10 to 99; and

in the third range XI increases 'in steps of 10 from 100 to

1000) and X and IXO can\be in any of these ranges, the

: !
integration subroutine IQSF can only integrate over an interval

using identical incremental steps. Therefore, unless X and

IX0 occur in the same range, the different ranges must be

integrated separately and the results summed.

Lines

2-3

Function and/or relation to theory
Subroutine declaration statement and transfer of
necessary data. INTDI is an array needed by the
secondary integfation subroutine IQSF to store
results as the integration procedes and IJK is
the error marker mentioned in thelMAIN program
(see MAIN lines 73-77 and 97-101) and islglso used
to indicate whether or not X equals a speci%ic
value of XI. “ |
Declaration of-arrays and double precision. SUM
is the space in which results of separate
integrations are'added.

The error marker is set to zero.
® marker used to.iqdicate whether or not IXO is
equal to a specific value Af XI is set Eb zero.

X is .checked again to see if it has a negative

* value. 'If so operations proceqe to line 17.



10-12

13

14-16

17-19

20

21-23

24-26

27

*
)

-~

a} 116-
X is compared to IXO, if X<IXO the integration can
be performed and so operations proceed to line 13,
.Since X » IXUD, an error message is printed and the
program is sent to line 176.

Initial value of SUM is set.

A loop is used to determine the position (is of
the value of XI equal to or immediately greét f\gj
than X. If a value of XI equals X thi_g;ogr is
sent to line 21, and if a value is not ;qual but
larger than X, operations go to line 20. )

From line 6 or if X is larger than all values of
XI. In this case an error ﬁessage is priﬂted and
the program is sené to line 176. |

From the loop in lines 14-16. The marker is sét
to 25 to indicate that no value of XI equals X.
From line 20 or the loop in lines 14-16. A loop
is used to determine the position (K) of the value
of XI equal to or greater'than IX0. If a Qalue of
XI equals IX0 the program is sen¥ ﬁo liné 43, ana_

" if a value &$§ not equal but léfger thah IXO the
pxograq’is sent to line 27.

'If all values of XI are smaller than IXO the error
message is printed and operations are sent to line
176. '

From the loop in lines 21-23, The marker is set

to 30 to indicate that no value of XI equals IXO.

-1
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29

30

32-35

36
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<

Procedd to line 43.

From line 55. If operations reach this line then
IXO is between two adjacent values of XI, namely
XI(K-1) and XI(K). Since IQSF can only integrate
up to XI(K-1l) or XI(K) and not between them, the
area under the EPSI curve between XI(K-1) and IXO
must be calculated another way. Accordingly, the
average position between XI(K-1l) and XI(K) is
found: if IXO is greater or equal to this average,
the area between IXO and XI{K) is found and
subtracted from the SUM and the curve is integrated
out to XI(K); if IX0 is less than the average, th®
area between XI(K-1) and IX0O is found and added to
the SUM and the curve is int ed out to XI(K-1).
To obtain the afea between I and the required XI.
value (to be called XI(R)), the values of EPSI at’
XI(K-1) and XI(K) were first interpolated linearly
to obtain an EPSI value at IXO. Then with EPSI

!

for IXO and XI(R) and with the difference between

IXO and XI(R) the area was calculated as a trapezoid.

In line 29 the average position between XI (K-1l) and
XI(K) is found.

If XAV<IXO the program is sent to lihe'38s

The afea under the EPSI curve between XI(K-1l) and
IX0 is calculated and added to the SUM.

L8

Since the integration is to procedd@ to the (KT;)th

[Ng
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{
position, but is told to integrate to position "K",

the value of K is decreased by 1.

37 °  Go to line 43.

38—21 From line 30. The area under the curve of'EPSI
between IXO0 and XI(K) 1is calculated and subtracted
from the SUM.

42 Go to line 57,

43 From the loop in -lines 21-23 or lines 27 or 28.
NDIM is the effective dimendion of the variable
being integrated; to use IQSF NDIM must bé larger
than 3. '

44 3 If the value of NDIM<1l go to line 45; if NDIM=1 go

" to line 48, and if NDIM>»1 go to line 53. To get

NDIM=0 both X and XEO must be between XI(I-1) and
the midpoint between XI(I-l)‘and XI(I); initiall&-
I=K. For NDIM=1 either: X and IXO are between
XI{I~1} and XI(I) with IXO greatér than the average
of XI(I-1) and XI(I) - producipg a SUM<0 (see lines p
38-41); or X is between XI(I-1) and XI(I) and IXO
lis between XI(I) and the midpoint between XI (I)
and XI(I+1l) = producing a SUM> 0 (see lines 32-35).
45-46 From 44. Since EPSI=0 at X, linear extrapolation
' with the EPSI value at XI(I) will give an EPSI at
IX0. With this and the values for X and IXO the
area, and so the tbtal area, has been found.

47 Go to line 170.



48-50

52

53

55

57

59

61

63
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From line 44, If the first case for NDIM=1l occurs
the total area (i.e. integral) is fou?d in line 48
in the same manner as for NDIM=0. For the second
case the area found for the interval from XI(I}) to
IX0 (see lines 32-35) is added to the area bounded
by the right triangle with corners X, XI(I), and
EPSI(I), with the right angle at XI(I).

In both cases the total integral has been found,
so the program proceads to line 170.

From line 44; IJK=0 means X is between XI{I-1)
and XI(I), and because the integration only starts
at XI(I) the area between X and XI(I) is calculated
and becomes the total integral until further
integration_can be carried out.

If IXO is not eéual to\gpy value of XI go back to
line 29, if it is equal to one, continue.

From lines 42 or 55, Under the conditions’
specified, both X and IXO occur in_the first range
of XI values. If this is the case pXocead té line
70. |

If only X is in the first range of XI values go to
line 81. '

If X and IXO are in the second range of XI values
go to line 125. -. | '

If only X is in the second range of XI values go

to line 136.
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67-69

70

72

73

74-77

; 120

If X (and so IXO) is in the third range of XI
v;lues go to line 160. N

All poésible combinations gf_values of X and IXO
have been covered, However, if somehow the
program dces rééch these lines an error message to
locate the problem is printed and the program is
sent to line 174. ‘

From line 57.- If NDIM> 2 IQSF can be used, and so
procéea to line 74.

NDIM=2, so the rest of the integration can be
performed in this line.

Integration is completé so proceed to line 170.
Because IQSF works from an array, starting at the
first space and proceeding as far as is specified,
the values of the array EPSI must be shifted so
that EPSI(I) becomes EPSI(1l), EPSI(I+1l) becomes
EPSI(2), etc.

The subroutine to perform the integration is
called. The parameteré sent to this subroutine are,
respectively, the integration step size, the values
of thevfunction being integrated, a étorage space
for integration results, and the effective dimension
of the array to be integrated (i.e. the number of
values froﬁ’I to K inclusive for I‘and k in the
same XI’range). The result from IQSF is returned

in INTDI (NDIM}.
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79

80

81

83

84

//{
86-90
91-92

93

95

97

121

The result of this integration is added to resuits
found previously, if any.

Integration is complete; proceed to line 170.

From line 589. The‘O.l incremental steps go from
(originally} EPSI(l) to EPSI(10l1). If I=100 IQSF
cannot be used. If I<100 IQSF can be used so
operations procead to line 8§.

Since IQSF cannot be used, the integrations to the
end of the first XI range are completed in this
line.

When EPSI is shifted for furthervintegration the

s ,
is" set to 101 so the term EPSI(NDIM) can be used

orig;nﬁifEPﬂiﬂlnl) must become EES}ffff’etc. NDIM
\/-’—P‘/

initially.

Go to line 93..

From line 81l. NDIM is set to the proper value and
EPSI is shifted accordingly.

IQSF is uéed and the results are added to the
previous SUM,

From lines 85 or 92, 1If IXO is in the third XI
rahge go to line 107.

If k> 102 IQSF can be used so proceed, to line 99.

If K=102 the integration between the spaces

e

initially called EPSYI(101) and EPSI(102) must be
¢
done in this manner. NDIM is used instead of 101

because the array may have been shifted.- This
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99-106

107-113

114

115-116

117-124

125-128

129-135

136

IS}

I : ) 122
step completes integration.
Go to line 170.
From line 95. The array EPSI is shifted the proper
number of spaces, NDIM is reset, the integration
ié perfofﬁed with the results added to previous
answers, and with all integration completed
operations procead to line 170.
From line 93. EPSI is shifted, NDIM .is reset, IQSF
is used, and the results added to SUM.
If XK=191 the integrations are complete and
operations procead to line 170; if K=192 integrations
cannot be completed with IQSF so operations procedd
to line 115; if K> 192 IQSF can be used and
operations proceed to line 117,
From line 114, These complete the integration and

sends operations to line 170.

From line 114, 1In a fashion similar to lines

99-106 these lines complete the integration and send
operations to line 170.

From line 61. If‘NDIM igs .of insufficient size for
use of IQSF the integratioﬁs afe completed here

and operations are sent to line 170, If NDIM is
large enough to use IQSF go to line 129,

EPSI is shifted, intégrations are completed, and
operations are sent to line 170.

From line 63. If I<190 IQSF can be used, and so
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139-140

141-147

148

150-151

152-159

160
162-163

164-169

170

123

o«

proceed to line 141.

If I=190 integrations for the second XI range are
completed in this line.

NDIM is reset appropriately and operations proceed
to line 148,

From line 136. - Integrétion procedures for the
second XI range are completed.

From lines 140 or 147. If K> 192 IQSF can be

used and so operations proceed to line 152.:

With K¥192, final integrétion is performed and
operations proceed to line 170, -

From line 148. Final integration for the third.XI
range is performed, the result is added to
previous results and operations proceed to line 170.
From line 65. If NDIM>2 IQSF can be used so
operations move to line 164.

Since NDIM=2,.final integration is performed in
this manner and operations go to line 170.

From line 160. Integration procedures are

- performed for the third XI range. This completes

integrations for this range.
Fr lines 52, 73, 80, 98, 106, 116, 124, 128, 135,
1

151 4.159, 163, or 169. Whenever the integration

"has been completed the program has been sent here.

The final result of the integration, SUM, is

placed in INTDI{(1l) where it can be retrieved by
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the MAIN program.

171 The error m%rker IJK is set to 0 to indicate
subroutine SIGI has operated correctlfl

172 A further safety check is made, if SUM3> 0 the
program proceeds to line 177.

174-175 From lines 69 and 172. Something drastically wrong
has happened. An error message is printed with
much relevant data.

176 From lines 12, 19, 26, and 175. Because some sort
of error has occurred the error marker is set to
111,

177-178 The program returns to the MAIN section and

subroutine SIGI ends.

Subroutine DIVIN

This subroutine is called from line 72 in the MAIN

program and is used to calculate the integral

'

X
(o] -
[ e Vyrac
0
The factors transferred to this subroutine are the
series of values Ee'wwl {called XIEPS) correéponding to the

£ values, the integration cutoff x, (called IXO), and the

-
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series of £ values (called XI). XI characteristics have been

described elsewhere, see for example the. introduction to the

explanation of the subroutine SIGI in this Appendix.

Lines

12-24

25

Function and/or relation to theory

Subroutine declaration statement and transfer of

necessary data. INTDI and IJK are as described
for SIGI, line 1.

Déclaration of arrays and double precision.

The storage space for integration results is set
to 0. |

A loop is set up that searches for a value of XI
greater than or equal to IXO. If the XI value is
less than IX0O the search continues; if an XI value
equals IX0O the program goes to line 25; and if no
XI value equals IXO, the first XI value greater
than IXO sends operations to line 12,

If IXO is larger than all values of XI an error
message is printed, the error‘marker is set to 111,
and operations are sent to line 65

From line 6. Since IXO occurs between 2 values of
XI (i.e. XI(I-i)<IXO<XI(I)).integration cannot be
exact and so these lines perform the same sort of
computations, and for the same reasons, :as lines
29-41 iﬁ subroutine SIGI.

From lines 19 or 24. If I » 101 then the entire
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28

30

31

32

33

34

35

37

39

40

42-43

44
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C
first range of XI values is to be integrated cver.

In this case proceéd to line 32.

Since less than the entire first range is to be

‘integrated over, NDIM is assigned'the proper value.

If NDIM> 2 IQSF can be used; operations go to line
33. .

Sipce NDIM=2, the total integration is éérformad

by this line.

Since all “integrations are completed, go to. line 64.
From line 25. NDIM is set to the appropriate‘value.
From lines 28 or 32, Integrations for the first XI
range are performed using IQSF,

Integration:results are added to previous results,
if any.

If I<101 then integrations are completé and the
program is sent to line 64.

If I 191 the entire second range of XI values is

to be integrated over. In this case procead to
line 44,

Since less than the ent;re second range is to be
integrated, NDIM is set to the appropriate value,

If IQSF-caﬁ‘be used go to line 45.

The integrétion for the second XI range is Cthleted
and added to previous results and the operations

Are sent to line 64.

From line 37. NDIM is set to the appropriate value.

2



45-48

49
50

51

53

54

56-57

58~-61

62

63

64

65-66
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From lines 40 or 44. The array XIEPS is shifted

the proper number of places.

IQSF is called to integrate over the second XI range.
The results of this integration are added to the
previous SUM,

If I¢191 all necessary computations have been made
and operations proceed to line 64.

Since IXO occurs in the third XI range, more

integration needs to be performed, and so NDIM is

set appropriately.

If IQSF caﬂ'be used go to line 58,

Final integration and summation are completed and
operations proceéd to line 64._

From line 54. XIEPS is shifted the proper number
of places.

Final use of IQSF, on the set of values
correspending to the third XI range.

Final summation of results.

Fromﬂlines 31, 35, 43,.51, 57, or 63. The final \\\
result is‘assigned to INTDI(1l) for access by the
MAIN program upon leaving this subroutine.

From lines 11 or 64. Operations return to the

MAIN program and subroutine DIVIN ends,
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Subroutine IQSF

This subroutine is calle® from lines 78, 91, 104,
112, 122, 133, 146, 157, and 168 in the 'subroutine SIGI and
from lines 33, 49, and 62 in the subrougggg‘DIVIN.

It is part of IBM's Scientificlgébroutine Package
where it is called "QSF". This subroutine performs
integrations numerically following the method of -Simpson's
"rule. Further details and explanations may be found in the

SSP manual on page 87.

*Modifications to YAHOO to get BGIN-

The changes in lines 4 to 69 are due to ophg being
used as a constant. Wording changes in the format statements
reflect this difference in usage of the value read in for

SBG in line 19.

The changes in lines 111 through 132 are performéd
because of the change in the Newton-Raphson method. With
respect to the terms of page 15 (and so pages 10 and 11) the
variables in the program are: »

SUMl=£
SUM2=£,

EI= €}
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UI Eui
BI(I)EBi

(x:) “

SIGISO(I)EUiso i

In the last line of the group replacing lines 123
through 132 the size of SUM2 is tested. If it is too small
the value of - 7 ) ‘k

SUM1/ (2.*SUM2)
(in the new version of line 142) would probably exceed the
size limit of the computer. |

The new version of line l;z'éroduces a néew iterative
value of o, in the manner describedﬁon'page 15.'.

AlL'cHanges and deletions in the fest of the
program are‘§5§ibﬁs conseguences of'the use of Uhg as a

constant.

.
[

The lines inserted between lines 277 and 278 keep

:~track'ofjthe latest values of a, G and y?2.

(o4 4

= ~

-~

*Modifications to YAHOO to get TAFCHEC
4 The lines inserted between lines 24 and 25 read.in
' and‘%éprint Taff's values for a; og, and_obé.'

.
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The variable inserted between‘lines 56 and 57 is a
Farker used- td determine whether or not TAFCHEC has.completed
;;kpthe functions YAHOO perfofms for a given x5, 1If it has,
then ITAfF's value is changed from 5 to 500, oiygq is ‘

calculated for Taff's a-and the current x

or @ model

isothermal gas sphere is created from this 0igo and Taff's
values of o, and opqg, and the x¢ is found from comparison of

the data to this model.

The lines inserted between lines 102 and 103 and
again between lines 107 and 108 check to.see if TAFCHEC has

completed the YAHOO functions. If sco, the values for °iso

using Taff's varue of o have been calculated (lines 79 to 107‘

inclusive) and theVprogram can calculate the x?2

LY

. Sinée line 281 completes the YAHOO functions,
ITAFF's value 1is reassigned, « is sét to Taff'a value, and
operations return to line 79 to calculate ojgg. f o
‘ Aféer this has been done operations go to the line
flagged.820. ‘Here x2 is se£ to 6 and a loop calculates the
theoretical Aumber of galaxies in each ring from the'mpdel.
prodaced with Taff's values. 2 is then calculated from

these theoretical values of Taff and the actual number of

galaxies (the data set NOBS).
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Once the x2 has been found both it and the Taff
yalue of «a ére printed. The o value is printed as a safety
check';ince its variable nama in the program, ALPHA,.is
changed continuously during the program's execution. Taff's
values of o, and Opg are not reprinted because the spaces

they are assigned to (TSC and TSBG respectively) remain

unchanged once they are read in.

After printing Taff's o« and the calculated x?,
the program increments x, and continues with the YAHOO

functions fpr it.

18
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Appendix D

Plate and cluster information

The tabie on the next page lists informaticn
relating to the plates used in this thesis. Also listed are
the redshift of each cluster\;s\well as the distance and
richness classifications/an the' 1950 positions; the last
three items are from Abé&l (1958{.

N

All plates used\xere taken by Dr. G.A. Welch.
| Y .
N
L
D




plate Exposure Centre ' (1950)

Object . numbgr (minutes) Emulsion Filter 2 R.A, Dec.

A2052 PS5736 20 103a-D --Wr.12 .0351 15h14{“0 +07°12°
PS6868 120 IITIa-g Wr.4

A25893 PS7154 20 . 103a-D Wr,12 .044 23 22.0 +14-22
PS7173 120 IITa-J Wr.4

A2626 PS56875 20 103a-D Wr.l2 .055 23 34.0 +20 53
: PS7142 120 IIIa-J ~ Wr.4

Ai54 PS7145 20 103a-D Wr.l2 .056 01 08,3 +17 24
PS7156 120 IITa-J Wr.4d

€E€T
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Appendix E

Strip counts

Tabulated in this appendix are the results of the
strip counts. Since the str}ps were centred on the major
galaxy in three of the clusters, this central galaxy was
counted twice for each orientation, once for each strip
which contained half of it (strips 6 and 7). For the fourth
cluster the centre held a binary galaxy. This cluster had
the strips centred bétween the members' of the ‘binary and each
member of the bihary was treated like all other galaxies in
the cluster; each was only counted once for each orientation.

After the three sets of strip counts for each
cluster (one set of counts for each magnitude limit) are two
items: a list of four cluster centres, the three from the
different magnitude limits and the Abell (1958) centre; and
a diagram of the centre area of the cluster, at twice the
print scale, locating the ﬁpur centres. The diagrams are
centred on the locations of the centres of strip counting
and the boxes-for the Abell centres come from the one digit
difference in accuracy’ stated in the tables of clust;r
centres. The squares of the diagram corréspond to the 1.5

cm width of the grid used to make the strip counts.,



72052

135
‘Orientation
Mag. Strip
limit No. E-+W N+S NE ~SW - SE-NW
1 1 2 4 2
2, 3 1 2 0
3 4 5 4 1
4 3 2 5 4
5 8 6 4 9
6 6 9 7 8
b 7 9 8 9 10
8 4 5 1 5
9 5 1 3 3
10 1 3 5 3
11 0 2 1 1
12 2 2 0 0
total 46 46 45 46
1 9 12 7 12
2 14 12 14 9
3 11 10 . 14 7
4 21 21 25 15
5 27 21 24 26
6 27 31 18 29
D 7 22 20 23 30
8 18 18 12 22
9 15 10 12 11
10 9 22 12 16
11 9 4 16 6
12 11 11 11 4
total 193 192 188" 187
1 26 28 23 26
2 40 28 D36 25
3 33 21 42 19
4 34 41 42 33
5 43 52 40 54
.6 54 66 30 61
£ 7 50 - 46 58 58
8 42 42 37 49
9 37 30 32 33
10 22 35 .29 30
11 28 24 27 18
12 — 26 21 27 13
tokal 435 434 423 417




A2052

Cluster centre (1950)

Source R.A. ' Dec.
Abell 1571470 +07°12°
b 15 14.33 +07 12.3
D 15 14.36 +07 12.7
f 15 14.31 +07 12.0
N
«——Q0285—»

136
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Orientation 137
Mag. Strip
limit No. E-W N -8 NE-+SW SE -NW
1 0 2 2 2
2 1 3 2 2
3 4 3 3 0
4 1 5 1 1
5 7 3 5 9
6 7 5 9 9
b 7 6 8 8 7
8 5 6 3 6
9 4 7 4
10 .5 3 2 1
11 3 4 0 2
12 1 2 4 2
total 46 48 46 45
1 8 20 12 16
2 15 19 20 23
3 22 26 23 25
4 31 39 21 50
5 41 30 37 54
6 64 57 80 49
D 7 71 49 50 39
8 44 32 31 42
9 36 32 47 35
10 29 37 34 32
11 23 39 28 17
12 16 18 22 23
total 400 398 405 405
1 11 26 22 29
2 38 33 22 32
3 31 36 33 33
4 38 46 35 63
‘5 52 41 47 58
6 73 56 79 54
£ 7 71 45 56 50
. 8 54 45 39 43
9 38 41 58 39
10 32 46 45 38
‘11 . 30 50 35 23
12 25 31 23 27
total 493 496 494 489




AZ2593

Cluster centre (1950)

Source R.A, Dec.
Abell 23h2oMg +14°22°
B 23 21.76 +14 21.7
D 23 21,80 +14 21.1
£ 23 21,82 +14 21.4
N
«—07269—>
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Orientation
Mag. Strip 139
limit No, E-W N 8 NE-»SW SE-NW
1 0 1 3 3
2 1 1 1 2
3 2 3 3 1
4 4 5 6 5
5 5 4 1 5
6 5 9 3 9
b 7 13 7 6 11
8 5 5 7 4
9 4 2 7 0
10 6 6 8 4
11 1 4 5 1
12 6 4 2 3
total | 52 51 52 48
1 18 16 17 23
2 34 14 19 32
3 20 ~ 18 37 26
4 26 27 31 31
5 22 33 30 37
6 36 38 30 36
D 7 58 43 24 46
8 25 32 33 32
9 26 28 33 20
L}
10 30 29 32 23
11 22 31 23 23
12 17 27 27 11
total 334 336 336 340
1 60 39 39 33
2 71 39 43 35
3 62 39 63 50
4 48 50 57 47
5 41 63 57 57
6 77 69 68 . 78
£ 7 97 92 67 87
8 76 75 67 85
9 - 50 71 72 56
10 69 82 59 61
11 44 53 52 64 .
12 37 59 . 54 41
3
total 732 731 698 694
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22626 ' N

Cluster centre (1950)

Source ) R.a.

 Dec.
Abell 23h34Mg +20053°
b 23 33,86 +20 51.1
D 23 33.99 +20 51.2
£ 23 34,01 +20 51.1
N
—M208—>

A—
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. Orientation 141
Mag. Strip )

limit . No. E-W NS "NE-SW SE-NW
1 1 5. 6 1
2 1 4 5 4
3 7 6 5 2
. . »
4 4 3 2 3
5 3 0 3 5
6 13 10 6 8
b 7. 3 7 14 6
8 10 4 5 6
9 3 4 3 5
10 3 2 1 5
11 3 4 4 - 4
12 1 3 1 3
total 52 52 55 52
1 15 13 24 17
2 15 14 18 23
3 25 14 18 14
4 26 24 20 | 28
» 18 21 23 17
‘ 6 - 40 38 40 32
D 7 34 33 46 41
8 34 24 - 20 23
- 9 14 23 22 19
10 18 16 10 -~ 20
11 8 20 18 14
12 © 12 .17 7 17
#otal 259 257 266 265
v 4 s 20 ¢ 29 26
2 T w2g™ L 27 20 - 21
3 27 23 23 22
4 32 30 25 28
5 38 23 29 26
6 49 42 47 . 48
£ 7 42 35 59 50
8 35 31 Y25 - 30

9 18 37 32 26
10 24 24 8 26
11 23 32 23 13
12 17 24 11 17
total 348 348 331 333
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RlS54

Cluster centre (1950)

Source - R.A.“ Dec.
Abell - 01los™3 +17924"
b 01 08.38 +17 24.0
D 01 08.41 +17 23.8
£ 01 08.42 +17 23.5
N
«~—0T198—=| -
2797} - b\
l :
c D,
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Appendix F
Ring counts

»

The ring count .results are tabulated by guadrant
and ring in this appendix for all three:magnitude limits of
each cluster. The:tables contain the rinﬁ number, the outer
radius in arcm;nutes-of that ring, the number. of galaxies in
each quadrant, andtthe number of galaxies for the ring. At
the bottom of the tables are the total nuﬁbers $f galaxies

both per quadrént and in the tot area counted.



A2052

b D f
Ring ROUT |[NE NWw SE sw b NE NW SE SW I NE NW  SE SW £
1 2z28%{l o 2 1 1| 4 1 1 0 4 6 4 .3 3 3| 13
2 448 10 2 o 1| 3| 2 s 0 0 8 0 6 2 B | 16
3 6.72 1 1L 3 o0 s || ‘e 1 8 4| 19 7 6 9 7 | 29
4 8.96 2 1 2 o 5 5 5 3 1] 14 14 11 7 10 -| a2
5 11,20 1 1,2 2 6 6 3 4 5| 18 9 9 6. 9 | 33
6 13.44 2 1 0 1 Al a2 2 3| 18 16 8 1 11 | 36
7 15.68 |f 2 0 o0 2 | 4 &3\ 4" 0 9 16 17 4 5 9 | 35
8 17.92 || 2 1 o 1 4 4 2 3 3412 9 5 5 10 | 29
9  20.16 1 0 o 1| 2 7 2 4 4| 17 20 6 6 9 | 41
10  22.40 2 1 o0 ‘o 3 2 4 2 4| 12 16 10 9 6 | 41
11- 24.64 .1 0o o 1] 2 6 2 4 5 | 17 11 4 11 16 | 42
12 26.88 [ 0 1 3 0 4 7 3 6 8 | 24 11 8 11 11 | 41
13 29,12 1 0 o fb 1 5 2 3 2 | 12 14 9 10 g | 41
14 31.36 1 1 1 "M 4 0 2 4 6 | 12 9 7 21 17 | 54
15 33,60 0o 1 0 0 1 70 7 1 5| 20 10 13 8 5 | 36
16  35.84 0 0 1.0 1 2. 1 6 3| 12 9 14 23 5 | 51
17 38.08 o 1 o0 1 2 7 4 1 3| 15 13 17 14 12 | 56
18 40,32 o o0 o0 1 | 1 3 8 5 6 |22 18 25 10 22 | 75
19 42.56 {{ 0 0o 0 0O 0 13 Q -4 4| 29 18 12 21 13 | 64
20  44.80 0 1 0. 1 | 2 14 7 13 4| 38 14 15 28 16 | 73
r 16 15 13 14 (58 |[211 74" 73 83 [341 || 239 192 210 207 -?ﬁe'

AAN



_A2593

\ b B £ .
Ring , ROUT (| NE NW SE SW L NE NW SE SW z NE NW SE SW I
1 2.12 1 1 o0 1 3 3 7 0 Kg 13 5 2 0 2 9.
2" 4.24 0o 2 1 0| 3 9 5 7 23 7 9 5 3 24
3 6.36 1 5 1 1 8 15 6 10 2 33 9 11 8 4 32
4 8.48 |f 1 0o 1 $ 2 311 7 8| 29 7 6 7 4 24
S  10.60 0 o0 1 ‘e 3 4 9 12 3| .28 11 9 13 8 41
6 12.72 2 0 o0 3 5 3 15 12 17| 47 14 3 15 18 50
7 14.84 1 0 0 3 4 13 10 9 13| 45 6 17 13 16 52
8 16.96 1 2 o0 0| .3 9 11 3 9} 32 12 14 6 8. 40
9 +19,08 0 1 1 o 2 7 7 74 15| 36 9 10 9 14 42
10 21,200 0 o 2 1] 3 6 4 7 9| 26 9 6 19 11 | 45
11 23,32 3 2 1 3| 9 8 16 vi 5| 36 18 - 9 13 12 52
12 25.44 0 0 o0 1 1 6 12 7 10l 35 15 11 17 10 {53
13 27.56 1 0 0 O 1 6 9 8 11 | 34 15 11 16 13 55
14 29.68 1 1 o0 o0 2 || 11 7 11 13 | 42 13 14 8 15 50
15~ 31.80 1 0o 0 o 1 2 15 14 9.1 40 15 6 14 12 47
N .
16 33.92 1 1 0 1 3 5 & "5 13 |. 27 10 12 10 19 51
17 36.04 4 2 1 o0 7 8 16 6 8 | 38 17 12 17 18 64
18  38.16 0 1 o0 0 1 11 12 6 7| 36 10.° 13 10 15 48
19  40.28 2 2 6 1 |11 10 6 11 8 | 35 6 17 13 11 | 47
20 42.40 [|l.0 3 1 2 6 11 9 ,12 11 | 43 13 12 18 13 56
;’;,, 20 23 16 19 |78 |M150 191 161 176 |678 || 221 204 231 26 | 882 H
w

(f”—“’\



A2626

b D £
rOUT || NE ~w SE sw| :-|l N8 Nw s sw| | Ne ww  sE  sw ! o
1.63 1 0 o 1| 2 0 3 0 1| 4 2 4 2 3| 11
3,27l 1 11 1| 4 a 5 .2 6| 17 7 5 10 9 31
.90 1 1 1 2|5 4 3 2 4| 13 6 8 7 14 35
6.53 1l 1 o o 2/ 3 7 5 2 51| 19 12 g ! 7 14 | 41
8.16 ||.0- 2 o 1| 3| 4 4 3 10| 21 7 15 8§ 19 | 49
9.80 | 2 I o 2|5 11 4 1 8|24 | 10 9 6 19 | 44
11.43 3 1.1 21| 7 7 7 6 71 27 14 14 13 13 |7 s4
13.66 | 2 o 1 21| B 7 10 4 14 | 35 (| 12 14 s 25 | 67
14,70l 2 o 2 o] & 11 "7 15 6|39 || 27 16 30 22 | 95
16.33] o o 2 o 2 o 4 8 8|20 19 8 27 17| 71
17.96 i 1 o 2|4 |10 11 12 10| 43 | 26 21 21 17 85
19.59 | o 1 3| 6 6 6 6 14 | 32 | 16 14 22 34 | 86
202,23l 1 0o 3 o | 44 9 12 15 13| 49 { 17 24 19 23 | 83
22.86 | 1 1 1 2{ 5 | 10 3 8 8 | 29 21 9 21 19 70
24,49 2 0o 1 o] 3 8 3 14 14 | 39 20 14 36 23 | 93
1 2 3 1|7 13 8 12 10| 43 31 21 38 22 | 112
2 1 3 ole6 17 16 16 10.| 59 32 27 40 26 | 125
5 o 106 || 11 17 14 157557 || 27 27 33 40 | 127
0o 1 4 ofs |l 7 12 17|53 || 28 12 31 31 | 102
0 0o 4 1|5 |15 12 17 21 [‘ss 37 20 38 a3 | 147
26 13 29 23 |91 ll1so 147 169 201 ls97 | 371 209 425 433 [1528

9vT
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i »
';/
\ Al54

, : b D £
Ri'ng ROUT NE NW SE SwW L NE NW "SE Sw z NE v Nw SE SW z
1 1.55 o0 1" 2 0 3 0 5 4 4 13 2 8 4 4 18
2 3.11 1 o 1 1 |a33{ .4 5 2 71 1s 5 6 2 6 19
3 4,66 1 1 1 2 5 5 4 4 4| 17 8 5 2 6 21
4 6.22 1 3 1 o s 2 9. 4 2 | 17 2 6 9 4 21
5 7.717 0o o 2 1 3 7 5 7 3| 22 6 6 11 5 28
6 '9.33.0l 1 2 o o |.3 4 4 6 8| 22 7 2 5 12 26
7 10.88) 1 o o 2| 3 4 5 2 1| 12 6 8 1 3| 18
8 12.438 1 1 1 o | .3 4 8. 4 2 | 18 8 9 8 1 26
9 13,99l 3 1 1 1 6 || 3 5 10 71 25 -9 5 8 8 30
10 15,54, 0 1 2 3 6 5 5 8 5 | 23 4 7 8 6 25
11 17.10ll 3 1 o o 4 8 4 8 6 | 26 14 7 12 10 43
12 18.65( 4 1 1+ 0 6 (| 14 7 10 3| 34 13 8 19 7 47
13 20,21 1 1 1 1 4 4 6 6 .8 24 7 4 4 12 27
14 21,76l o0 2 o 1 3 8 & 3 9 | 24 9 11 13 g, | 42
15 23.314l 1 0o 2 1 4 3 5 17 2 | 27 7 10 11 6 34
16 24,87/l 0 3 4 o 7 6 10 13 6 | 35 11 12 14 5 42
17 26.42|| 1 o0 -8 1 |10 8 10 16 g8 | 42 16 8 13 6 43
18 27.98 | 1 o 4 1 6 6 3 13 9 | 31 6 7 12 16 41
‘19 29,530 1 3 1 2 7 6 13 -10 13 | 42 || - 4 16 14 7 41
20 31,090 1 2 1 4 5 6 11 4 | 26 11 8 15 8 42

21 22 34 18 |95 |l106 123 "111 (498 || 155 153 185 141 | 634
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Appendix G

Background counts

Below are tabulated the backgrodnd'counts for eaéﬁ
cluster's threeimagnitude limits. These counts were takeﬂ
in 9 cm by 9 cm squares in each corner of each print (8.75
cm squares for A2052). Besides the number counts (N) and
the béckgréund densities in galaxies/arcmin? (¢), the total
counting area in arcmin? are presented for each cluster.
The densities of the I column are those used as the'initial
estimates for the program YAHOO and also as the fixed
.values of by in the‘program BGI&. v ,_ ‘

The background counts were also used to calculate

®

AM in Table 12.

|

‘A2052
Total area counted over = 2480.0 arcmin?
corner .
Mag. ' -
limit NE NW SE SW T,
b N 6 2 ~ 2 1 11
g }9.68(~3) 3.,23(-3) 3.23(-3) 1.61(-3) | 4.44(~3)
D N 33 12 50 8 103
o 5.32(-2)‘ 1.94(-2) 8.06(-2) 1.29(=2) 4.15(-2)
£ N 87 48 105 38 278
o [1.40(-1) 7.74(-2) 1.69(-1) 6.13(-2) | 1.12(-1)

3
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22593
Total area counted over = 2348.0 arcmin? . s
Corner
Mag.
limit NE NW SE - SW L
b N’ 4 4 3 4 15
c [6.81(-3) 6.81(~-3) 5.11(-3) 6.81(=-3)]| 6.39(-3)
D N 27 60 : 53 42 182
o |[4.60(-2) 1.02(~1) 9.03(-2) 7.16(~2) 7.75(-2)
£ N 39 95 71 60 265
g |6.64(-2) 1.62(-1) 1.21(-1) 1.02(-1) | 1.13(-1)
¢
A2626
Total area counted over = 1493.8 arcmin?
14 ]
Corner
Mag. -
limit NE NW SE SW L
b N 11 ) 5 7 3 26
c 3.14(-2) 1.43(-2) 2.00(-2) 8.56(-3)| 1.85(-2)
D N 92 66 68 74 300
o1 2.63(-1) 1.88(-1) 1.94(-1) 2.11(-1) 2.14(-1)
£ N 202 146 123 151 . 622
. a 5.76(-1) 4.17(-1) _3.51(-1) 4'31(_1), 4.44(-1)

.
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al54 -
Total area counted over = 1270.2 arcmin?
Corner
Mag.
limit. NE NW SE SW T
b N 5 0 8 8 21
o | 1.57(-2}) 0.00(-0) 2.52(-2) 2.52(-2) | 1L.65(-2)
D N 32 26 40 37 135
o [1.01(-1) 8.19(-2) 1.26(=1) 1.17(-1) [ 1.06(-1)
£ N| 36 29 62 47 174
o [1.13(-1) 9.13(-2) 1.95(-1) 1.48(-1) | 1.37(-1)
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Appendix H

Complete Tesults

The data for each magnitude limit of a given -

cluster were used in the programs YAHOO and BGIN for two
cases each; using data for all 20 rings and just using data
for the inner 10 rings. Each cluster has therefore 12 sets
of results. Table 12 displays parts of these results but
this appendix lists the complete resulfs.

Thg‘éableé display, in columns from left to right:
ML —‘the magnitude limit for tﬁis set of rows; AM - the
difference in magnitude between the b limit and the D and £
magnitﬁde limits; Prog - the program used; NR - the number :
of rings used; NG -~ the number of galaxies used; a« - the |
best fit scale factor; o, - the best fit central density:
Ipg = for YAHOO the best fit background density, for BGIN
the counted background as obtained from the counts in
Appendix G (in BGIN this value is necessarily tb% same for
both 10 and 20 ring cases for a given cluster and magnitude
li&;t); Xo - the best fit i;tegrétion cutoff to the |
isothermal gas-sphere model; x?2 - the calculated x2 obtained
from comparing the best fit model to the data; and Prob -
the probability that ény‘xzywould be smalder than the one
actually found. Foxr the last column the number of degrees -
of'freedom used is (NR-k), where x=5 for YAHOO and k=4 for

BGIN.
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In these tables the units used are:

.

AM - magnitudes
a = arcmin
Oa - galaxies/arcmin?
- ; 2
Ohg galaxies/arcmin



ML, AM Prog NR NG o g Shg v Xq x2 Prob
b - YAHOO 10 40 1.311(-1) 3.567(=0) 8.516 (-3) 200 2.063 .1596
20 58 2.179(-1) 2.069(~0) 2.419(-3) 200 8.480 .0969

BGIN 10 40 1.717(-1) 2.689(~0) 4.44 (-3) 200 2.207 .1003

’ 20 58 1.824(-1) 2.464(-0) 4.44 (-3) 200 10.22 .1451

D l.6 YAHOO 10 340 2.899(-0) 2.841(~1) 8.203(-3) 30 4.446 .5129
20 341 2.876(-0) 2.386(~1) 4,314(-2) 10 24,61  ,9446

BGIN 10 140 2.662(-0) 2.693(~-1) 4,15 (-2) 10 4,605 .4046

20 341 2.952(~-0) 2.361(~1) 4,15 (-2) 10 - 24.88 .9280

£ 2.3 YAHOO 10 . 315 2.404 (-0) 4.968(~1) 1.277(-1) 10 ‘ 8.056 .8468
) 20 848 2.714(-0) 4.670(~1) 1.134(-1) 10 17.52 .7113
BGIN 10\ ‘315 2,714 (-0) 4.710(-1) .12 (-1) 10 B8.368 .7876

20 ' 848 2.773(-0) 4.583(-1) 1.12 (~1) 10 17.59 .6516

€ST



A2593

Prob

ML . AM  Prog NR NG o 0g by X, X2
b - YAHOO 10 36  1,468(-0) '1.963(-1) 3.146(-3) 30 5,122  .5988
~ 20 78 17431(-0) 1.789(-1)  1.187(-2) 20 30,80  .9907
BGIN 10 36 1.503(-0)  1.897(-1)  6.39 (-3) 20 5.120  .4715
20 78  1.192(~-0)  2.043(-1) 6.39 (-3) 200  32.30  .9909
D 1.8 YAHOO . 10 322 :3,095(-0) 6.347(-1) 5.737(-3) 70  12.66  .9732 .
20 678  2.615(-0)  6.390(-1) 4.519(-2) 60  18.00  .7373
BGIN 100 312 3.173(-0)  5.519(-1) 7.75 (-2) 10  12.90  .9553
20 678  2.271(-0)  6.981(-1) 7.75 (-2) 20  19.71  -.7664
’ V4
£ 2.1 ¥AESO . 10 359  3,747(-0) 4.975(-1) 4.548(-2) 160 8.775  .8816
20 882  3.911(-0)  4,57%(-1) 6.340(-2) 80  15.08  .5543
BGIN 10 359  3.680(-0)  4.336(-1) 1.13 (-1) 10 8.820  .8160
20 882  3.995(-0) 10 17.27  .6317

4,051(-1)

1.13 (-1)

PST



A2626
ML AM Prog  NR NG a e by Xy x2 _Prob
b - YAHOO 10 40 1.407(-0). 2.095(-1) 9.671(-3)  160. 4.298  .4926
: 20 91 1.294(-0) 2,215(-1) 1.185(-2) 140 6.662 .0336
BGIN 10 40 1,287(-0) = 2.137(-~1)  1.85 (-2) 30 4.322  .3668
: 20 91 1.271(-0)  2.162(-1) 1.85 (-2) 30 6.787  .0228
D 1.8 YAHOO 10 228 1.035(-0)  5.499(-1) 2,022{(-1) 160 5.511  .6433
20 697 1.574(-0)  4.659(-1) 1.668(-1) 140  -19.01 .7867
 BGIN - 10, 228  9.660(-1) 5.696(-1) ° 2.14 (-1) 50 5,520  .5210
20 697 1.152(-0) 5.186(-1) 2,14 (-1) 20 26.14 L9479
£ 2.3 YAHOO 10 498 1.080(-0)  1.128(-0)  5.364(~1) 10 8.811  .B832
: 20 1528  1.454(-0)  1,204(-0)  3.786(-1) B0 , 29.80 _, .9873
BGIN . 10 498  '9.637(-1) 1.238(-0)  4.44.(-1) 200 9.861 .8694
‘ 20 1528 1.208(-0) 1,118(-0)  4.44 (-1) 20 34,50 .9954

SST



: A154

ML aM Prog NR NG a Ie Opg™ Xq x2 Prob
b - YAHOO 10 40 5.214(~2) 1,083 (+1) 3.769(—2) 200 1.947 .1436
‘ .20 95 6.333(-1) 4,577(~1). 1.790(-2) 180 9.057 .1255

‘ BGIN 10 40 ’ 6.743(—1{ 4,455 (-1) i.65 (-2) 200 © 2,981 .1888

20 ‘95 6.748(-1) 4.450(~1) 1.65 (=2) 200 9.120 .0916

D 1.3 YAHOO 10 187 6.174(-2) 3.638(+1) 1.704(-1) 200 4,745 .5522
20 498 5.064(-1) _ 2.549(-0) 1.049(~1) 180 17.00 .6811

BGIN 10 187 .~ 5.549(-1) 2.313(-0) 1.06 (-1) 120 5,323 .4969

20 498 5.453(-1) 2.342(~0) 1.06 (-1) 160 17.02 .6157

bl 1.5 YAHOO 10 232 1.005(-1) 2.421(+1) 1.709 (-1) 190 3.819 L4242
’ 20 634 1.917(-1) 1.058(+1) 1.505(-1) 200 17.63 L7174

BGIN 10 232 1.444(-1) 1.569(+1) 1.37 (—lj_ 200 3.939 «3151

20 634 2.639(-1) 7.364(-0) 1,37 (-1) 200 18.13 .6779

9S8T
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é:i ’ Appendix I f/

Density profiles

In Table 16 the accepted core radii are;presented,

having been calculated from the parameters produced by the'-n

program version BGIN when all 20 rings are used.' .In this
appendix the counted density profiles are presented for all
three-magﬁitudé limits for each cluster. These were |
produced from the ring'count data of Appendix F.

- Supérimposed.on these profiles are the best
fitting models created from the BGIN{20) parameters
specififed onﬁthé iﬁdividﬁél grapbs (these parameters are
included in Appendik H); The model”préfiles also indicate

. the core radii rg (in arcmin) which are transformed to the
‘radii of Table 16. -
' The error bars on tﬁese‘graphs are set to be equal
'»to the square root of thg'nuﬁber of galaxies occurring in a
particular ring. Despite the fact that the outer rings
.Have more galaxies than the inner rings, the densities .
enélosgd by the error béré decrease as r,,, increases because
of the increased area, and so smaller densities, covered by
these outer rings. . 4
The units on all préfiles are: fav and « -~ arcmin;

v, go, and Ohg ~ galakies/arcminz.

e

\
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Appendix J

Sample output

This appendix contains sample output from the
programs YAHOO, BGIN, and the BASIC program used to produce

the series of values e_ww'.

Both YAHOO and ﬁGIN begin by reprinting the line .
usedkto check terminal speed and width, followed by the
initial estimate for o. The next number is either called
the estimate for Ohg {(if yéﬁoo is being used) or the actual
value of Ohg (if BGIN is being, used). The number 6f rings
used is then printed. 1If this 1s less than the total
availasle in the data file {i.e. less than 20) the
remainder of the ring data will be ignored for all
" computations. |

The‘table that follbws reprints the number of
galaxies in each ring and that ring's inner and outer radii
as a safety check. (Obviously the outer radius of one ring
is the inner radius of the nextvring outwards.) Also
tabulated are the calculaﬁed observed densities of these
rings and their‘average radii. These last two columns are
used to draw observed density profiles of tﬁe type in
Appendix I. .- -

" Then the maiq;patt of the output begins with the

printing of the x, ‘value for the subsequent series of «
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values. The_gébie of numbers following x, lists the «

values found by increﬁenting log(a), and, for YAHOO, the og
and Ohg values arising from this. particular xg-a combination
and the resultant x2. There are three sets of these four
values in each row; groups'are to be read across, and not
down, the page. For BGIﬁ's output opg has already been set,
so printed across the page are fouf sets of ;hree values:

a, the o found ‘by the Newton-Raphson method, and the
resulting x2.

After the possible range of & values has been
printed, the minimum x2 in the table and its causative
patrameters are printed. Then the x2 and associated
parametérs obtained from the. o averaging technique are
listed. ' '

The program then proceeds to thebnext Xo value and"

continues,

A sample odtput from the BASIC program is included
to show that the { values are not as exact for the e"ww'
values, as YAHOO and BGIN make them. Remarks on how this /

program was used for this thesis are included in Appendix B.



RUN YAHOD
THIS DATA IS THESIS MATERIAL.

DO NOT EDIT OR DELETE.(COLIN HIGHT CRY IF YOU DO.)

7 By 745E-01 T8 473E-01" "8 128E=02—"17104E4+02 5, 907E=01 T 17323E+00 S 780E=02 "9V 3BYEF0I BV 30AE=01" I.08BEF¥U0 U,.0Y6E-0U2 7,YB2E+DI

AWNTT TR LENT TTERDS= S«UUE=UI
( INITIAL B8 DENS= 4,15€-02
THERE ARE 20 RINGS T T S - — Tt
S U N e - O —————
NOBS ROUT SI1G0B RAV
6.0000 05 0000————0:3806— .- 1,5839 - —— TS T T
8.,0000 2,2400 0.1692 3.5418 ' B
19,0000 4.4800 0.2411 3.7109
ST 1450000 T — 872007 T 0371289 7:9198
18,0000 8.,9600 0,1269 10,1420
18.0000 11,2000 0.1038 12.3708
14,0000 13,4400 - = 0.078B1- — 14,6030 - - - T
12,0000 15,6800 0.0508 16,8373 b
17.0000 ©17.9200 00,0634 19.0729
- 1250000 2051300 00401 2173093
17,0000 22,4000 0.0514 23,5467 -
24,0000 24,6400 0.0662 25.7843
12,0000 26,8800 --=-0;0305 - 28.0224 — — ————m- omm oo - R
12,0000 29,1200 0.0282 3042607
20,0000 31.3600 0.,0438 32,4993
T 1230000 T T 33080007 T 0,0248 3477381 - T T
15,0000 35.8400 0.0288 36,9770 .
' 22.0000 38,0800 00,0399 39,2140 2
29,0000 40,3200 — ——0: 0497~ 42 7495 ————F——-—- - —-—— T T
3B8.0000 42,5600 ’ 0.0618 43,6944
44,8000
- - Rt S — — | —
X0 IS EQUAL TO 10 . . .
ALPHA CENT DENS - +BG DENS EHI-S@ -— ALPHA——CENT- DENS -~ BG DENS——CHI-80—— —ALPHA— —CENT DENS— BODER3——CHI-SO
1,902E-01 1,757E401 &.269E-02 1.,185E402 2,287E-01 5.755E+00 6.269E-02 1,.,1BSE402 2.750E-01. 2,906E+00 &.2649E-02 1.,1B5E+402
3.306E-01 1.762E+00 A.249E-02 1.1B5E4+02 3.975E-01 1.S91E+00 &4.20BE-02 1.1S56E+402 4,779E-01 1.,22BE+00 6.146E-02 1.118E402

?.984E-01 8.,421E~01 5.427E-02 &6.795E401 1.200E400 4.B99E-01 5.225E-02 5.607€401 1.443E+00 5.6B4E-01 5.002E-02 4.419E+01
1.735E+00 4.595E-01 4.786E-02 3,397E+01 2.084E4+00 3J.607E-01 4.610E-02 2.774E401 2,508BE400 2.823E-01 4.451E-02 2,513E+01
3.015E+00 2.257E-0f 4:2684E-02 - 2:474E401 3J.625E+400 -1:805E-01 ~4.,07BE=02 2+v8BO0%E401  '4,358E400 ~17441E-01 " 3,B899E~02 I, J946E+01
5.,240E+00 1.,223E-01 3,573E-02 A4.370£401 &.299E400 1.092E-01 3.13BE-02 5¢121E+01 7,574E400 1.015E-01 2,401E-02 5.874E+01
?.105E400 9.826E-02 1,926E-02 &.617E4+01 1,095E401 9,950E-02 1,040E-02 7.307E401 1,314E+01 1,057E-01 —-1,531E-03 7,917E+401
'1.582E401 ~1:181E=01"<17824E=02 9. 429E401 1. VO2EF01 1738EE=01 =3, IVIE-0U2Z B,B3YEFOY 2. 2B7EFUYT I.89Y5E-01 -7,.518E-02 9. 187E+017
2,750E+01 2.164E-01 -1.239E-01 ¢9.403E401 J.304E+01 2,844E-01 -1.929E-01 9.593E401 3.975E+01 3.B47E-01 -2.940E-01 9.715E+01
4,779E401 S5.270E-01 -4,370E-01 9.824E+01 5.745E+401 7.387E-01 -4.490E-01 9.870E401 6.907E+01 1.03BE+00 -9.,4B5E-01 - 9.923E+01
- HIN FROM PROGRAM? 3.015E400 ~2:237E-01 4,.264E-02 2.474E401 """~ '~ o ’ T T T
HININUN METHOD ! 2.876E400 2.384E-01 4.314E-02 2.461E401
X0 IS EQUAL TO 20
ALPHA CENT DENS BG DENS CHI-SQ ALPHA CENT DENS BG DENS CHI-SQ ALFHA CENT DENS BG DENS CHI-SQ
PiS12E~02 S.745E+01— 6:i269E~02 —1:185E402 1.144E-01 1.8463E4+01 4,.24%E=02—1+18SEF¥02—17373E=01 9 31TE+00 ~6:2869E-02"71,183E+02~ =
1.653E-01 S.405E4+00 &6.269E-02 1.185E402 1.987E-01 4.S17E4+00 4.214E-02 1.159E402 2,3B9E-01 3,358E400 &6.154E-02 1.124E+02 O
2.873E-01 2,21BE4+00 4.137E-02 1.111E402 3,454E-01 3.,070E+00 5.052E-02 9.828E401 4.152E-01 2.4B3E400 5.677E-02 B8,654E401 O
T AJ992E-01 1, 993E4+00 T S492E-027° 7. 518E401 ""8,002E-01 1;584€+00 T S.310E-0Z T&.43VEF0UY 7, 216ES0Y 1 TA7E400 T 5VIISE-02T GV ISSEFDI
8,4675E-01 1.004E400 4.914E-02 4,339E+01 1,043E+00 7.734E-01 4,7476€-02 3.S5801E+01 1.254E400 5.920E-01 4,594E-02 3,0S51E+01
1.,50BE+00 A4.S590E-01 4.430E-02 2,471E101 1.B812E4+00 3.54BE~-01 4,265E-02 2,529E+01 2.179£400 2.775E-01 4,105E-02 2.490E+01
T 2.820E+00 2.250E-01 3.8469E-02 2.893E#01 3.,150FE+00 1.877E-01 3.401E-02 TIV1BAE$01 T 3T7B7EFO0 . 1L59PE-OT T T I0HE-0Z7 IVHPIEFCT -
4,553E4+00 1.396E-01 2.979E-02 4.098E401 $.474E4+00 1.248E-01 2.409€-02 4.70BE401 6.581E400 1.142E-01 2,146E-02 5,.392E401
7.912E+00 1.082E-01 1.46%1E-02 &4.110E401  9,512E400 1.044E-01 B.795E-03 4.81BE+01 1.144E40¢f (.092E-01 -1,037E~03 7.4B0E401
T "1:37SE+01 " 1,178E-01 -1.4Y0E-02 B8.0S4E#01  1,4653E401 '1,332E-01 -J.A31E-02 B.543€#01 - 1.9B7E40) "71.503E-017=&,22BE-02 'BV929E0T™
?.242E401  2,873E401

2.,389E+01

1.957E-01 -1.01BE-01

. S el

2,51SE-01 -1.592E-01 9.466E401 '3.454E401 3.341E-01 -2,420E-01 9,417E401

P e i memeen T T




RUN BGIN
- THIS DATA IS THESIS MATERIAL. DO NOT EDIT DR DELETE.(COLIN MIGHT CRY IF YOU DO.)

INITIAC CERT DENS™ I7U0E=DT - U -

BG DENS= 4,15E-02

THERE ARE 20 RINGS - e e

NOBS ROUT 51GOB RAV

46,0000 - 0.,0000—— —053804——--- - 1;5839 ~— - S o
8.0000 2,2400 0.1692 3.5418
19,0000 4,4800 0.2411 5.7109
T 14,0000 — " — T &,7200 031269 7.9198
18.0000 8.9600 0.1269 10,1420
18,0000 11,2000 0.1038 i2.3708
16,0000 - 13.4400- -  0.078f - - $4:6030 - - —— - -
12.0000 15.6800 0,0508 16.8373
17.0000 17,9200 0.0434 19,0729 )
T 1270000 T 20,1800 07040t 2173093 = \\
17.0000 22,4000 0.0514 23,5447
24,0000 24,6400 0.0662 25,7843
12.0000 24,8800 - - 0:0305 28,0224 - - - T T - TTTT T T
12,0000 29,1200 0.0282 30,2607
20.0000 31.3600 0,0439 32,4993
-=12370000 " — —"33:6000 070248 3437381
15,0000 35,8400 0.0288 34.9770 R
22.0000 38,0800 0.,0399 39.2160 .
- 29,0000 40:3200-—~-~---050497———" - 41743951
38,0000 42,5600 0.0418 43,4944
44,8000
X0 IS EQUAL TO 10 N,///ﬂf\
‘ALPHA - - CENT DENS-— CHI-SQ - -— ALPHA —— -CENT-DENS——CHI-8Q --""~<al.PHA—CENT -DENS—CMI=SQ ALPHE CENT DENS——CHI=SU

1,902E-01 1.874E+01 1.866E4+02 2.287E-01 6.139E+00 1.866E+02 2.,750E-01 3.100E+00 1.844E4+02 3.3086E-01 1.,879E4+00 1.866E+02
3.975E-01  2,259E+00 1.787E402 4.779E-01 1.508E400 1.714E+02 5,745E-01 1.193E4+00 1.457E402 4.907E-01 1.865E+00 1.307E+02
B8:304E-01" "1,292E+00 - '1,098E+02 "9 984E-01" ~9,804E-01 —97110E+0113200E3+00 7, 95BE-01 /7 212E¥01 1 A33EF00  6.398E-01 5.4A0AEF0OT |
1.,735E400 S5.013E-01 3,934E+01 2.088E400 3.837E-01 3JI.052E+01 2.50BE+00 2.941E-01 2.4629E+01 '3,015E4+00 2.294E~-01 2.490E+401
3,625E+00 1.,784E-01 2.815E+01 4.358E+00 1.378E-01 3,462F+01 S.240E+00 1.084E-01 4,457E+01 _6.299E400 B.6BSE-02 5.803E+01
7.574E+00 7.043E-02, 7:04BE+01 - 9:105E+00 5,808E-02° 8.308E+01 = '1,095E401 —avEB4E=02 77496E401 13 316E+01 — 43 19BE=02 17058€E302
1.582E4+01 J.690E-02 1.146E+02 1.902E401 3,.31BE-02 1,219E+02 2.287E+401 3JI.050E-02 1.274E+02 2,750E+01 2.855E-02 1.320E402
J.306E401 2.717E-02 3.352E4+02 3.975E+401 2.619E-02 1.374E+02 4.779E401 2,551E~-02 1,393E402 5.745E401 2.503E-02 1.404E402

T &i907E+01 25 470E=02 13413E402 787 304E+01 T 27448E=02 1741 9E4+02 97 98AEFOL 23 430E=02 1,423EF02  17200EF02  Z7AIVE=U2 1 AT8EF02
1,443E402 2.411E-02 1,42BE402 1.,735E+02 2.406E-02 1.429E4+02 2.,084E+02 2.,402E-02 1,430E+02 2.50BE+02 2.400E-02 1:5{15+02
3.015E+02 2.398E-02 1.431E+02 J.4625E402 2.396E-02 1.431E402 4,35BE+02 2,.394E-02 1,432E+02 S5.240E402 2.39SE-02 1.432E402
4.299E+02 2.395E-02- 1:432E+402--7.574E402 - 2.374E-02  1:432E+02 9.105E+402 - 2:394E1+ 021, AJ2E4+02 17098403 - ~27394E=02" '13432E+02~
1,314E4+03 2.394E-02 1.432E+02 1.582E+03 2.394E-02 1.432E+02

HIN FROM PROGRAM! 3.015E400 2.296E-01 2.490E+01 j
Tt =it - MINIMUN METHOD 17 7720 952E400 2,381€-01 TZ.48BEH0T T T ; T
X0 18 EQUAL TO 20 - SR ' - - R i
ALPHA CENT DENS CHI-SQ ALPHA  CENT DENS CHI-SO  , ALPHA  CENT DENS CHI-SQ@ ALPRA CENT DENS  GHI-Sa O

?+512E-02 6,149E+01 1.B46E+02 1.144E-01 1.987E4+01 1.B68E+02 1.375E-01 9.934E400 1.868E+02 1,853E-01 5.765E400 1.,84646E402
1:9B87E-01 " &6.419E+00 1.794E4+02 '2:389E-01 4,.223E4+00 1.724E+02  2,873E-017 2.B45E1+00 "1,&BBEF0Z7  3.454E-01 ~43701E300 " I 300E402
4.152E-01 3.228E400 1.181E+02 4.992E-01 2.424E+00 1+004E+02 4.002E-01 1.8%94E+00 B.284E+01 7.2146E£-01 1,477E4+00 64.411E+01
B,67SE-01 1,135E400 5.098E401 1,043E4+00 B8.499E-01 4.040E+01 1.254E4+00 6.352E-01 3.300E401 1.S0BE+00 4.B0BE-01 2.744E+01
1,812E400 "3,43BE-01 " 2,550E101 2.179E+00 2.753E-01 2.6BBE+01 2.,420E+007~ ZUI1Z7E-0Y1 2 971EF0T 3JVIDDEIO0 " 1VA48E-01 3.444E401
3.787E400 1,324E-01 4,.124E+01 A.SS3E+00 1.064E-01 4,.945E401 S.474E4+00 B.693E-02 S5,944E401 46.5B61E4+00 7.178BE-02 7.018E+01
7.912E+00 6.006E-02 8.130E+01 9.512E+00 5.098E-02 9.224E+01 1.144E401 4.394E-02 1.024E402 .1.37GE402% 3.861E-02 1.,115E+402 i,
T '1.6%3E401  3.457€-02 1.191E402 1.,987E401 3.157E-02° 1.253E402 2.389E4017 "2.934E-02 1, 302E+027 Z2.B73E4017 2i777E-02T1.338EH0ZT
3.454E+01  2.4643E-02 1.3465E+02 4.152E4+01 2,582E-02 1.3858402 4.992E+01 2.525E-02 1,39%E402 6.002E40% 2,485E-02 1.409E402

ESPRTOR /PP - — . o e e e

C et
R A TR R N IR



RPN LN P

»721167E-S «37941E-2 «270012F-7

A - e B —————

e

oLD IGSFH .
Ready
3 N
RUNNH
ENTER STEP SI1ZEs NUMBER OF STEPS R
T +17r 100 . . - T s - - Ut T
o1 100
XY EXPC=PSX) "~~~ PSI CEXPC(-PSIIRPSE T T T T T T T S s e e e Tttt T/ T
10 +238B359E-1 + 251061 +S98429E-2 .
20 4 1 449904E-2— 1113128 - --- - ,S0B945E=3-- -~ T s ST - T T
29.9998 +«18B45BE-2 +694342E-1 +129554E-3
39.9997 +104079E~-2 +494812E-1 +514997E-4
49,9998 ° - - 1.6740078;3‘"*'1383622E=1'“'_3258564E=ﬂ‘ .
59.9994 +476767E-3 «031343 +149529E-4 '
L 69.9997 +357342E-3 + 2458016-1 +1949818E-5
80.0003 1 278P64E-3- 1231133E-1- - 444777E-5- T o - " T
90.000%9 s 224449E-3 1204869E-1 «459828E-9
100,002 +1B4835E-3 +184279E-1 +340612E-5
T110°002— — vIGSOSIE=3 v 18768B9E-1 +250007E=5
120.003 +»132042E-3 «154024E-1 «203376E-5
130.003 +1138462E-3 .014254 «162321E-S
140.004 «992299E-4 - i13279JE~1 " A INPIEST - e e R - N o T
150.005 «872661E-4 +124364E-1 +«108528E-5
140.005 «773514E-4 +117008E-1 +905072E-6 -
170.006 " 7 "I8903BE-AT T T110528E=1" — T 7530RIE=S
180,006 «619956E-4 +1047486E-1 1649505E-6
190.007 +559762E-4 ' P96097E-2 1 357577€E-46
200.008 +507BB7€-4- — PAFEITE=2-— 482J08E~E——— - — — - - - -
210.008 +462884E-4 «907531E-2 +420083E-6
220,009 +423532E-4 +869172E-2 +368122E-6
230:009 — T L 388F88E=4"  ~ .834083E=2" " v324322E=5
240.01 +»358427E-4 +801792€E-2 +287384E-6 ! s
250.011 +JJ13L1E-4 «772017E-2 «255777E-6
260.01 s I07123E-4 - -;744948E-2 —- ;22843I7E~8
270,008 «28544E-4 +71884E~2 «2052E-6
280.005 1 265981E-14 +694984E-2 +184853E-6
290.003 " "7 ,28BR04E~4 T ,008727 T T 187101E<6
300 +»23248BE-4 +651831E-2 +151543E-46
309.998 +218033E-4 »632244E-2 +«13785E-6 d ”\\\
319.995 +2048B86E~4 - JA1382F-2- - -i1237B1E=6 — T >
329.993 +192837E-4 +596456E-2 +115019E-6
339,991 +1B1822E-4 - 58004E-2 »105468E-4 = s
~349:988 " S 17173E=A - — B64ASSIE<2 T i9E939E=7
359.986 +162405E-4 +549857E-2 +1892996E-7
3469.983 «153B24E~-4 +535914E-2 +824347E~7
r 379.9681 +1A5895E=4 - ;52264465E-2 «762543E~7 T rm e - T
. 38%.%78 «138554E-4 +510057E-2 2+ 706704E-7
399976 +131744E~-4 «498044E-2 +v656141E-7
ST 409973 - T L128541SE-4" " T4B6%BSE-2 ~ 0 L,610251Es7 - ——— - -t B
419.971 +119325€E~4 +A7564E~-2 +368508E-7
L 429,949 +114033E-4 +465177€E-2 «S30454E-7 ~
439:944 +108905E-4 - - 453142E-=2 +A95693E-7 - - TTTT T T
449,964 +104109E-4 +445567E-2 «463876E-7 @
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